Default, liquidity and crises:
an econometric framework'

Alain Monfort  Jean-Paul Renrfe

8th September 2010

Preliminary version

Abstract : In this paper, extending the work by Gourieroux, Monfort and
Polimenis (2006) [78], we present a general discrete-time alne framework aimed
at jointly modeling yield curves that are associated with di"erent issuers. The
underlying bxed-income securities may di"er in terms of credit quality and/or
in terms of liquidity. The risk factors follow discrete-time Gaussian processes,
with drifts and variance-covariance matrices that are subject to regime shifts
described by a Markov chain with (historical) non-homogenous transition prob-
abilities. While Bexible, the model remains tractable and amenable to empirical
estimation. This is illustrated by an application on euro-area government yields.
Specibcally, the common dynamics of ten euro-area government yield curves
are estimated using weekly data spanning the period from 1999 to early 2010.
The dynamics of the yield curves are satisfyingly explained by both observable
factors and unobservable ones. Among the latter, we exhibit a euro-area-wide
liquidity-related latent factor. The estimation results suggest that an important
share of the changes in euro-area yield di"erentials is liquidity-driven.

JEL codes : E43, E44, E47, G12, G24.
Keywords : credit risk, liquidity risk, term structure, alne model, regime
switching, Car process.

' We are grateful to Christian Gourieroux for valuable comments on this preliminary version of the paper.
We thank Beatrice Saes-Escorbiac and AurZlie Touchais for excellent research assistance. Any remaining
errors are ours. The views expressed in this paper are ours and do not necessarily reRect the views of
the Banque de France.

CREST, DGEI-DEMFI Banque de France and Maastricht University; e-mail: alain.monfort@ensae.fr;
31, rue Croix des Petits Champs, 41-1391,75049 Paris cZdex 01.

4DGEI-DEMFI Banque de France; e-mail: jean-paul.renne@banque-france.fr; 31, rue Croix des Petits

Champs, 41-1391,75049 Paris cZdex 01.



1. Introduction

Though already strong before the recent bnancial crisis, the case for including regime shifts
within term-structure models for defaultable bonds is obviously stronger now (see, amongst
many others, Christensen, Lopez and Rudebusch, 2009 [34]). This paper proposes a general
alne term-structure framework aimed at jointly modeling several yield curves associated
with di"erent obligors or di"erent types of securities, in the presence of regime switching.

In this reduced-form framework, the default probabilities are modeled directly instead
of dePning a stochastic process for the obligorOs asset value that triggers default when the
process reaches some threshold (as in Merton, 1974 [111]). The focus is on default modeling,
but the specibcations can also account for the pricing of some liquidity premia using the
same machinery.

Our framework provides us with a great Rexibility in how we specify the behaviour of
the state variables which simultaneously determines the risk-free term structure and the de-
fault intensities Dor hazard rates. The state variables, also termed with Orisk factorsO, follow
discrete-time Gaussian processeés.Extending the work of Gourieroux, Monfort and Poli-
menis (2006) [78], the Gaussian processes present drifts and variance-covariance matrices
that are subject to regime shifts. The latter are described by a Markov chain with (histor-
ical) non-homogenous transition probabilities.

The modeling of defaults is based on the so-called Odoubly-stochasticO assumption: correl-
ations between default events arise solely through dependence on some common underlying
stochastic factors which inBuence the default probabilities of every single loarfs.Some of
the factors may be unobserved. In this sense, our model accomodates frailty. This feature is
advocated by recent papers suggesting that including only observable covariates in default-
intensity specibcations results in poorly-estimated conditional probabilities of default (see
e.g. Lando and Nielsen, 2008 [99] or Dule et al., 2009 [58]). In our framework, frailty may
stem from two types of shocks: some are Gaussian and others correspond to regime shifts.
Since hazard rates can be a"ected by the latter, our model is appropriate to capture default
clustering: indeed, if one regime implies very high default intensities for a large number of
obligors, then clusters of defaults will be observed in this regimé.

Particular attention is paid to the tractability of the model and its estimation. Tract-
ability is notably obtained through an extensive use of CarOs PCompound autoregressive
processesb properties (see, e.g. Darolles, Gourieroux and Jasiak, 2006 [45]), which leads to
quasi-explicit fomulas for bond prices. Both historical and risk-neutral dynamics are expli-
citely modeled, which is helpful for chosing appropriate specibcations under the historical
measure, for dealing simultaneously with pricing and forecasting or also for Value-at-Risk
calculations. We propose an estimation strategy based on several steps. This procedure is
intended to facilitate the estimation of unobservable factors (including latent risk factors
and regimes).

The framework is exploited to investigate the common dynamics of euro-area government
yield curves. We consider the yield curves of ten euro-area countries: Austria, Belgium,

1While most of the earliest alne defaultable-bond term-struture models are in continuous-time form (see
e.g. Dule and Singleton (1999) [60]), Gourieroux, Monfort and Polimenis (2006) [78] have shown that
discrete-time a'ne models are well-suited to credit-risk modeling and that they present higher Rexibility
than their continuous-time counterparts. In particular, the discrete-time framework makes it easier to
properly speciby the dynamics of the observable risk factors under the historical probability measure.

2These shocks include both Gaussian shocks and regime-shift shocks.

®Beyond the modeling of correlated defaults, including unobserved variables in term-structure models of
defaultable-bond yields is also important to satisfyingly capture the credit-spread dynamics (see Collin-
Dufresne, Goldstein and Martin, 2001 [39]).



Finland, France, Germany, Greece, Italy, the Netherlands, Portugal and Spain. The model
includes three observed macroeconomic variables (a European market volatility index, a
business-cycle indicator and the short-term risk-free rate) and three latent factors. Three
Markovian regimes are considered in the model, two of them corresponding to market-stress
periods. The hazard rate of each country depends on the factors as well as on the regimes.
Only one source of country specibcity is taken into account (through business-cycle indic-
ators). Therefore, the prices of bonds issued by the di"erent countries are mostly exposed
to the same risk factors. However, substantial di"erences among yields arise because of dif-
ferent exposures of the countriesO debts to the risk factors. Among the three latent factor,
one is identibed as a liquidity-related factor. To that end, we use information that is incor-
porated in yield di"erentials between the bonds issued by the Federal Republic of Germany
(the Bunds) and those issued by KfW (Kreditanstalt fYr Wiederaufbau), a German agency.
Indeed, to the extent that the latter are guaranteed by the German government, the KfW-
Bund spread should be mainly a"ected by liquidity pricing. Over the last decade, most of
the euro-area yield di"erentials are captured by the model. In addition, the results suggest
that important shares of yield di"erentials are liquidity driven.

The current section is followed by three brief reviews of the literature that is related
to our framework. They respectively deal with (1) the decomposition of the spreads into
default and liquidity components using alne-term structure models, (2) the introduction of
regime shifts in the dynamics of the term-structure of interest rates and (3) credit-migration
modeling. The remainder of the paper is organized as follows. Sections 2 and 3 respectively
present the historical and risk-neutral dynamics of the variables. Section 4 gives the bond-
pricing formulas. Section 5 deals with internal-consistency restrictions that arise when
asset prices are included amongst the risk factors. In Section 6, we propose an estimation
strategy. Section 7 shows how the model accomodates the pricing of liquidity. Section
8 investigates possible extensions of the framework: Subsection 8.1 deals with multi-lag
dynamics of the risk factors; Subsection 8.2 deals with the specibc case where one of the
Markov chains coincides with the default state of a given entity and Subsection 8.3 shows
how to introduce rating-migration modeling in the framework. Finally, Section 9 presents
an application to the modeling of euro-area yield di"erentials.

1.1. Decomposing spreads in alne term-structure framework

Motivated by derivative-pricing or credit-risk-management objectives, a large strand of the
recent literature related to Pxed-income securities has focused on the joint modeling of sev-
eral yield curves. In this context, Jarrow, Lando, Turnbull (1997) [90], Lando (1998) [98]
or Dule and Singleton (1999) [60] have highlighted the potential of alne term-structure
frameworks to model jointly yield curves associated with various obligors subject to default
risk. Their intensity-based Por reduced-formb approaches used to model defaults di"er from
the more structural approaches originating in Black and Scholes (1973) [22] and Merton
(1974) [111]* As shown by Dule and Singleton (1999) [60], in an intensity-based frame-
work, the modeling of defaultable claims is based on the standard a!ne term-structure
machinery readily available for default risk modeling and estimation. Since then, numerous
further developments have illustrated the Rexibility and tractability of alne-term structure

“In the latter, the default of a Prm is modeled in terms of the relationsip between its assets and liabilities.
The asset value process is modeled as a geometric Brownian motion and default occurs when the asset
value at maturity is lower than the liabilities. Important industry models like KMVOs Portfolio Manager
or the JP MorganOs CreditMetrics model are based on this approach (see Crouhy, Glai and Mark, 2000
[42]for a comparative analysis of industry credit-risk models). Cathcart and El-Jahel, 2006 [30]) have
shown that the two approaches (reduced-form and structural) are somewhat reconcilable.
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models to jointly model di"erent yield curves (see e.g. Du'"ee, 1999 [57], Collin-Dufresne
and Solnik, 2001 [40], Dai and Singleton, 2003 [43], Collin-Dufresne, Goldstein and Hugon-
nier, 2004 [38] and Gourieroux, Monfort and Polimenis, 2006 [78]).

In recent studies, some authors rely on the alne-term structure framework to model
yield curves associated not only with di"erent obligors but also with di"erent Pxed-income
instruments (e.g. bonds, repos, swaps). Further, the authors exploit this modeling to
breakdown credit spreads or swap spreads into di"erent components. Specibcally, Liu,
Longsta” and Mandell (2006) [101] use a bve-factor alne framework to jointly model
Treasury, repo and swap term structures. One of their factors is related to the pricing of
the Treasury-securities liquidity and another factor reRects default risk® FeldhYtter and
Lando (2009) [69] develop a six-factor model for Treasury bonds, corporate bonds and
swap rates that makes it possible to decompose swap spreads into three components: a
convenience yield from holding Treasuries, a credit-element associated with the underlying
LIBOR rate, and a factor specibc to the swap market. They bnd that the convenience
yield is by far the largest component of spreads. Longsta", Mithal and Neis (2005) [103]
use information in credit default swaps bin addition to bond pricesb to obtain measures of
the nondefault components in corporate spreads. They bnd that the nondefault component
is time-varying and strongly related to measures of bond-specibc illiquidity as well as to
macroeconomic measures of bond-market liquidity.

The approaches implemented in the previous papers consist in estimating the default
and liquidity risk factors in a brst step and to bnd relationships between these estimates
and observable proxies for liquidity or default measures or determinants in a second step.
Alternatively, one could directly include observable liquidity-related variables among the
risk factors.®

1.2. Yield-curve dynamics and regime switching
1.2.1. Regime shifts in default-free yield-curve dynamics

Strong evidence points to the existence of regime switching in the dynamics of the term
structure of interest rates. Thus, Hamilton (1988) [83] Pnds that changes in the Federal
reserve operating procedures leads to regime-switching in the dynamics of the term structure
of interest rates. In addition to such a shift, Cai (1994) [28] Pnds that the 1974 oil shock
resulted in a regime shift in the asymptotic volatility of the three-month Treasury bill. Gray
(1996) [79] shows that the assumption of a single regime is a source of misspecibcation in
models of the short rate. Adding term spread in their estimation, Ang and Bekaert (2002)
[5] identify regimes that are closely linked to business cycles, suggesting that large periodic

5As noted by FeldhYtter and Lando (2009) [69], the identibcation of the liquidity and credit risk factors
in Liu et al. relies critically on the use of the 3-month general-collateral repo rate (GC repo) as a
short-term risk-free rate and of the 3-month LIBOR as a credit-risky rate. Liu et al. debne the liquity
factor as the spread between the 3-month GC repo and the 3-month Treasury-bill yield (and is therefore
observable). In each yield, their liquidity component is the share of the yield that is explained by this
factor.

8Including observable factors in alne-term structure models was pionnered by Ang and Piazzesi (2003) [9]
(see also Jardet, Monfort and Pegoraro, 2009 [89]). Such an approach was implemented to investigate
credit-spread dynamics by Amato and Luisi (2006) [4] and Mueller (2009) [115]. Amato and Luisi
(2006) estimate a six-factor term-structure model of US Treasury yields and spreads on BBB and B-
rated corporate bonds. Three out of their six factors are observable factors: indicators of real activity,
inRation and Pnancial conditions. They show in particular that macro factors are largely responsible
for variation in the prices of systematic risk. Mueller (2009) estimates a bve-factor model on US data,
two factors are observable: GDP growth and inRation. He bnds that the macro factors contribute to
the predictive power of credit spreads.



shifts in interest rates across distinct regimes present a systematic risk to investors (see also
Wu and Zeng, 2005 [131] or Bansal and Zhou, 2002 [12]). The same authors (2002) [6] show
that regime switching is elcient in capturing nonlinear dynamics exhibited by Ast-Sahalia
(1996) [2]. Christiansen (2004) [36] estimates a two-state markov-switching model for the
short-rate and the slope of the yield curve: his estimated regimes turn out to depict low and
high variances regimes for short-rate changes. The economy appears to have been in the
high-variance state during unusual economic periods such as oil or stock-market crises, or
more generally during the olcial recession periods. Monfort and Pegoraro (2007) [114] show
that the introduction of regime switching in term-structure models leads to term-structure
models that are well-specibed under the historical probability and that are able to explain
the expectation-hypothesis puzzle (why the long and short term interest rate di"erential
does not predict the future interest rate changes), over short and long horizons. Following
Veronesi and Yared (1999) [128] and Evans (2003) [67], Ang Bekaert and Wei (2008) [8]
develop term structure models with regime shifts to investigate the joint dynamics of real
and nominal yields. They identify inf3ation and real factor sources behind regime shifts and
analyze how they contribute to nominal interest-rate variations. Dai, Singleton and Yang
(2007) [44] develop a model with regime-shift risks that are priced by investors. Allowing
for state-dependent transition probabilities, their model makes it possible to conveniently
capture asymmetry in the cyclical behavior of interest rates.

1.2.2. Regime shifts in spreadsO dynamics

While the previous subsection puts forward the importance of modeling regime switching in
yield-curve models, a few has been done to integrate such a feature in term-structure models
of defaultable bonds. However, empirical studies point to the existence of di"erent regimes
in the default risk valuation. Davies (2004 [49] and 2008 [50]) uses Markov-Switching Vec-
tor Auto-Regression (MS-VAR) estimation techniques and Pnds that credit spreads exhibit
distinct high- and low-volatility regimes. Alexander and Kaeck (2008) [3] detect a pro-
nounced regime-specibc behaviour of Credit default swap (CDS) spreads. Hackbarth, Miao
and Morellec (2006) [82] provide a theoretical model to explain the dependence of credit
spread on business-cycle regimes. In the same vein, Bhamra, Kuehn and Strebulaev (2007)
[19], Chen (2008) [31] and David (2008) [48] also adopt a Merton structural model including
regime switching to assess the inBuence of di"erent states of the economic cycles on the
credit-risk premia. Without deriving a complete model of the credit-spread term structure,
Maalaoui, Dionne and Franeois (2009) [108] estimate Markov-switching specibcations to in-
vestigate the links between credit spreads and its determinants. Their results suggest that
the failure of single-regime models to bPnd signibcant links between potential determinants
(see e.g. Collin-Dufresne, Goldstein and Martin, 2001 [39]) may stem from the fact that
these determinants have opposite average e"ects in the two regimes they identify.

The recent Pnancial crisis has eventually highlighted the need for taking into account
crisis regimes in yield-curve models. For instance, without using a model based on hidden
Markov chains, Christensen, Lopez and Rudebusch (2009) [34] provide evidence of a shift
in their six-factor alne term-structure model in 2007. 7 The next paragraph deals more
specibcally with the potential role of regime-switching features for modeling yield-curve
dynamics during crises.

"Christensen, Lopez and Rudebusch (2009) [34] model weekly U.S. Treasury yields, Pnancial corporate
bond vyields, and term interbank rates. Their estimation period starts in 1995 and is based on weekly
data.



1.2.3. The potential of regime switching to capture systemic risk, or contagion elects

Including regime shifts in a discrete-time term-structure model may a"ect pricing through
several channels: (i) regimes a"ect the historical and risk-neutral dynamics of the risk
factors, (ii) regimes appear in the stochastic discount factor (s.d.f.) Bwhich implies that
regime-transition risk is pricedb and (iii) regimes appear in the default-intensity functions.

In the following, we connect these characteristics with the literature that jointly addresses
credit-risk models and crisis® This literature focuses on systemic risk and contagion ef-
fects. Systemic risk di"ers from systematic risk in terms of the severity and frequency of the
associated shocks. More precisely, systematic shocks are frequent and not extreme while
systemic shocks are infrequent and extreme (see e.g. Das and Uppal, 2004 [47] or Baur
and Schulze, 2009 [15]3. In a model accomodating regime shifts, it is natural to associate
systematic and systemic risk with the Gaussian shocks and the regime shifts, respectively.
Obviously, distinguishing between the two kinds of risks may not be a trivial task. In par-
ticular, dilculties arise from the fact that systematic shocks can turn into systemic ones.

For instance, in some contexts Bnotably when the level of uncertainty is highb, temporary
systematic shocks can lead to defaults and generate signibcant negative aftershocks, includ-
ing liquidity spirals. 1° To the extent that we allow the probability of switching to a crisis
regime to be inBuenced by some systematic risk factors, such sequences could be captured
in a framework like ours.

The contagion literature focuses on the interdependencies between the defaults of di"erent
debtors, which is sometimes referred to agsounterparty risk. In the so-called contagion
models, if one of the debtor defaults, it a"ects the hazard rates of the other debtors (their
default intensity jumps upwards). Contagion e"ects, whose consequences are cascades of
subsequent spread changes, is explained by the existence of close ties between Bfms.
Jarrow and Yu (2001) [92] develop grimary-secondary approach: in case a primary entity
defaults, the spreads of other debtors jump upwards; meanwhile, default of secondary bPrms
do not have any impact on other debtors in the portfolio. In the infectious-default model
developed by Davies and Lo (2001) [51], the default of a debtor triggers a regime shift: in
the high-risk regime, the default intensitites of all debtors are increased? Given that our
baseline model relies on the doubly-stochastic or conditional-dependence assumption Bwhich
states that, conditional to the underlying factors and regimes, the default events of the brms
in a portfolio are independentb it does not capture such contagion e"ects. Nevertheless,
as developed in Subsection 8.2, our framework can still accomodate the specibc contagion
case where one entity (or, for the sake of tractability, only a small number of them) a"ects

®Note that regime-switching features are not useful solely to deal with crisis modeling: it is also required to
model regimes that correspond to the position within the business cycle (see Subsection 1.2.1). Bangia
et al. (2002) [11] illustrate the importance of distinguishing between expansion and contraction phases
for the assessment of loss distribution of credit portfolios.

°For de Bandt and Hartmann (2000) [52], a systemic event is an event where the release of bad news
about a Pnancial institution, or even its failure, or the crash of a Pnancial market leads in a sequential
fashion to considerable adverse e"ects on one or several other Pnancial institutions or markets, e.g. their
failure or crash. They further debne the systemic risk as the risk of experiencing systemic events. For
an introduction to the contagion literature, see e.g. LYtkebohmert (2009) [107].

10see Brunnermeier and Pedersen, 2009 [26] for a structural analysis of this and (e.g.) Hesse and Gonzalo-
Hermosillo, 2009 [87] for empirical evidence.

1 These ties may be of legal (e.g. parent-subsidiary), bnancial (e.g. trade credit), or business nature (e.g.
buyer-supplier). Through these channels, economic distress of one brm can have an immediate adverse
e"ect on the bnancial health of that brmOs business partners (Giesecke, 2004 [75], Eglo”, Leippold and
Vanini, 2005 [61]).

120ther contagion mechanisms based on the same kinds of approaches are proposed by Frey and Backhaus
(2003) [73] or Yu (2007) [134].



the default probability of the others: it sulces to make one of the regimes corresponds to
the default state of this entity.

Das et al. (2007) [46] test whether default events can reasonably be modeled as dependent
solely on exogenous observable factots. As Dule et al. (2009) [58] and Giesecke and Kim
(2010) [76], they Pnd that doubly-stochastic settings perform badly if no latent covariates
Palso called frailty componentsb enter the intensity specibcations. Dule et al. (2009)
further argue that including frailty covariates in the hazard-rate specibcations is necessary
to accomodate default clusteringt4!® Koopman, Lucas and Schwaab (2009) [97] show
that modeling frailty contributes to obtain a proper modeling of default rates during crisis.
Consistentlty with these Pndings, our framework accomodates latent regimes and/or factors
(cf. Section 6). In particular, the fact that some regimes could correspond to simultaneous
and dramatic increases in the default probabilities of all or part of the debtors (cf. point
(iif) above) implies that our framework is appropriate to generate default clustering.

1.3. Credit-migration modeling

In Subsection 8.3, we show how our framework can be adapted to accomodate credit-rating
migration. Our baseline model considers only one credit event: the default of the debtor.
However, credit events include more generally the changes in credit ratings like these at-
tributed by agencies like MoodyOs, Standard & PoorOs or Fitch. There are several reasons
why it may be desirable to model not only default events but also rating transitions (see
Cantor, 2004 [29] or Gagliardini and Gourieroux, 2001 [74]}° First, because of their im-
portance in terms of risk management, modeling credit migration is key for practitioners.’
Second, such models are obviously required to price credit-event options. Third, when
complete default historical data sets are not available (or do not go back far in time), ex-
ploiting credit-migration matrices may allow to extrapolate long-term default predictions
from short-term credit risk dynamics. Similarly, to the extent that rating classes are seen as
approximately homogenous, having a rating-based term structure model at oneOs disposal
makes it quick to get a rough estimate of the fair value of a bond (given the rating of the
issuer).

In their seminal study of credit spread, Jarrow, Lando and Turnbull (1997) [90] model
rating transitions as a time-homogenous Markov chain. That is, in their model, whether
a prmOs rating will change in the next period depends on its current rating only and the

13 Nevertheless, using a di"erent specibcation of the default intensity, Lando and Nielsen (2008) [99] cannot
reject the assumption of conditional independence for default histories recorder by MoodyOs between
1982 and 2006. Lando and Nielsen conclude that the test proposed by Das et al. (2007) is mainly a
misspecibcation test.

¥ Frailty models come from the biostatistics literature. In these models, the intensity of a point process
is proportional to an unobservable variable, the frailty parameter. For a survey of frailty models, see
Hougaard (2000) [88].

15 Collin-Dufresne, Goldstein and Helwege (2008) [37] and Jorion and Zhang (2007) [93] also bnd that
default events are associated with signibcant increases in the credit spreads of other brms, consistent
with default clustering in excess of that suggested by the standard doubly stochastic models. Azizpour
and Giesecke (2008) [10] bPnd that contagion e"ects represent a signibcant additional source of default
clustering (over and beyond the e"ect due to brmsO exposure to observable and frailty risk factors).

16 Several of the main credit models currently being used in the industry, such as J.P. MorganOs CreditMetrics
(1997) [94], draw on the credit-migration approach. For presentation, comparison and evaluation of these
models, see e.g. Crouhy, Glai and Mark (2000) [42], Gordy (2000) [77] or Lopez and Saidenberg (2000)
[105].

For instance, the VaR or capital adequacy numbers may be based on a portfolio rating®s distribution
(see Saienberg and Schuermann (2003) [122]). In addition, some portfolio managers are constrained by
limits based on the ratings of the bond they held.



probability of changing from one rating to the other remains the same over time. In addition,

in their setting, the market risk and the credit risk are assumed to be independent. Di"erent
studies suggest however that Bper-periodb transition probabilities are time-varying (see e.g.
Lucas and Lonski, 1992 [106], Belkin, Suchower and Wagner, 1998 [17], Farnsworth and
Li, 2007 [68] or Feng, Gourieroux and Jasiak, 2008 [70]). In addition to time-variability,
Nickell, Perraudin and Varotto 2000 [119] show that conditioning a transition matrix on
the industry (to which the company belongs) is desirable.

Lando (1998) [98] extends the framework developed by Jarrow, Lando and Turnbull
(1997) [90] by allowing for dependence between the market risk and the credit risi, and
by making the rating-transition probabilities depend on the state variables® As in Lando
(1998), we look for specibc forms of the rating-transition matrix that lead to quasi-explicit
bond-pricing formulas.

2. Information and historical dynamics

2.1. Information

The new information of the investors at datet is w; = (z;,y't',x;, d;) where z; is a regime
variable that can take a Pnite numberJ of values,y; is a multivariate macroeconomic factor,
Xt = (Xq,---, Xy ) is @ set of specibc multivariate factorsx,: associated with debtorn,
and d; = (dit,...,dnt) is & set of binary variables indicating the default @,; = 1) or
the non-default (d,: = 0) state of entity n. The whole information set of the investors
at date t is wy = (wy,...,w;). At this stage, we do not make any assumption about the
observability of these variables by the econometrician (this is done below in Section 6). As
outlined at the beginning of Subsection 1.2.3, these regimes inBuence bond pricing through
di"erent channels (they can appear in the stochastic discount factor, in the default-intensity
functions and in the dynamics of the risk factorsy; and xn{ Os). In the baseline framework,
the regimes are viewed as transitory: none of these regimes is absorbing (this restriction is
relaxed in a specibc case presented in Subsection 8.2).

2.2. Historical dynamics

The regime variablez; is valued in {e,...,e;}, the set of column vectors of the identity
matrix 1. The conditional distribution of z; givenw;_, is characterized by the probabilities:

P(zelwq) =" (zt|zt—1,Yt-1)- 1)

The probability ! (g | e,yt—1) that z shifts from regimei to regime j between period
t" 1 andt, conditional on y;_1, is also denoted by! jj: _1. These specibcations allow for
state-dependent transition probabilities, as in Gray (1996) [79], Ang and Bekaert (2002) [6]
or Dai, Singleton and Yang (2007) [44].

The conditional distribution of y; given z; and w,_; is Gaussian and given by:

Ve =M (Zt,21) + Pyr1 + Q (2, 2e-1) "t 2)

where the"; are independently and identically N (0, 1) distributed. Specibcations (1) and
(2) imply that, in the universe (z,y:), zx Granger-causesy;, y; causesz; and there is

18 Amongst the earliest studies suggesting that such a feature is required, see Longsta" and Schwartz (1995)
[104] or Du"ee (1998) [56].

190ther examples of term-structure models allowing for time-varying transition probabilities include
Bielecki and Rutkowski (2000) [20] and Wei (2003) [130].
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instantaneous causality betweerz; and y;. Moreover, in the universew; = (z,Yt, Xt, dt),
(Xt, d¢) does not caus€z,y;). As noted by Ang, Bekaert and Wei (2008) [7], instantaneous
causality betweenz; and y; implies that the variances of the factorsy;, conditional on w;_1,
embed a jump term refRecting the di"erence in driftsp accross regimes. Such a feature,
that allows for conditional heteroskedasticity, is absent from the Dai, Singleton and Yang
(2007) [44] setting. However, it should be noted that our framework nests the case where
there is no instantaneous causality betweeg; and y; in the historical dynamics.?® Contrary
to Bansal and Zhou (2002) [12], matrix® is not regime-dependent: this is for the sake of
tractability when it comes to bond pricing.?!

The Xn ¢t Osn =1,...,N are assumed to be independent conditionally tdze, Y, Wi_q)-
The conditional distribution of X, is Gaussian and debned by:

Xnt = Oin (Zt, Zt—1) + QanYt + QanYi—1 + QunXnt—1 + Qsn (2Zt, Zt—1) #nt (3)

where the shocks#,; are IIN (0,1). Specibcations(1), (2) and (3) imply that, in the uni-
verse(zi, Vi, Xnt ), (Zt,Yt) causeXnt, Xnt does not causgz, y;) and there is instantaneous
causality between (z;,y:) and x,t. Moreover, denoting with X, the vector x; excluding
Xnts (Xnt,dt) does not caus€z, yi, Xnt ) in the whole universew;.

Finally, the d,;Osn = 1,...,N, are independent conditionally ta(z, yt, X, W, ;) and the
conditional distribution of d,; is such that:

1 if dnt—1 =1,

n n . (4)
1" exp (" $nt) otherwise

P(dnt =112z, Ve, X, Wy_y) = {

with $nt = %,2t + &Yt + ' nXnt-

In other words, state 1 of dy; is an absorbing state andexp (" $,t) is the survival
probability. Since the default probability 1" exp (" $nt) is close to$n; if $n¢ is small,
$nt is called the default intensity. The default intensity is expected to be postive, which is
not necessarily the case since th&,Os are Gaussian. However, the parameterization of the
model may make this extremely unfrequent.

So, in the universe(z, i, Xnt,dnt ), (Zt, Vi, Xnt) causesd, whereasd,; does not causes
(z,Yt,Xnt) and there is instantaneous causality. In the whole universev;, (Xnt,dnt) does
not cause(z, Yt, Xnt,dnt )-

The causality scheme is summarized in Figure 1.

Finally, let us consider the conditional Laplace transform of the distribution of (z, y;)
given w;_:

(t—1(u,v) = Eq—1 [exp (U'zg + V)] .

Proposition 1. The conditional Laplace transform of (z;,y;) givenw;_, is:
(t—1(u,v) =exp (VOYt_1 + [l1,...,1s]z—1), (5)

wherel; =1log 337_ Lt —1exp {ui +V'u(g @) + 3v'Q(g,8) 2 (g, 6) v},

20 Formally, this corresponds to P (z¢,Ze# 1) = W (Zw 1) and 1 ( 24, Ze 1) =1 (0 Zes 1).

ZlIndeed, the model of Bansal and Zhou (2002) [12] does not admit a closed-form exponential alne solution
(they proceed by linearizing the discrete-time Euler equations and by solving the resulting linear relations
for prices.



Figure 1: Causality scheme
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Proof. We have

(t—1(u,v)

Ei—1 (exp [U'z + V')

Ei1 (exp [U z + VU (zt,201) +VBYi1 +VQ(Zt,2t-1)" t])
E (E{exp [U'zt + VU (2, 2t-1) + V' Y1+

VQ(zt,ze1)"t] | Weo1, ze} | wya)

exp(V'®y;_1)E (exp {U'z; + VU (zt,2e1) } #

E (exp{V'Q(zt,zt-1)"t | We—1,2}) | We—1)

exp(V'®y;_1)E (exp {U'z; + VU (21, 2e1) } #

1
SV (z2e-1) Q' (21, 2-1) V| Wt—l)

exp (VOyi—1 + [l1,....15]z—1) .

Using the expression given for thd; Os lead to the result.

This Laplace transform is not, in general, exponential alne in (z;_1,Yyi—1), sincey;_;
appears in the! Os. However, this is the case if thi; ¢ Os do not depend og;_; and
then, the dynamics of (z, y;) is Car(1) (see Darolles, Gourieroux and Jasiak, 2006[45] or
Bertholon, Monfort and Pegoraro (2008) [18] for in-depth presentations of Car processes).

3. Stochastic discount factor and risk-neutral dynamics

3.1. Stochastic discount factor

We complete the model by specifying the stochastic discount factoM_;; betweent "

and t:

Mi_1¢t

exp [" a;zt-1" byyi—1" 5) (zt,zt—1,¥t-1)) (Zt,Z1—1, Y1—1) +

+) " (Zt,Zt—1,Yi—1) "t + * (Zt—1,¥t-1) Zt | ,

10



with the constraints:
J

Z! it —1exp % (&,yt-1)] =1, $i,yt_1, (7)
i=1

where*; is the t"h component of*. Using Equation (7), it is easily seen thatE;_; (M{_1t) =
exp(" a;z—1" byyi—1). Therefore, the riskless short rate between" 1 andt is:

fe= a1+ by 1. (8)

In our framework, the variables (xn,dnt), SpeciPc to entity n, do not appear in the
stochastic discount factor. This means that these entities have no impact at the macroe-
conomic level??> This can be formalised in the following way. Let us assume that theN
entities appearing in the modeling belong to a large homogenous population of sike. This
large population could be included inM;_; ¢, for instance by adding a term of the form

N
- 1 . .
Gi(N) = I\]; <)an,t +)0ndn,t> -
Since the(Xn¢,dnt), i = 1,...,N are independent conditonally toz,,y,, we have, denoting

respectively by E; and V; the conditional expectation and variance (or variance-covariance
matrix) given 2.y,

(6 () = 1 30 Didoa] e () Diren]

Assuming that the terms in the sum are bounded wherlN goes to inPnity, which means
that all the entities have a bounded weight in the inPnite population, V;(G{(N)) goes to
zero, whenN goes to inPnity andG;(N ) converges in mean square ttimg_,__ E¢(G{(N))
(which is assumed to exist). Therefore,G¢(N) asymptotically depends only on (thXt)-
which already appears inM¢_;¢. In some sense, the impact of these entities has been
diversibped away.

So the framework of this paper can be used in the context described above, the entities
appearing in the modeling are those of specibc interest, and the sequential inference method
proposed in section 6 shows that these entities can be incorporated progressively in the
model.

3.2. Risk-neutral dynamics
3.2.1. The conditional risk-neutral distribution of  (z,y:) given w,_;

Let us now consider the conditional risk-neutral Laplace transform of(z;,y;) given w;_,
(2, (u,v):=EL, (exp[u'z + V'y]), and let us introduce the notations:

Mt = H(zt,2t-1)
Y% = Qzt,zi-1), 2(zt,zi-1) = U =%
)t = ) (Zt,Z-1, Y1)

o1 o= (-1, Y1) -

22 Djversibability assumptions and the implied restrictions on default risk premia are studied in details by
Jarrow, Lando and Yu (2005) [91] (in a continuous-time setting).

11



Proposition 2.  The conditional risk-neutral Laplace transform of (z,y:) givenw,_; is:
( tQ—l (U,V) = exp [V/‘I)yt—l + ( Al,t_l(u, V) . A‘]’tfl(u,v) ) Zt—l} , (9)
where

J
1
Ait—i(u,v) = log(Z! it —1€exp {V/Q (g.6€)) (g§.6,yt-1) + §V'2 (g,&)v+
j=1

V(g ,e)+u +% (eithfl)})-

Proof.

(&1 (uv) = EZ, (exp [Uz+Vyi])

mn 1 " "|| "
= B i)t)t"i_)t t+*t12t+ulzt+\/yt]>

= eXxp (V/‘:I)yt ,-1) #
Ei_1 (exp
= exp \ (I)yt—l) #

Ei (exp ))t+ ()t+VQt> (){+v"9t) +V’ut+u’zt+*{_1zt]>

" §)t)t +) "t Xz Uz VR v Qt"t:|>

= exp (V®yr1) Bty <6Xp [V,Qt)t + §V/EtV + Ve + U’z + *;—1Zt]> :

Using the expression given foA; _1(u, v) leads to the result. O
We immediately deduce the following Corollary.

Corollary 1. The risk-neutral dynamics of (z,y;) is Car(1) if the s.d.f. satispes the
constraints (for any i, j andt):

{ (@ 1& v el @yl =t (10)
Q(e.e)) (g,6,Yt-1) = D'y + 1 (g, 8),

where! i =1 *(g | &) does not depend ory;_;, ®* is any matrix and pu* is any function.

If such constraints are satisbed, the risk-neutral conditional Laplace transform becomes:

(tQ_1 (u,v) =exp [V (2 +®*)yi—1 + ( Af(u,v) ... A5(u,Vv) )z_1], (11)

with A7 (u,v) =log (-, 1 exp {uj +V' [ (g, @) + 1 (g, &) + V'S (g, ) v}).

12




Comparing with equation (5), we deduce that the risk-neutral dynamics of(z, y;) is then
debned by:

Ve =H(Zt,2e-1) + W (2t,2t-1) + (@ + Q%) ye1 + Q(zt,22-1) "¢, (12)

where, underQ, z; is an homogenous Markov chain dePned by the transition matriX! j },
and "y Bdebned by'; ="t" Q7' (z,zt1) [W* (zt,zt-1) + ®*y_1]D isIIN (0,1).

The previous results show that an appropriate choice of the s.d.f., that is an appropriate
choice of the risk sensitivity vectors) and * pricing respectively the (standardized) innov-
ations "¢ of y; and z;, allows to obtain a joint risk-neutral dynamics of (z,y;) debned by
any transition matrix {!j} and any equation:

ye =0 (zt,2e-1) + Pyr—1 + Q(zt,21) "],

where"{islIN (0,1). Note that the © function is the same in the historical and risk-neutral
worlds.

3.2.2. The risk-neutral distribution of (X, d;) given (z, yt, w;_;)

Lemma 1. Let us consider a partition of w, = (W"Lt,W;’t) . If M{_y; is a function of
(Wy,t,W;_,), the risk-neutral probability density function, or p.d.f. , of wy; givenw,_, is:

fo (Wit lwe_1)="F (Wit |w_;)Mi_qrexp (" ry)

(where f is the historical conditional p.d.f. of w;; given w;_;) and the conditional risk-
neutral distribution of wy; given (wl,t,wt_l) is the same as the corresponding historical
distribution.

Proof. See Appendix A. O

SinceM_; is a function of (z,y:) but not of (xt,d;), the previous lemma shows that
the risk-neutral distribution of (x¢,d) given (z,y;,w;_;) is the same as the historical one
and it is given by equations (3) and (4). In particular, the functional forms of the default
intensities $,,; are the same as in the historical world. Of course, since the dynamics of
(z,y:) are di"erent in the two worlds, the same is true for the x,; Os and thé&,; Os.

In addition, it can be shown that (z,y:, Xn) is Car(1) under the risk-neutral measure
(see Appendix C). However, it is not the case folz, yi, Xnt, dnt ).

It is also clear that the causality structure of the risk-neutral dynamics is similar to
the historical one, the only di"erence being the non-causality fromy; to z; implied by the
homogeneity of the matrix {! j }.

3.3. Discussion of the constraints on the SDF

Constraints (10) can be written:

) _ ' (ejlzew 1)
{*J (thla ytfl) = 10g (! (ej|zt]# 1t§/tl# 1)) (13)
) (Zt,zi-1,Vim1) = Q Nz, ziq) [Pyt + U (zt,2i-1)]

13



where the transition matrix {! ;j‘} the matrix ®* and the vectorsp* (g, e) are arbitrary.
Note that constraints (7) imposed on* are automatically satisbed by the parameterization
(13). Recall that constraints (10) are imposed so as to obtain a Car dynamics of the state
variable under the risk-neutral measure. These constraints could be relaxed, but at the
cost of losing the analytical tractability in the bond pricing (as will be shown below)?23
Even if we impose a Car risk-neutral dynamics, we still have a large number of degrees of
freedom in the specibcation of the s.d.f. sincé*, p*(z;,z—1) and the ! j Os are then chosen
arbitrarily. However, we may wish to parameterize more parsimoniously the s.d.f. and,
therefore, impose stronger constraints on the risk-neutral dynamics. Let us illustrate this
point by a simple bivariate example.

The historical dynamics is debned by:

[th ] _ [ M1 ] n [ (11 (12 ] [Y1,t—1 } n [ +1" 1t }
Yot H5Zt (21 (22 Y2.t—1 (+52¢) "2t
and by some! jj; Os. Moreover, let us assume that we impose an additive risk-sensitivity

vector ) :
biyi-1 +) 2z
G (AN P

We get:

+ 14++)z

which must be additive of the form ®*y;_; + u*(z;,z_1). It is only possible if b, = 0 and
in this case we get:

* +1U1 * _ +1) izt
o* = [ 0 } and u*(z,zi-1) = [ (+2%) )2 |’
where % denotes the Hadamard (element by element) product. In other wordsd* =
[ (01 } W (zt,z-1) = [ M, 2 ] where (i, 47 and p; are arbitrary. Finally, the risk-

H3 Zt
neutral dynamics is given by:

|:y1,t ] _ [ W,z ] n [ (11 (a2 ] [thl } n [ +1" 7 }

Yot 192 (21 (22 Y2t-1 (+521) "5,

and by {! IJ} where (11, (12, f1, fi2 and the !;}Os are arbitrary, but the autoregressive
coelcients of the second equations are the same as in the historical dynamics.

3.4. The specibc case of no instantaneous causality between 2z and

The general framework nests the case where there is no instantaneous causality between
and y; in the historical dynamics (as in Dai, Singleton and Yang, 2007 [44]), that is:

H(Zt,2t-1) = HW(zt—1) = Cuzz—1 (say)
Q(Zt,Zt_l) = Q(Zt_l) (say).

ZBoudoukh et al. (1999) [25] develop a model with regime-transition probabilities that are state-dependent
under both physical and risk-neutral measures. However, to make bond pricing tractable, Bakoukh et
al. have to resort to approximations. Specibcally, they consider that there are a bnite number of states
per regimes (11 states per regime).

14



Let us assume moreover that:

) (Zt,2t-1,Y1-1) =) (Zt-1,¥1-1) (say)

and, therefore,u* (zt,zi—1) = p* (z—1) = ChZt—1 (say).

In this case, the historical and risk-neutral Laplace transforms become:

1
(t—1(u,v) = exp <v’ (Pyt—1 + Cuzi—1) + 3 VQ(e)v,....VQ(e))v]z_1+
J J
+ logZ! Gt —1exp(Ur),... ,logZ! Jjt—1exp(Uz)| z—1 and
i=1 j=1
1
(21 (uv) = exp <V'[(‘I> + O ) Y1+ (cu+cy)za1] + 3 V'Q(e)v,...,VQ(ey) V] z_1+
J J
+ logZ! 1j exp (U1), ... ,logz 13 exp(Uy)| zt-1
=1 j=1

So the risk-neutral dynamics is debned by; = (¢, + cf;)' Zt 1+ (P+P*) Y1 +Q(z-1) "¢
where z; is an homogenous Markov chain debPned by the transition matrid 7} and "¢
is [IN (0,1). In particular, there is no instantaneous causality in the risk-neutral world
either.

4. Pricing

4.1. Pricing of riskless zero-coupon bonds

It is well-known that the existence of a positive stochastic discount factor is equivalent to
the absence of arbitrage opportunities (see Hansen and Richard, 1987 [86] and Berholon,
Monfort and Pegoraro, 2007 [18]) and that the price at of a zero-coupon bond with residual
maturity h is given by:

B(t,th)=EQ[exp (" ry1™ ..." ran)l, (14)

wherer,i = a"lzt+i_1 + tﬁlyt+i_1, i =1,...,h. Since(z,y:) is Car(1) under Q, B(t,h) is
easily computed using the following lemma:

Lemma 2. Let us consider a multivariate Car(1) processZ; and its conditional Laplace
transform given byexp [@'(s)Z; + b(s)]. Let us further denote byLp (, ) its multi-horizon
Laplace transform given by:

Lin(, ) =Et[exp ( fy_pp1Zi41 .-+, 4 Ze4n)], t=1,...,T, h=1,...,H,
where, =(,1,...,, {y) Is a given sequence of vectors. We have, for any

Len(, ):eXp(AﬁZt-i-Bh), h=1,...,H,

where the sequences;,, B, h =1,...,H are obtained recursively by:

15



An = a(, H-ht1 +An-1)
Bh = B( H-ht1 +An_1)+Bn_y,

with the initial conditions Ay =0 and By = 0.

Proof. See Appendix B. O

From Equation (11) we know that (z,y:) is risk-neutral Car(1) and that its conditional
Laplace transform is based on the functions:

auv) = [(Af(uv),...,Aj(u,v)),V(®+ ®*)] and
b(u,v) = 0.

so we have the following proposition:

Proposition 3.  We have:

B (t,h) = exp ( anz " b"nyt), (15)
and the yield of residual maturity h, R(t,h) is given by:
1 ;

R(th) = = (anze +byye) (16)
wherea,, and b, are computed recursively, forh = 1,...,H, by (with ag = a; and by = by):
(8 b) = (@5, 0) " @ (s nona” (8" b, B,
where the sequencen, h = 1,...,H isdebned by, y =0, ,1 =,2=... =,4_1 =

(" a}," b)) and wherea'(u,v) = [(Aj(u,Vv),..., A5 (u,Vv)),V (@ + &*)].
Proof. We have:

B(t,h) =exp (" &jz:" biyt) EtQ (" @z " By " " @ Zepno1 " B Yienot) -
Using Lemma 2 with, 4y =0, , |, = (" a}," b)) forh=1,...,H" 1, we get:

B(t,h) = exp ( ajze " by + &Lz + E&yt> :

where (&, B,) = a'(, n—n1 + (&,_;.5,_;)), & =0 and by
Taking a, = a;" &, by = by" by, with (af,,H,) = (a}, B)"
we getB (t, h) = exp (" ath,l " q"hlyt,1>. OJ

16
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4.2. Pricing of (zero-recovery-rate) defaultable bonds

A defaultable zero-coupon bond providing one money unit at + h if entity n is still alive
at t + h and zero otherwise has a price at given by:

BP(th) =EQ|exp (" rep1” -.." Tegn) ltd, .\ n=0} (17)

if dnt = 0 and 0 otherwise.

Proposition 4. The price of a zero-recovery-rate zero-coupon defaultable bond issued by
debtor n is such that:

Br? (t, h) — Et(? [exp (ll rt+1 n . " rt+h n ()/q]zt+1 " &nyt_i'_l " 1 an’tJ’_l n

' cV‘;1Zt+h ! &;Yt+h " ;Xn,t+h)] : (18)

n

Proof. Equation (17) can be rewritten:

Brl? (t, h) = EtQ |:EQ (exp (" 41 " I'H_h) I{dn,t+ h,:0} | Zt+h1xt+h’ln,t+h’ dn,t = 0):|
= EQ {eXP ("reer” " ren)Q (dn,t+h =01Z1n Yy n Xnt+h: Ont = 0)} :

Moreover,

Q (d”v“h =01 Zein Yy Xngh Ont = O)
= H|h:1 Q (dn,t‘H = O | ;[+hixt+hlln’t +h» dn,t+i—1 = O)

and, sincedn; does not cause(z, Y, Xnt) in the GrangerOs or SimsO sense (see Appendix
E), we have:

Q <dn,t +i=0] Zithr Yo Xnt+ho Onttio1 = 0)
= Q (dn,t+i =0]z. Yigir Xnti Ont+io1 = 0)
= exp (" $nt+i) -

where the last equality comes from the fact that the conditional historical and risk-neutral
distributions of d,: are the same (see Subsection 3.2.2). O

It can be shown (see Appendix C) that(z, yt, Xn ) is Car(1) under Q, with a conditional
Laplace transform of the typeexp[a (u, v, w)(z{, yt, Xp ¢ )] wherea(u, v, w) = [(Aq,...,Ay), (V'+
W Qan)(® + @*) + W Qsn, W Qun|, where

) J
Ai(u,v,w) = log(> 1 exp{uj + (V' +WQzn) [ (g, &) + 1" (g, &)] + Wain (g, &) +
j=1

SV WQun)E (@, 8) (v-+ Qo) + W Qa0 (8,8) Qi (5,0 w)).
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Therefore we have the following result:

Proposition 5. The price of a zero-recovery-rate zero-coupon defaultable bond issued by
debtor n is given by:

BY (t,h) =exp ( Cnh z" f;\,hyt " 9;1,h Xn,t) (19)
and the defaultable yields are:
Ry (th) = h (Cn,h Zt +fonYt + Onn Xn,t) ) (20)
where (¢, f1 1,90 ) is computed recursively by:

(Chs T Ghn) = (80, B1,0) ™ @ wonsn™ (chnoy™ @1 fhnoy ™ Bl Ghna)’)

where the sequencen, h=1,...,H isdebned by, y = (" %,," &,." ') and, h = (" %,"
a," & " b, )forh=1,...,H" 1, with cho=ay, fno="bi, gho=0.

Proof. From Proposition 4, we have:

Br(th) = exp("ajz" By)EQ (" @z " By " %z &Y " ' hXngsr "
"a&1Zipho1 " BYitho1 " %Ziino1 " & Yith—1" ' i Xntth—1)
"% Ztin " &Yirn " nXntth) -

Using Lemma 2 with , 4 = (" %,," &,," ') and ,h, = ("% " a," & " b," ') for
h=1,...,H" 1, we get:

Br? (t, h) = exp (” a, z; " blyt + C‘n’h Zt +fn,h Vit + gn,h Xn,t) s

where (q,h,f};,h,g;,h) =7 (wH Chy1 + (Cg’h_l,fN,’Lh_l,g,’Lh_l)> and 0 =0, f,o = 0 and
Qn,o =0.
Taking chh = a1 " G, fan =b1" fop and gopn = " Gnph, With (C:q,h’frl\,h’g;l,h> =

/
(allyulyo) ! a<1 H —h+1 ! (C:]’hfl ! allvfr,]’hfl ! Ulvg[{],h71> ) and Cn,O = al’ fn,O = b11
Gn,0 =0, we getBR (t,h) = exp(" Cupzt " Fop¥t™ GupXnt)- O

In this setting, credit spreads are given by:

sn(t,h) = RP(t,h)" Ru(t,h)

= —|(an" cn) zt+ (" Trn) Yt + GnXnt |- (21)

h
In particular, the spread of maturity one is:

Sh (t, 1) = rrl?’t+1 " rt+11

18



with:
ey = " log (EtQ lexp (" regn " $n,t+1)]>
= Ty " log (EtQ [exp (" $n,t+1)]> :
So
sn(t.1) = " log (EQ exp (" $n111)])
= " log (EIQ {eXP ( %zie1 " &nVir1" ;Xn,t-i-l)}) :
which can be easily computed and we get (using Appendix C):

Sn(t,l):{&:1(‘I)+(I)*)+'éQ3n}Yt+'F1Q4an,t " (Al AJ )Zt,
with

Ai = log(d ! exp{" %; " (& + ' nQan) M (g, &)+ 1" (g,€)]" "houn(g.8)+

=1

S8+ 1) (6, €) (8 1 hQan) + 5" hQin (65,8 Qhy (65,80)" n}).

4.3. Pricing of non-zero-recovery-rate defaultable bonds
Formula (18), which can read

Br'? (t,h) = EtQ lexp (" resr™ " reen ™ Sntgr " o0 S$nian)], (22)

has been obtained under the assumption of zero recovery rate. This formula can be extended
to the case with non-zero recovery rates, providing that the$,; Os are interpreted as risk-
neutral Orecovery-adjustedO default intensities. More precisely, we have the following result
(dropping the subscript n for the sake of clarity):

Proposition 6. If, for any bond issued by debtom beforet, the recovery payo! Bthat is
assumed to be paid at timé in case of default between" 1 andt of debtornb is equal to the
product of a function - of the information available at timet by the survival-contingent
market value of the bond at, the price att of a bond with residual maturity h is:

BER(t,h) =ER [exp(" fign ™ -.." Fean™ Sneer” ---" Snesn)| (23)
where$, s is debned by (for anys):
exp(" $n,S) =exp(" $ns)+ (1" exp(" $ns))-ns-

Proof. See Appendix D. O

The assumption of Proposition 6 is similar to the ORecovery of Market ValueO assumption
made by Dul!e and Singleton (1999) [60] except that, in their discrete-time approach, they
assume that-; is known at time t " 1, and that conditionally to the information at t" 1,
dnt is independent of the recovery payo" att.
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5. Internal consistency (IC) conditions

5.1. IC conditions based on riskless yields

If the short rate ry,; is a component ofy;, for instance the prst one, we have to impose
an internal consistency condition implying that riy; = a,z + byt is equal to the prst
component ofy;, that is:

a; = 01 bl — éll
where g is the vector selecting thei™™ component ofy;.

Moreover, if another component ofy;, for instance the second one, is equal to a riskless
yield of maturity hy BieR(t,ho)D we have to impose tha{1/h ) (ahozt + qoyt> is equal to
the second component o, that is

an, = 0
h’lo = h0é2

5.2. IC conditions based on defaultable yields

Similarly, if the brst component of x,; is a defaultable yield with residual maturity ho,
equation (19) implies that we have to impose:

Cn’ho — 0
fn’ho == 0
Onho = hoby.

where & denotes the vector selecting thé component ofx.

5.3. IC conditions based on asset returns

If the brst component ofy; is the geometric return of a market index, we have to impose

exp (" re41) EtQ (exp (Y1t+1)) = 1.
Using equation (11), this gives
(Alg - Al )z+ (@1 +®])ye = az + by,

with Ar ) = log{Ele L exp [ (g, @) + 1 (g,8)+ 5+ (g ,e-.)]}, 1y and p being the
prst components ofu and p* respectively, +7 being the (1, 1) entry of & and ®; and @7 the
brst rows of ® and ®* respectively. Then we get

a = (AL ... Al
b = (@ + @) .

Similarly, if the Prst component of x,,¢ is the return of a stock attached to entity n, we
must have:

exp (" rey1) EQ (exp (Xing 1)) =1
or
rey+1 = log [EtQ (exp (Xl,n’t_l,_l))] .
Using the fact that (z, yi, xnt) is Car(1) under Q (see Appendix C), it is readily seen that
log EtQ (exp (X1,nt+1))] is linear in z;,yt, xnt and the IC constraint follows.
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6. Inference

6.1. Observability

We assume thatz;,y; and the x,Os are partitioned intaz; = (Z11, Zo1)» Ve = (Y11, Yor)' @nd
Xt = (Xqntr Xont ), that zyt,y1t,X1,nt are observed by the econometrician andss, yor and
Xant are not. Typically, z;+ and zy; will be two regime processes valued respectively in
E;i={ey...,e5} andEy ={ey,...,e3,} soz will be equal to z; 1 & zo+, where & denotes
the Kronecker product operator. The implementation of the following estimation strategy
requires that the transition probabilities do not depend on the unobserved vectorgs ;.24
Moreover, we assume that we observe at each datea vector of risk-free yields denoted by
R¢ and, for each obligorn, a vector of defaultable yields denoted by?,'{t. Note that if some
yields are included in the vectorsy; or X+, they do not enter the vectorsR; and Rr'{t (see
Section 5). The period of observation i1,...,T}.

6.2. Decomposition of the joint p.d.f. and estimation strategy

Let us denote by. #¥ the vector of parameters debning the historical dynamics ofz, y;), by

.n the vector of parameters dePning the conditional p.d.f. okn; givenzy,,X,,_; and by

ﬁ the vector of parameters debning the conditional p.d.f. ofi,; given 2, Y, Xnt ot 1
The joint p.d.f. of w; is:

-

f(w,.) = f (Ztv)/t |thlyxt71§-zy)

-
Il

iz
—

. X
f (Xn,t I;t,xt,xn,t_l,-n)

]
Il
—
-
Il
—

Ez
-

# TTTIF (che 1 20¥ X Gneai-2)

I
—
-
Il
—

n

The parameters appearing inM_; ; are denoted by. *. The theoretical values ofR; and
R given by the model are denoted byR; (. ?,.*) and R} (. #,.%,.4,.*) respectively. A
sequential strategy of estimation is the following:

1. Estimate . ? and . * from the osbervations ofy¢,z;t, Ry, t =1,...,T.

2. Estimate the . XOs and the ¢O0s from the observations of;n; and RE,, t=1,...,T,
taking as given the values of #?¥ and . *, and the values ofy,; and z;; being bxed at
the approximated values obtained from step 1.

The remaining of the current section details these two steps. The methodology that is
proposed builds on the so-called inversion technique developed by Chen and Scott (1993)
[33]. This technique is adapted in order to accomodate regime switching. Naturally, many
di"erent estimation strategies could be implemented. For instance, in our application (Sec-
tion 9), the estimation of the model parameters does not rely on inversion techniques but
resorts to state-space modeling and Kalman bltering.

24 Formally, with the notation of Equation (1), p (zt |24 1:Y,, 1) has to be equal to p (zt | Z10Y, e 1)'
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6.3. Estimation of the parameters (0°Y,6%)

Using equation (16), we have, with obvious notations:

Ry (. #,.") = Azt + B1y1t + Bayay.

If m is the dimension ofyy, let us partition Ry in (R"Lt, R"Q’t) whereRy is of dimension
m. With obvious notations, we get:

Rat (-%,.") = Aozt + Baryit + Bagyar,

and denoting (y"Lt, R;,t) by y; we get:

5= (o e )% () )2
7\ By By )" Ay )

Vi = By + Az

or

and
yi =B~ (Yt ! A~Zt>

and from equation (2) we get:

B! (yt " ANZt) =W (zt,z1)+ @ {B~71 (Yt—1 " ANZt—1)} +Q(zt,2e-1) "t

or
Vi = Az¢ + Bl (z,2-1) + B® [B~71 (Yt—l ! ANZt—l)} +BQ(zt,z-1) "t
or
Vi = [ (zt,2-1) + dyi_1 + Q (71, zi1)"t, (24)

with 3 ~ o

H(z,21) =Azi+Bu(z,z.1)" B®B Az ;4

P —B®B !

Q(z,zi-1) =BQ(z,z_1).

The conditional distribution of y; given .Y, is similar to that of y; given z;,Vi_1,
and in particular is Gaussian, the di"erence being thaty; is fully observable. Assuming
moreover that the R; ; are observed with Gaussian errors we get, with obvious notations:

Rit = A1zt +Bii1yit +Biayat + /4
= A1zt + Byt
+B12B5' (Rat " Aszi " Boryiy) + /1, (25)

with /¢ ' 1IN (0,+2I )

Putting equations (24),(25) and (1) together, we have a dynamic model in which the only
latent variables are z,; and which can be estimated by the maximum likelihood methods
using HamiltonOs approach (see Appendix Ef. At this stage, IC constraints on (.Y,.*)
must be taken into account.

% Note that this algorithm can handle time-varying transition probabilities (which is required in the case
where the ! ;;Os depend oy s 1).
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6.4. Estimation of (6%, 69)

From the inversion method of 6.3, we can get approximations of the,O® Then using
equation (20), we get:

RP, = Clzit + Clzog + Dly1c +DYyar + F'X1ng + FS'Xony - (26)

and using equations (2), (3) and (26) and replacing2 and zy¢ by their approximations,
we get a system in which the only latent variables are thexs n . Taking . %Y and . * as given,
the parameters. X and . d can be estimated either by an inversion technique or by Kalman
bltering, taking into account IC conditions.

Note that in this strategy, the observable variablesd, Os have not been used. If the
recovery rate was e"ectively zero,$,: would be the default intensity and the conditonal
p.d.f. of d,: given Zi, Y Xnyt s dnt—1 would be:

Antdnt—1+ (1" dnt—1)exp[" (1" dnt—1)$ne]# [1" exp (" $n,t)]d"’t :

This p.d.f. could be incorporated in the likelihood function. However, in the more realistic
case of non-zero recovery rate, we have seen that (see Subsection 4.3) $heOs must be
interpreted as risk-neutral Orecovery adjustedO default intensities and, therefore, they cannot
be used for describing the historical dynamics of thei, ; Os.

6.5. Possible adaptations of the estimation strategy

Mainly for the sake of presentation clarity, the prst step of the sequential strategy presented
above involves only observations of macroeconomic factors and riskless yields. In particular,
no credit-spread data are used in the estimation of*, the parameters appearing in the s.d.f.
M:_1t as well as in the estimation of the unobserved factory,; and of the unobserved
regimeszy:. However, spread data may contain useful information for the estimation of
.%Y and of . *. In that case, the strategy should be adapted in order to include credit-
spread data in the brst step of the estimation. It can be seen that the main lines of the
estimation strategy are not a"ected when the vectorR; and y;: considered in the Prst
step are respectively augmented with observed defaultable-bond yields and with observable
specibc factorx; nt (that are associated with the additional yields).27

Another adaptation of the strategy would be the following. The brst step presented
above implies a nesting of recursive computations of the theoretical formulas giving riskless
(or risky) rates and recursive computation of the Kitagawa-Hamilton algorithms, which
could be time-consuming. In order to alleviate the computational cost it is possible, for
instance, to estimate brst system (24) Bor an analogue system including risky ratesb with
unconstrained parameters, using standard Kitagawa-Hamilton blter, and then to compute
smoothed estimates values of the;Os. The latter values of; would further be considered
as observations and the remaining steps would estimate all the parameters (except the ones
appearing in the ! Os) using either inversion techniques or the Kalman Plter.

28 Note that in the inversion method, the z,; are replaced by those states presenting the highest smoothed
probabilities.
2" Naturally, the dimension of R»; should still be equal to the number of unobserved macro-factors yo;.
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7. Liquidity risk

There is compelling evidence that yields and spreads contain components that are closely
linked to liquidity. 22 In addition, empirical evidence points to the existence of commonality
amongst the liquidity components of prices of di"erent bonds (see e.g. Fontaine and Garcia,
2009 [72]).

The estimation of the liquidity premium is of concern for several reasons. For instance,
gauging the liquidity-risk premium provides policy makers Bcentral bankers in particularb
with insights on the valuation of liquidity by the markets (see Taylor and Williams, 2008
[126], Wu, 2008 [132] or Michaud and Upper, 2008 [112]). Furthermore, if one wants to
extract default probabilities from market data, one has to distinguish between what is
related to default and what is caused by the liquidity of the considered instruments (see,
e.g., Longsta", Mithal and Neis, 2005 [103] or BYhler and Trapp 2008 [27]).

However, the identibcation of the liquidity premium, that is, distinguishing between the
default-related and the liquidity-related components of yield spreads, remains a challenging
task. Basically, the identibcation of the liquidity component relies on the ability to exhibit
risk factors that refRects liquidity valuation. In Liu, Longsta" and Mandell (2006) [101]
or FeldhYtter and Lando (2008) [69], the liquidity factor is latent and the identibcation is
based on assumptions regarding the relative liquidity of di"erent interest-rate instruments2®
Alternatively, as mentioned in Subection 1.1, the liquidity factor could be proxied by some
observable factors’® However, according to Wang (2009) [129], usual liquidity proxies are
able to explain only a minor part of the liquidity component. One may resort to intermediate
bor mixedb approach, where part of the liquidity-factor dynamics is observable (through
observed proxies) and part of it is latent.

Let us come back to our modeling framework. We have seen in section 4 that incorpo-
rating default risk in the pricing methodology implies to replace the short rater;, by a
Odefault-adjustedO short-rate,; +$n¢1. Besides, in order to take into account recovery-
rate e"ects, $, .1 can be seen as a Orecovery adjustedO default intensity betweand t + 1
(see Appendix D). So the price att of a defaultable asset providing the payo"g (wt+h) at
t + h, in case of absence of default, is:

EQ [exp (" fear ™ Snggr” -2 Teen ™ $Sneth) 9 (Weip)] -

As suggested by Du'e and Singleton (1999) [60], intensity-based model can also account
for liquidity e"ects by introducing a stochastic process that is interpreted as the carrying
cost of non-liquid defaultable securities. This process then appears alongside the default
intensity in the spread between the OpureO DBi.e. default and liquidity-adjustedP short rate
and the short rate associated with a defaultable bond. Accordingly, let us introduce an

ZThe inBuence of liquidity e"ects on bond pricing has been investigated, amongst others, by Longsta"
(2004) [102], Jong and Driessen (2007) [53], Van Landschoot (2004) [100], Chen, Lesmond and Wei
(2007) [32], Covitz and Downing (2007) [41], Acharya and Pedersen (2005) [1] or Eisenschmidt and
Tapking (2009) [62].

21n both studies, the liquidity factor that is estimated corresponds to the so-called Oconvenience yieldO,
that can be seen as a premium that one is willing to pay when holding Treasuries. This premium stems
from various features of Treasury securities, such as repo specialness (see FeldhYtter and Lando, 2008).

30 Amongst the many liquidity proxies idnetibed in the literature stand: bid-ask spreads, market-depth
measures, bond supply, spread between bonds of the same maturity but with di"erent ages or spread
between o"-the-run and on-the -run Treasuries (see Longsta", 2004[102], Beber, Brandt and Kavajecz,
2009 [16], Fontaine and Garcia, 2009 [72] or Wang, 2009 [129]). More generally, for credit spread
determinants, see e.g. Dule and Singleton (1997) [59], Elton (2001) [64], Collin-Dufresne, Goldstein
and Martin (2001) [39], Elton et al. (2004) [65], Covitz and Downing (2007) [41] and Davies (2008) [50].
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Oilliquidty intensityO betweert and t + 1, denoted with $5, ;. If $n¢41 and $5, ., are
specibed in an alne way,

$nt+1 =% Zt11 + & Vi1 + ' nXnt1
$h,t+1 =0 Zit1 + & Yir1 + ' 5 Xngt1,

we could price not only riskless bonds3,, (t,h) and defaultable bondsBPY (t,h) as above,
but also bonds facing liquidity risk BL (t,h) and bonds facing both default and liquidity
risk BEL (t,h). We would have:

B(t,th)  =ER[exp(" regr” ..." Tegn)]
BD (t,h) =E2[exp(" 1" St ---" Tesn" Sngsn))
BS (th)  =ER [exp (" ron” Shen” " ron” S5
BOL (t,h) =ER |exp (" reg1” $nesr” $hear” " Tegh " Sngth $h,t+h)]-

In the context of a Car(1) risk-neutral dynamics of (z, yt, Xnt ), these prices are expo-
nential linear in (z, Yy, Xnt) and the corresponding yields are linear inz, yi, Xnit )-

If the obligors issue only bonds facing both default and liquidity risks, and if the same
factors a"ect both kinds of intensities, it is not possible to distinguish between the two
of them. In order to operate Bor to gain some insights onb a decomposition between the
default intensity on the one hand and the liquidity intensity on the other, one has to rely
on additional assumptions. For instance, these assumptions may ref3ect some priors about
the relative e"ects of the risk factors on the di"erent obligors. This is illustrated in the
application (Section 9).

8. Model extensions

8.1. Multi-lag dynamics for y; and z,; processes

The model can easily be extended to allow fog; and x,: dynamics that include several
lags. In particular, when observed data are used in the estimation process Dtlyg; and
X1nt dePned in Section 6D, preliminary analysis of the data could point to the need of
taking di"erent lags into account to model the historical dynamics of these variables. The
Rexibility in the choice of the lag structure constitutes an advantage of working in discrete-
time over most continuous-time models (see, e.g., Monfort and Pegoraro, 2007 [113] or
Gourieroux, Monfort and Polimenis, 2006 [78]).

Equations (2) and (3) imply that the multivariate factors y; and x; follow auto-regressive
process of order one. However, to the extent that a VARg) amounts to a VAR(1) once the
last p lags of the endogenous variable are stacked in the same vector, the pricing techniques
of the bonds Bnamely equations (16) and (20)P are not a"ectedyif and x; follow VAR( p).
However, in order to make the estimation strategy presented in Section 6 still e"ective Din
particular regarding inversion techniquesb, the unobserved vector variablgs: and X2 nt
should not enter equations (2) and (3) with lags larger than one. To the extent that this
restriction only applies to the unobserved factors Bfor which insights on the appropriate
distributions are a priori not readily availableb such a constraint is not really restrictive.
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8.2. Interpretation of a regime as the default state of an entity

In this subsection, we consider the specibc case where one the Markov chain included in
z; corresponds to the default state of a given entity’> The specibcity of that situation lies

in the fact that the default of this entity then enters the s.d.f.. Therefore, we leave the
framework described in Subsection 3.1 where all defaultable entities were small enough not
to have any impact at the macroeconomic level. As a consequence, the OzeroO entity may
represent a whole industry or a very big institution. This could be extended to a few major
entities but one has to bear in mind that increasing their number results in an exponential
growth in the dimension of z;.

The fact that this default enter the s.d.f. results in a new component in bond prices:

a compensation for investors risk-aversion towards the default event of entity zero. As
pointed out by Yu (2002) [133] and Jarrow, Lando and Yu (2005) [91], such components
arise only when the default-event risk is not diversipable3?

In addition, as mentioned in introduction (Subsection 1.2.3), this interpretation is also
linked with previous studies attempting to introduce contagion e"ects in alne term-structure
models. Indeed, the default of entity zero may lead to a simultaneous increase in the default
intensities of any other debtor.

For sake of simplicity, let us assume that such a crisis variable is the only regime captured
by z;, which can be observable or not. In this case, assuming that the state, = (0,1)" is
the crisis state, we have:

L (e2] €2, yt-1)
(&1 ] exnyi-1) = 0.
Moreover, we could specify:

L (er|enyi—1) =exp (" $ot-1),
with $pt—1 = % +&)Y1.t—1. In this case,$y_; can be interpreted as a systemic-risk intens-
ity. Conditions (7) and (10) {! (g | &, yi—1)exp [*j (&, yi—1)] = ! } imply the followings:
e !5, =0,15,=1,* (e, Vi—1)isundePned}s (e, y:—1) = 0 and, therefore,*’ (e2,yi—1) zt =
0.

o exp[*1 (e, Yi—1)] =7 exp ($or—1) or *1(e1,Y¥i—1) = log! 31 + % + & Yyi_1.
o exp[*2(en,yi-1)] = (1" ) [1" exp (" $oe-1)] ", or *2(e1,y;i-1) = log (1" 1§;)"
log[1" exp (" %" &Yt-1)].
Denoting ! §; = exp (" $§), $;, being the systemic-risk intensity in the risk-neutral world,
we get:
*1enyi-1) = $or-1" 9o
*s(er,yi—1) = log[l" exp(" $;5)]" log[1" exp (" $ot-1)]
( log ($8) " log ($O,t—1) if $6, $0,t—1 are small.

In particular, the risk-neutral intensity $; and the historical intensity$,_, are di"erent
functions, contrary to what happended in the previous sections. Both the riskless yields:

R(t,h) = % (ahz + Hyt)

3lwe assume here that the vector z, is a Kronecker product of several Markov chains.
32Using bond price data for 104 U.S. brms and historical default rates, Driessen (2005) [55] was not able
to estimate this kind of default-event risk premia with signibcant statistical precision.
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and the defaultable yields:

1
RE (t,h) = n (chnze +fhnYe + hnXnt)

will be di"erent functions of y; (and of xn for RR (t, h)) before and after the systemic crisis.
The term structure of the impact of the systemic crisis will be:

an" ain for the riskless yield of residual maturity h,
Cnh " Cinn for the defaultable yield of residual maturity h.

8.3. modeling credit-rating transitions

Subsection 1.3 discusses why it may be desirable to model credit-rating migration and
provides a brief review of the literature dealing with rating-migration modeling in term-
structure frameworks. In the present subsection, we show how our framework can be
adapted in order to account explicitly for rating migration. The structure, building on
LandoOs (1998) [98] approach (see also FeldhYtter and Lando, 2008 [69]), accomodates
a time-varying rating-migration matrix while allowing di"erent ratings to respond in a
correlated yet di"erent fashion to the same change in the general economic conditions.

While most of the previous framework is still valid, some changes regard the modeling of
the default intensity. Specibcally, the historical dynamics of(z, yi, xnt ), as well as the s.d.f.
specibcations are still given by equations (1), (2), (3) and (6). However, in this adapted
framework, each Prmn is also characterized by a credit-rating process, denoted b, . For
any bPrm n and periodt, 0,; can take one ofK values: the prstK " 1 values correspond
to credit ratings and the K™ correspond to the default state3® Like the d,Os, thed, s,
n=1,...,N, are independent conditionally to(z, y, Xt,w;_;). In addition, we assume
that the rating transition probabilities, for brm n and from periodt" 1 to period t, is a
function of (z;,y:,Xnt). Accordingly, this transition matrix is denoted with TI(z;,Yt, Xnt)
and we have:

POwt =] |0ht-1=1i)= ITi; (Zt,Yt, Xnt ),

whereIlij (z,Yyt, Xnt ), the (i,j ) entry of II(z, yt, Xn;t ), represents the actual probability of
going from statei to state j in one time step. Each of these entries must be if0, 1] and
for each line, the sum of the entries must sum to one. In other words, 1 444&1 | is an
eigenvector ofIl(z, yi, Xnt ) associated with the eigenvalue 1. In addition, the default state
being absorbing, the bottom row ofII(z;,yi,Xnt) isequal to[ 0 4440 1 |.

In this context, a defaultable zero-coupon bond providing one money unit att + h if
entity n is still alive in t + h and zero otherwise has a price, in period, that is given by
(assuming that entity n has not defaulted beforet):

BP(t,h) =EQ [exp (" ria ™ ... rt+h)'{"n,t+h<K}}- 27)

In order to keep a quasi-explicit formula for defaultable zero-coupon bonds, we assume
that TI(z, yi, Xnt) admits the diagonal representation:

H(Zt,yt, Xn,t) = V.\P(Zt,yt, Xn,t ).V_l,

where the columns ofV are the eigenvectors ofl(z;, y:,Xnt) and constitute a basis in RK
and ¥(z, Y, Xnt) is a diagonal matrix of eigenvalues that are positive and smaller than

33 For instance, rating 1 can be the highest (Aaa in MoodyOs rankings) andK —1 can be the lowest (C in
MoodyOs rankings). In addition, we have,d,: = | ("n.en = K) .
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one3* Given that 1 is an eigenvalue offI(z,Vt, Xnt) , ¥(z:,Yt,Xnt) Can be written in the
following manner:

exp[" 11 (w)] O aaa 0
0 ;
W (zt, Yi, Xnt) = _ _ ;
. exp [" 1K—1 (Wt)] 0
0 aaa 0 1

with, forany i<K , 1; (w;)) 0. Then, it is easily seen that, conditionally on (Zt+h’¥t+h’

Xnt+hs Oht = i) the probability of defaulting before t + h corresponds to the entry(i, K ) of
the matrix that is given by:

VU(Zt 41, Yit1, Xng41) - - ‘I/(Zt+h,Yt+h,Xn,t+h)-V_1

This probability is therefore given by:

K h
P(Ontsh =K | Zeyn Yepp Xngon One =1) = > Vij Vi exp " Y 15 (Wesp) |
j=1 =1

where V;; and V‘1 are the entries(i,j ) of , respectivelyy and V ~!. SinceV,k Vek =1
(see Appendix G) usinglk * 0, we get:

h
POnt+n <K | Zeih Yo Xngrhi One =1) ZVIJ e "Y1 (Weip) | - (28)
j=1 =1

If the eigenvaluesl; are some linear combinations ofz, yt, Xn ), Equations (27) and (28)
implies that the price of a bond is a sum ofK " 1 multi-horizon Laplace tranforms. As a
consequence, the bond prices can be obtained using the algorithm presented in Appendix B.
However, it should be noted that in this context, the prices are no longer exponential alne
in the factors, which implies in particular that the Kalman blter has to be adapted so as to
accomodate the nonlinearity of the state-space measurement equations. In such a context,
FeldhYtter and Lando (2008) [69] use the extended Kalman blter. As an alternative, the
unscented Kalman Pplter could be implemented (see e.g. Christo"ersen et al., 2009 [35] for
an application of the unscented Kalman Plter on yields data).

9. Application

In this section, building on the framework described above, we investigate the joint dynamics

of euro-area sovereign yield curves. We consider 10 euro-area countries: Austria, Belgium,
Finland, France, Germany, Greece, Italy, the Netherlands, Portugal and Spair?r.5 All these
countries are considered as OriskyO debtors, in the sense that each country presents a hazard
rate $,¢. This hazard rate is not a pure default rate since it is adjusted to (a) the presence

of a non-zero recovery rate (see Subsection 4.3) and to (b) liquidity e"ects (see Section

34The fact that the eigenvalues have a modulus smaller than one is necessary in the case of time-homogenous
Markov chain processes.

%reland is not part of the sample given the non-availability of data to construct a business-cycle indicator:
the European-Commission qualitative survey data used to construct these indicators (see Subsection
9.1) stop in 2008 for Ireland.
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Figure 2: Estimation data

Notes: The upper-right plot shows the zero-coupon risk-free rates: the yields include, from the lowest to the highest
(with occasional cross-overs when the yield curve is inverted): 1-week, 3-month, 2-year, 5-year and 10-year zero-coupon
yields (the zero-coupon yield curve is bootstrapped from the swap yield curve). The euro-area business-cycle indicator (in
the lower left chart) is the prst principal component of a set of six series (the year-on-year growth rate of the industrial
production and 5 European Commission short-term qualitative surveys). The lower-right plot shows thexgc y ¢, for
selected countries i.e. the parts of the country-specibc business-cycle indicators that are orthogonal to the eurozone one
(obtained by OLS regressions of the countries® business-cycle indicators on the euro-area one).
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7). The model includes three regimes and three latent factors. Whereas one latent factor
intervenes in the dynamics of the risk-free yields, two a"ect the hazard rates only. Among
the latter, one is expected to ref3ect liquidity pricing, whereas the other is assumed to be
default-related. The identibPation of the liquidity-related factor is based on the use of bond
prices issued by KfW, a German agency. The bonds issued by KfW are less liquid than
the sovereign counterparts, but present the same credit quality for they are guaranteed by
the Federal Republic of Germany: accordingly, the bonds issued by KfW and those issed
by the German government are equally exposed to the default factor but not not to the
liquidity-related factor.

9.1. Data

Subection 9.1.1 brie3y presents the data used in the estimation. The next subsection (9.1.2)
discusses our choices regarding the risk-free yield curve. The following (Subsection 9.1.3)
introduces the KfW-Bund spread that we will exploit to identify the liquidity-related latent
factor. Then, in 9.1.4, we provide a preliminary analysis of euro-area yield di"erentials.

9.1.1. Overview

The data are weekly and cover the period from February 1999 through February 2010.

The vector y; contains three observable factors: a business-cycle indicator, a volatility
index and the short-term (one-week) risk-free yield. The business-cycle indicator is repres-
ented by the Prst principal component of a set of 6 series: 5 business-conpdence indicators
corresponding to quanta of European Commission short-term qualitative surveys (indus-

29



68€0 8890 860 890 £260 £9°0 £68°0 919°0 v6v°0 2IC0 820 pIaIA reak-0T asanbniod
1407A0] 7880 | 6£/°0 I660 690 960  8€80 cl60 c60 699°0 £10°0- pIaIA reak-z asanbnuod
6.€0 TEY'0 ¥8€'0 | G20 9160 9/9°0 £06°0 99°0 G670 Gecec 0 £6C°0 plaIk 1esh-QT ueley
L0770 G680 8EV'0 €260 | 920 £€8°0 8260 606°0 2290 +0°0- pIaIk reah-z ueley
S9€°0 6570 9¢€'0 79v°0 €0t'0 192°0 629°0 6vY°0 vIT0 pIaik 1eak-oT uewisn
76€0 6160 Zro 9t6°0 9810 ¥00°T Y160 csl o 281°0- PRIk Jeak-z uewls
vero 90 9Zv'0 6090 S.¥°0 8€9°0 6.G°0 Gv5°0 £80°0 pIaIA 1eah-0T da1)-ysiy
110} 740) €960 TEYO 166°0 60S°0 €G0'T 190 TTTT zs1o- PRIk reak-z sausiy
29g'0 9T0'T TO¥7'0 9201 691°0 90T 90 VETT 8e'T PIRIA XoaM-T 831)-¥SIy
STE0 ToV'T ¥2e0 ZIS'T €990 TGL'T 7960 /68T GES'T ToY'S 3]0/A2-"snq ease-0in3
8T6'T LZT'0- 996'T vIvr'0-  ¥8L°0 787'T- 8890 v€L'T- S¥00 6¢vCT- 80G°LTT XXO1SA
suoize[2440) / saduBLRA0D
8850 LEE0 |90 92¢’0 (8190 6T€'0 ELSO 90€0 Z¢8T0 151 ZA0) 9¢c0 (2g 18pJo0) uone|a1100-0INY
¥86°0 66'0 (6860 G66°0 (8860 €66'0 £66°0 S66°0 166°0 6660 Sv6°'0 (T 18pJ0) uone|a1109-0INY
6TEC [AAWARVA ZA4 ¥20'¢ [2e0'¢ 8ST'C EOT'C 6G¢'C Z¢19'¢ 9.°¢ 8099 SIsoun}
9T 0 ¢v0'0 |LLTO TTO0 [Z.TO Z28T°0- 6T 0 Tv2'0- 8S€0- | €.60- L€9°T SSaUMaS
7290 Tv6'0 (290 2960 |S€9°0 €00°'T g9L0 GS0'T 9TT 9zee 67807 uonelinsp prepuels
v vov'e |vivv LTV'E |80V L0E'E geCy PASTON > G86°C 8.0°0- 98'€c uelpsiy
VA TSE'S |699V e'e |19CT ¥6T'€ DOE'V 62C'E 8¢6'¢C 680°0- 9'G¢ uesiy
1eoA-QT Iedh-z  1edA-QT Jedh-g  1edh-QT JIedh-gz  1edA-QT Iedh-g  Yoam-T
SpA asanbnuod SpA uelel| SpA uewlas SpA aal)-ysiy 919A2-'sng v3 XXOLSA

‘salIas ayl Jo

(so1ren ur) suone|aliod 3yl pue sadueLRA0D ay) swuasald ajqel ay) Jo |aued Jamo| 3yl "swua) [enuue abejusdsad ul are pue papunodwod Ajsnonunuod ake spialA
ayl ‘(ssuas xis Jo jusuodwod [ediould 1Sid ayy SI Jolealpul ayl) erep uononpold [euisnpul pue sAaAINS aAnelenb wial-lioys uoissiwwo)-ueadoing uo paseq
loresipul 8|9A2-ssauisng eale-0ina ay) 01 SIajal 3]9A2-"sng v "(Suone[ailod-0lne Jeak-T ay) pue %aam-T ayl) UMOYS ale Suofie|aliod-oine om| "0T0Z Arenigad 03
666T Arenigad wouy pouad ayl Jan0d pue Apj@am aJse elep ayl "UOIBWISS 3yl Ul pasn aJe Tey) sa|qeLieA Jualajip 10} sonsiels Arewwns suodal ajgel ayl :S810N

Sp|9IA Pa123|as pue SI01oR) JILOU0I30IJBW PAAISSIO JO sonsnels aAnduosaq :T a|qel

30



trial conbdence, construction conbdence, retail trade conbdence, service conbdence and
consumer conbdence) and the year-on-year growth rate of industrial productiotf. These
monthly data are seasonally adjusted and converted into weekly data using a simple lin-
ear interpolation.3” Our measure of perceived european-market volatility is the VSTOXX,
which can be seen as an European analogue to the American VIX. Specibcally, the VSTOXX
index is constructed using implied option prices written on the DJ Euro STOXX 50 index.

At the country level, we also compute business-cycle indicators, using the same method-
ology as for the euro-area as a whole. The Prst principal components explain between 59%
(Italy) and 86% (Spain) of the variances of the six variables considered for each country.

Sovereign zero-coupon Yyield curves are based on government-bond prices that are ex-
tracted from Datastream. Since governments issue essentially coupon bonds, we brst con-
vert observed bond quotes into zero-coupon yields. For each period and each country, we
use a parametric form BSvensson or Nelson-SiegelD that minimizes the squared deviations
between observed prices and modeled prices. More details about the methodology are given
in Appendix H.

Zero-coupon risk-free yields are bootstrapped from swap rates (see next subsection for a
discussion about the original swap yields that are used). All yields used in the estimation
are continuously compounded.

Figure 2 shows some of the data used in the estimation and Table 1 reports descriptive
statistics for some of the data.

9.1.2. The risk-free yield curve

What is a relevant proxy for euro-area risk-free yields over the last decade? A Prst solution
consists in chosing a reference country, say Germany, and then in considering that its
associated default intensity is null. However, this arbitrary choice would be debatable and
would notably prevents us from modeling credit and liquidity premium for the reference
country. Following, amongst others, Grinblatt (2001) [80], Blanco, Brennan and Marsh
(2005) [23] or McCauley (2002) [110], we resort to an alternative approach that consists in
proxying risk-free rates with swap rates. One might object that a swap rate is a derivative
product whose payments are based on yields faced by banks, and therefore include a credit-
risk component3® However, it has to be noted that the maturity of the underlying Roating
yield is short. Therefore, the swap rate reRects only the futureefresheddefault probabilities
of prime banks over short horizon (see, e.g., Sun, Sundaresan, and Wang, 1993 [124] or
Collin-Dufresne and Solnik, 2001 [40]). Heuristically, the shorter the maturity, the smaller
the credit-risk component is expected to be. This is illustrated by FeldhYtter and Lando
(2008) [69] who Pnd an average spread between the 3-month LIBOR rate and an estimated
riskless yield of 3 basis points?

Nevertheless, the Pnancial crisis initiated in 2007 has shown that, in extreme cases, even
short-term interbank lending is not risk-free: as soon as 2007, signibcant credit-risk premia
emerged in interbank rates, even for short-term horizons of 6 months or even 3 months (see

%The brst principal component explains 82% of the variances of the variables.

%7 Seasonal adjustements are carried out using the Census-X12 procedure.

% Note that we do not consider the swap counterparty risk. Indeed, this risk is very limited in the case
of a swap contract (see, e.g., Bombm, 2003 [24] who shows that even during turmoils in the Pnancial
markets, the swap-contract counterparty risk remains very small due to netting and credit enhancement
mechanisms, including call margins).

% FeldhYiter and Lando use U.S. data, for the period from 1996 to 2005. The riskless short rate is unob-
servable: the spread between this rate and the Treasury short-term yield corresponds to a convenience
yield (from holding Treasuries). The Kalman Pplter is used to estimate the six factors of their model.
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Figure 3: Money market rates

Notes: The upper plots shows tthree dilerent money-market interest rates: the 3-month EURIBOR, the 3-month EONIA
swap rate and the general-collateral (GC) repo rate. The lower plot displays the dilerentials between the brst two rates
and the GC repo rate. The data are collected from Bloomberg.
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e.g. Taylor and Williams, 2008 [126]). Therefore, using EURIBOR swap rates as risk-free
rates over the last three years would be misleading. Also, for the more recent period, we
use EONIA (euro overnight index average) swaps instead of EURIBOR swaps to derive the
risk-free yield curve?® Since the Roating-rate payment of an EONIA swap rate is based
on overnight rates, the credit-risk component is far lower than for several-month IBOR
rates in periods of Pnancial-market stress. As an alternative, we could use repo rates as
a measure of the riskless rates (as in Longsta", 2000 [102] or Liu, Longsta" and Mandell,
2006 [101] or Eisenschmidt and Tapking, 2009 [62]). Indeed, insofar as repo loans are
overcollaterlalized by default-free Treasury bonds, they can be considered as riskless loans.
However, a drawback of this approach is that only short-term maturities are available for
the risk-free yield curve.

Figure 3 reports some of the yields that have just been mentionned. First, one can
observe that, contrary to EURIBOR rates, EONIA swap rates have remained very close to
the repo rate over the last couple of years. This suggests that using repo rates or EONIA
swap rates is not really di"erent (but we choose EONIA-swaps because longer maturities
are available for this latter instrument). When long-term EONIA swaps are not available
(before 2005), we use EURIBOR swap rates. As is shown in Figure 3, over this period,
EURIBOR was very close to the repo rate, which validates this replacement over this prst
period.

401t is not possible to use Eonia swap rates over the whole period since these rates are only available from
2005 onwards for longer maturities. For an in-depth presentation of EONIA swaps, see Barclays (2008)
[13]. For a comparison between Euribor and Eonia swaps, see e.g. Pilegaard, Durre and Evjen (2003)
[121].
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9.1.3. The KfwW- Bund spread

Our identibcation of a liquidity-related latent factor is partly based on the yield spread
between German federal bonds and KfW agency bonds (see the lower plot of Figure 4). The
latter are less liquid than the sovereign counterparts, but are explicitly and fully guaranteed
against default by the German federal government! Consequently, the spread between
these two kinds of bonds can be seen as a measure of the German government bond-
market liquidity premium demanded by investors. In the same spirit, Longsta" (2004)
[102] computes liquidity premia based on the spread between U.S. Treasuries and bonds
issued by Refcorp, that are guaranteed by the Treasury.

In order to check that this liquidity-pricing measure is not purely specibc to Germany,
we can look at comparable spreads in alternative countries. To that respect, let us consider
two debtors whose issuances are guaranteed by the French government, namely the CADES
(Caisse dOamortissement de la dette sociale) and the SFEF (SociZtZ de Pnancement de
IOZconomie franeaiséf. The upper plot of Figure 4 shows that, over the recent period Bwhen
the French spreads are availableb, the KMBund spread shares most of its Ructuations with
to the spread between SFEF bonds and French Treasury bonds (OATs), as well as with the
CADES-OAT spread.

Figure 4: Dilerentials between government and government-guaranted bonds

Notes: The upper plot shows the yield dilerentials between European bonds that are government guaranteed (SFEF and
CADES by the French government; KfW by the German government) and government bonds of approximately the same
maturity (French government bonds for SFEF and CADES, German bonds for KfwW). The coupons and maturities of the
bonds are reported in the legends. The lower plot displays yield dilerentials between KfW and German-government bonds
at dilerent maturities. The yields are provided by Barclays capital.
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4 An understanding between the European Commission and the German Federal Ministry of Finance (1
March 2002) stated that the guarantee of the Federal Republic of Germany will continue to be available
to KfW. The three main rating agencies DFitch, Standard and PoorOs and MoodyOsP have assigned a
triple-A rating to KfW (see KfW website www.kfw.de/EN_Home/Investor_Relations/Rating.jsp). In
addition, as the German federal bonds, KfWOs bonds are zero-weighted under the Basle capital rules.
The relevance of the KfW-Bund spread as a liquidity proxy is also pointed out by McCauley (1999)
[109] and exploited by Schwarz (2009) [123].

42Note that contrary to the ones issued by the later, those issued by the former (CADES) do not benebt
from the explicit Bbut only implicitb guarantee from the French government. However, both issuer are
triple-A rated, as the French government.
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Table 2: Correlations and principal components analysis of euro-area yield dilerentials

Notes: Panel A reports the covariances and correlations (in italics) of 10-year swap spreads (the swap spreads are dePned
as the dilerentials between zero-coupon government yields and zero-coupon swap yields of the same maturity) across nine
dilerent euro-area countries (Greek yields are not used since they are not available before mid-2001). Panel B presents
results of principal-component analyses carried out on swap spreads. There are three analyses that correspond respectively
to three maturities: 2 years, 5 years and 10 years. For each analysis, Panel B reports the eigenvalues of the covariance
matrices and the propotions of variance explained by the corresponding component (denoted by OProp. of var.O in Panel
B).

Panel A: Covariance and correlations of 10-year swap spreads
Germ. France Italy Spain  Austr. Belg. Finl. Port. Neth.

Germany 0.032 0.032 0.038 0.037 0.033 0.033 0.031 0.045 0.035
France 0.042 0.06 0.055 0.05 0.049 0.042 0.064 0.045
Italy 0878 | 0.111 0.094 0.088 0.088 0.064 0.108 0.068
Spain 0.701  0.899 0.953 | 0.088 0.079 0.078 0.061 0.098 0.062
Austria 0.671 0.888  0.958 0.967 | 0.076 0.073 0.055 0.089 0.056
Belgium 0.678 0.884 0969 0.967 0.969 | 0.074 0.054 0.089 0.057
Finland 0.774 0908 0851 0.913 0.893 0877 | 0.05 0.069 0.048
Portugal 0.732 09 0935 0958 0937 0.943 0883 | 0.12 0.072

Netherlands 0.865 09 0893 0921 0901 0912 0.933 0.91 | 0.052

Panel B: Principal components

Component 1 2 3 4 5 6 7 8 9
2-year spread

Eigenvalue 6.68 1.04 0.50 0.30 0.19 0.10 0.09 0.06 0.04
Prop. of var. 0.74 0.12 0.06 0.03 0.02 0.01 0.01 0.01 0.00
Cumul. prop. 0.74 0.86 0.92 0.95 0.97 0.98 0.99 1.00 1.00
5-year spread

Eigenvalue 7.20 0.95 0.46 0.15 0.10 0.05 0.04 0.03 0.02
Prop. of var. 0.80 0.11 0.05 0.02 0.01 0.01 0.00 0.00 0.00
Cumul. prop. 0.80 0.91 0.96 0.98 0.99 1.00 1.00 1.00 1.00
10-year spread

Eigenvalue 8.07 0.56 0.14 0.07 0.05 0.04 0.03 0.02 0.02

Prop. of var. 0.90 0.06 0.02 0.01 0.01 0.00 0.00 0.00 0.00
Cumul. prop. 0.90 0.96 0.98 0.99 1.00 1.00 1.00 1.00 1.00

9.1.4. Euro-area government yields

Table 1 suggests that euro-area government yields are highly correlated across countries and
across maturities. In addition, government yields appear to be strongly correlated with risk-
free yields. Table 2 reports the correlations between the swap spreads for di"erent countries
over the sample periods (the swap spreads are debned as the di"erentials between zero-
coupon government yields and zero-coupon swap yields of the same maturity) and present
a principal-component analysis of these spreads across countries. The correlations suggest
that swap spreads largely comove across countries. The principal-component analysis (see
lower part of Table 2) indicates that, for di"erent maturities (2, 5 and 10 years), the brst two
principal components roughly explain 90% of the swap-spread variances across countries.
This suggests that a model with a limited number of common factors may be able to explain
the bulk of euro-area yield-di"erential Ructuations.
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9.2. Model specibcations

We consider six macroeconomic factory;. Three of them are observable (the euro-area
business-cycle indexgc , the volatility index yyxt, and the short rate ry;;) and three of
them are latent (yt, Yct and ygt). Moreover, there is a latent Markov chain z; with three
states. The interpretations of the latent variables and of the regimes are given below.

9.2.1. The historical dynamics

For the sake of parsimony and estimation tractability, the macroeconomic latent factors
(Yt, Yer and yx) follow auto-regressive processes of order one in the historical world.
Moreover, their dynamics are independent from the Markov chain and from the dynamics
of the observable factors (under the historical measure). This allows us to estimate the
historical dynamics of the observable factors (and the regime variableg;) independently
from the latent factors. The historical dynamics of the three observable factors is given by:

YV Xt My x Zt VXt -1 +vxz 0 0
Yect | = | Haec +®(L) | Yect-1 | + 0 +gc 0 | "t (29)
Fe+1 Hr re 0 0 +

As is shown in the previous equation, the regimes a"ect parameters that are primarily
linked to the VSTOXX index. This is done to facilitate the interpretation of the regimes
in terms of market stress. More precisely, two out of the three regimes Bregimes 2 and 3,
sayb are expected to correspond to such periods. In these two regimes, the innovations
that a"ect the VSTOXX may be more volatile than in the brst regime (which is reRected
by the entries of +yx ). In addition, the VSTOXX drifts pyx may di"er across the three
regimes. The third regime is expected to correspond to extreme conditions ref3ected by a
large one-0" jump in the level of the VSTOXX (captured by a strong third entry in the
drift pyx). Such a regime is supposed to be only one-period long and necessarily takes
place amidst Pnancial-distress conditions, that is, the regime prevailing before and after an
occurence of the third regime is necessarily the second one. Furthermore, the probability
of staying in the bnancial-distress regime (regime 2) may depend on the VSTOXX level.
Formally, the transition matrix driving the Markov chain reads:

'11 (1 "ol 11) 0
{Vig—1diy = 07 Toalywxe—1) " Tas] Toa(Ywxi-1) !os (30)
0 1 0

where! 99(yvxt—1) is a logit function of yy xt —1.

Each country n is further described by an observable business-cycle indég, ;, which is
the sum of two orthogonal components: the Prst one is linked to the euro-area business-
cycleygct and the second one, denoted by, gct , is assumed to follow an AR(1) process.
Formally, using the notations introduced in Equation (3):

bt = 2n# YBct + XnBCt where
XnBct = Qunpc # Xngct -1+ QsnBc #nt.

An additional country-specibc factor is related to the regime variablez;. This factor is aimed
at reproducing potential long-lasting e"ects of some regimes on the default intensitie$,, ; Os
(the e"ect being still felt after the lifetime of a regime, but decaying at a constant rate). It
is denoted byxpz+ and follows:

Xnzt = (1" Qunz)# (Cﬁ,n,z Zt) + QunzXnzt-1-
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Finally, the default intensities are given by:

X
$n,t = 0/412t + &Iilyt +! r’] I: ;;Bzct‘t :| i (31)

9.2.2. The risk-neutral dynamics

Under the historical measure, the three latent factors follow independent auto-regressive
processes. Obviously, to have an impact on bond pricing, the latent factors have to a"ect
the risk-free short rate ry and/or the the hazard rates $,:. We assume that the factors
Vet and yx ¢ intervene in the hazard rates but are independent from the risk-free short rate
(under both the historical and the risk-neutral measures). As a result, the latter two factors
do not contribute to the dynamics of risk-free yields?® (As will be shown below, this will
be exploited in the estimation procedure.)

In order to facilitate the estimation (by reducing the number of parameters to estimate)
and for identibcation purpose, additional assumptions are made regarding the risk-neutral
dynamics of the latent factors. First, we assume that all three latent factors follow zero-
mean auto-regressive processes of order one under the risk-neutral measure. Second, in the
risk-neutral world, (a) only the last lag of the latent factor y;; can a"ect the observable
macroeconomic variables and (b) this latent factor is not a"ected by the lags of the observed
macroeconomic factors.

Accordingly, the risk-neutral dynamics of the vectory; (that is equal to [yv x.t,Ysct, Mt+1,

Vit 1yC,t’y#,t]/) is given by:
Yo = [ (z) + ®(L)yi—1 +Q(z) "],

where (the # . Os locating some # n matrices to estimate):

_ # Z
pa) = | Faen ],
#3x3 #3x1 0 0 #3x3 0 0 0
= _ 0 #i1a 0 0 0 000
oL) = 0 0 #ua 0 || 0o oo o
0 0 0 #1><1 0 0 0 O
#3xz3 0 0 O
0 0 0 0
p
.o 0 00 0 L and
0 0 0 O
[ +yxzz 0 44a aaa |
0 +BC
' +
Q(Zt) = r
1
: 1 :
|0 aaa 444 1 |

“This is easily seen from Equation (14).
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9.3. Estimation

The estimation of the model involves several steps. In the brst one, we estimate the his-
torical dynamics of the three macroeconomic variables. At the end of this prst step, some
estimates of the regime variableg; are computed and are taken as bxed in the next steps.
The second step regards the dynamics of the risk-free yields. As mentionned in the previ-
ous subsection, only one latent factor ;) is concerned with this step. Once estimated,
the latent factor ys; is Pxed for the third step, in which we estimate hazard rates of the
di"erent countries. The latent factors yc: and yx are estimated in this third step.

9.3.1. Step 1: Historical dynamics of the observable macroeconomic factors

The parameters estimated in this step are those entering Equations (29) and (30). Whereas
all parameters bthose debningt, ®, ¥ and the transition probabilities ! Osb could be
estimated in a single step by maximising the log-likelihood, we resort to a faster sequential
approach. First, an estimate of ®(L) is obtained by estimating a simple VAR using OLS
regressions. As suggested by the Akaeke criteria and by an iterative likelihood-ratio test,
seven lags are included in the VAR The estimation of the three regimes is based on the
residuals of the VAR*®

Figure 5: Estimated regimes

Notes: The VSTOXX is plotted in the upper panel, together with the estimated regimes: the grey-shaded areas correspond
to the second regime (market-stress periods). The vertical dark-grey bar locates the third regime (strong upward shift of
the VSTOXX). The lower panel presents the probability of remaining in the second regime. The latter probability depends
on the VSTOXX (the probability is a logit function of yy x ).
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“The iterative LR-test is carried out as follows: when considering lag |, we test the hypothesis that the
coelcients on lag | +1 are jointly zero. We increment | until we can not reject the null hypothesis at
the 5% critical value.

“The means and variances of the VAR residuals can shift across regimes following the specibcations
presented in 9.3.1. The estimates are obtained by MLE. All numerical optimizations carried out in this
paper are based on the consecutive uses of three algorithms provided in the Scilab software (hnamely the
bundle method, the quasi-Newton and Nelder-Mead methods).
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Figure 5 presents the resulting regime estimate®® As expected, in the second regime, the
VSTOXX tends to be higher and is a"ected by more volatile shocks. The third regime bthat
is, the crisis regimeb is detected for only one period in the sample, in the weeks following
the Lehman Brothers bankruptcy. The lower plot of Figure 5 shows the probability of
staying in state 2 (that is a logit function of yyx_1). It appears that this probability
positively depends on the VSTOXX. This implies notably that the life expectancy of the
second regime is higher when the VSTOXX is higher, which can be checked in Figure 5.

9.3.2. Step 2: Estimation of the dynamics of the risk-free yields (including the
estimation of the latent factor y;;)

The estimation is based on the risk-free yields described in Subsection 9.1.2. Four maturities
are used in the estimation: 3 months, 2 years, 5 years and 10 years. The regime variables
z; that have been estimated previously (see 9.3.1) are taken as given. Given the sizeable
number of parameters that remain to be estimated Bthere are 87 of themb, the choice of
relevant starting values is key to deal with the numerical optimization of the log-likelihood?’

Figure 6: Modeled and estimated risk-free yields

Notes: Each plot shows the observed as well as the model-implied zero-coupon risk-free yield (for dilerent maturities).
The model includes four variables. Three are observable (the VSTOXX indeyv x ¢, the eurozone business-cycle indicator
yBc,: and the one-week risk-free yieldr¢+1 ) and one is latent (y s ;).
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48 For each period, the prevailing regime is assumed to be the one that corresponds to the largest smoothed
probability (obtained by using KimOs (1994) [96] algorithm). As a rule, the regimes are clearly identibed,
in the sense that two of the smoothed probabilities (out of the three) are close to zero at each period.

4"The starting value is obtained by applying a two-step approach. First, we estimate a model without
latent factor, looking for parameters (in *, g and {!'}) that minimize the squared pricing errors
between modeled and observed yields. Second, these pre-estimated parameters are then taken as bxed
and the additional parameters Bthat is, those that are related the latent factor vy, D are estimated by
maximizing the log-likelihood computed by the Kalman plter.
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Figure 6 displays modeled yields together with observed yields. The standard deviation of
the pricing errors is of 12 basis point€® Figure 6 also shows the part of the modeled yields
that is accounted for by the latent factor ys;. This is obtained as the di"erence between
model-based yields and counterfactual yields that are obtained when the innovation ;
of the latent factor y;; are set to 0. It turns out that the latent factor explains most of the
Buctuations of long-term yields.

9.3.3. Step 3: Estimation of the hazard rates (including the estimation of the latent
factors yct and yx+)

In this Pnal step, we estimate the countriesO hazard rates specibed in Equation (31). These
hazard rates depend on the country-specibc business-cycle indicators (thgOs), on the
regimes and on the macroeconomic variableg. The latter include the latent factors
and yy, that are estimated in the current step. Our objective is to make these two euro-
area-wide factors interpretable. Specibcally, whereas the factor.; is aimed at capturing
default components of the spread, the factoryy; is expected to integrate liquidity DBor
non-defaultb components. The identibcation of the liquidity components is based on the
KfW- Bund spread (see 9.1.3 for details about this spread). More precisely, we assume that
the sensitivity of KFWOs hazard rate to...

1. ... the default factor y.: is the same as the one of the Federal Republic of Germany
(Germany hereinafter);

2. ... the liquidity factor ys. di"ers from the one of Germany.

Note however that, to the extent that observed variables may also account for the KfW-
Bund spread, the liquidity intensity is not solely explained by the factoryx. Put di"erently,

the liquidity factor yx: is expected to capture only euro-area-wide unobserved components
of the liquidity premia (beyond what can be explained by the observed factors that we
consider).

Figure 7: Government debts and dePcits of euro-area countries

Notes: The bgure displays general government debcits and debts (in percentage of GDP). One point corresponds to (a) one
country of the 12-member euro area and (b) one year (2000 to 2009). The positions of Italy and Germany are highlighted.
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“8This standard deviation of the measurement error is assumed to be the same for the four maturities
considered in the estimation.
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Figure 8: Estimated latent factors yct and yxt

Notes: The bgure shows the estimates of the latent factorsy. ; and y, .. The latent factors are estimated by the Kalman
blter.
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The latent factors y.: and yx; are estimated by the Kalman Plter. Potentially, a large
state-space model, including observed yields of all countries, could be written and estimated.
Nonetheless, the estimation would be highly time consuming for a standard computé?.
Alternatively, we resort to a sequential approach. First, we estimate a smaller-scale state-
space model by MLE, using yields of a subset of debtors: Germany, KfW and Italy, which
provides us with some estimates of the latent factors/.; and yx. (see Figure 8)°° The
rationale for including Italy in the subset is to diversify the proble of the debtors considered
in this step. In particular, as shown in Figure 7, ItalyOs debt-to-GDP ratio is one the highest
among the EU countries, contrary to Germany. This is key since we wany. and yx to be
euro-area-wide factors. Second, the hazard rates of the remaining countries are estimated
one by one by performing non-linear least-squares on the swap spreads of the considered
country.

9.3.4. Estimation results and interpretation

The estimation results are shown in Table 3. It appears that the e"ects of the considered
observed variables on the hazard rates are statistically signibcant in many cases. For all
countries but Italy, the business-cycle indicators enter the hazard rates with a negative
sign. When statistically signibcant, the VSTOXX loading coelcients are positive, which
suggests that swap spreads tend to increase when market volatility is high. Moreover,
most hazard rates react positively to a rise in risk-free short-term yields.

For some countries only (including Austria, Finland, France, Portugal and Spain), the
regime variablesx, ;  Os have a statistically signibcant impact on the hazard rates. Further-
more, when statistically signibcant, this e"ect is positive for market-stress regimes and is
persistent.

4 Each evaluation of the log-likelihood requires to apply the recursive formulas given in Propositions 3 and
5 for each obligor. For a weekly frequency and a maximum maturity of 10 year, this implies to run
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Figure 9: Model-implied vs. observed swap spreads (part 1)

Notes: The bgure plots together observed and model-implied swap spreads (the swap spreads are dePned as the dilerentials
between zero-coupon government yields and swap yields). Three maturities are considered: 2 years, 5 years and 10 years
(these are the maturities used in the estimation).
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520-iteration loops for each country.
*Note that the latent factor y; . is still taken as Pxed (keeping its estimated values obtained in 9.3.2).
51Such e"ects are also observed by Colin-Dufresne et al. (2001) [39] and Amato and Luisi (2006) [4] (on U.S.
corporate bonds). The former use regression analysis, the latter use an alne term-struture framework.
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Figure 10: Model-implied vs. observed swap spreads (part 2)

Notes: The bgure plots together observed and model-implied swap spreads (the swap spreads are dePned as the dilerentials
between zero-coupon government yields and swap yields). Three maturities are considered: 2 years, 5 years and 10 years
(these are the maturities used in the estimation).
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Overall, as shown in the lowest panel of Table 3, important shares of the swap spreads
are explained by the model (across countries and maturities, roughly 75% of the variance
is accounted for by the model). This is also illustrated by Figures 9 and 10, comparing
observed swap spreads with their model-implied counterparts. However, it can be noted
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that the model does not capture the end-of-sample rise in the swap spreads for Greece,
Portugal and Spain (from January 2010 onwards}?

Let us turn to the latent factors y.: and yz;. These factors are plotted in Figure 8. The
liquidity-related factor yx; presents two humps: one in the late 90s (early 2000s) and one
between Autumn 2008 and Summer 2009, following the Lehman BrothersO bankruptcy. The
rise in liquidity premia in the early 2000s Bconcomitant with the collapse of the Internet
bubbleb is also found in U.S. data by Fontaine and Garcia (2009) [72], Longsta" (2004)
[102] or FeldhYtter and Lando (2008) [69]. Furthermore, Kempf, Korn and Uhrig-Homburg
(2010) [95] look for liquidity factors on euro bond markets and exhibit a long-term illiquidity
premium that also presents a hump in the early 2000s. The fact that the liquidity factor
is particularly high during crises periods (burst of the dotcom bubble and post-Lehman
periods) is consistent with the Pndings of Beber, Brandt and Kavajecz (2009) [16] who
pinpoint that investors primarily chase liquidity during market-stress periods.>® Figure 8
also shows that the correlation between the two latent factors dramatically changed in late
2007: whereas the two latent factors present opposite Buctuations between the late 90s and
2007, they tend to comove since then.

Figure 12 shows a scatter plot of the countries, whose coordinates correspond to the
sensitivity of their hazard rates to the latent factors (i.e. the coordinates of countryn are
(&c, & c)). The chart suggests that German government debt is the least exposed to the
default-related factor as well as to the liquidity factor. This is consistent with the fact that,
among sovereign euro-area bonds, the Germaunds are perceived to be the "safest haven"
both in terms of credit quality and liquidity. >* Greece occupies the opposite position. In
addition, the chart shows that Austrian or Belgian government debts are only slightly more
exposed to the risk factory.; than German bonds but are more exposed to the liquidity
factor, which was expected. Surprisingly, in spite of the large size of the tradable debt
issued by the Italian government, IltalyOs hazard rate appears to be particularly a"ected
by the liquidity factor (among the countries considered in our subset, only Greece is more
exposed than Italy to the liquidity factor).

Recall that the two latent factors do not account for all the model-based spreads but
that observed factors also contribute to the estimated spreads dynamics. To that respect,
Figure 11 presents the decompositions of the yield di"erentials between selected countries
and Germany into three components: (a) the contribution of the liquidity-related latent
factor, (b) the contribution of the default-related latent factor and (c) the contribution of
observed (and regime) variables. The plots indicate that large shares of the spreads are
liquidity-driven. In particular, the most parts of the French-German or Austrian-German
spreads are explained by the liquidity-related factoryy: .

2This could be addressed by including an additional Markov chain that would a"ect the hazard rates of
the di"erent countries. However, in order to keep the possibility to estimate the model in several steps
Pas is done hereb, the s.d.f. has to be independent from this additional Markov chain (otherwise, the
estimation of the risk-free yield-curve dynamics has to take these additional regimes into account).

%3Such a result is generated in a theoretical framework by Vayanos (2004) [127].

%4The German bond market is the only one in Europe that has a liquid futures market, which boosts
demand for German Bunds compared to other euro area debt (see e.g. Pagano and von Thadden, 2004
[120], Ejsing and Sihoven, 2009 [63] or Barrios et al., 2009 [14]).
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Figure 11: Decomposition of model-based yield dilerentials vs. Germany

Notes: The left column of charts compares model-based and observed yield dilerentials between selected governments
and Germany. The right column presents decompositions of the model-based spreads in three components: the brst
corresponds to the elect the latent factor y. :, the second corresponds to the elect of the latent factor y, ; and the third
gives the inBuence of others variables (including observed macroeconomic variables and regime variables).
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Figure 12: Sensitivities of the countriesO hazard rates to the latent factors

Notes: The bgure displays the sensitivityof the countriesO hazard rates to the default-related factar..; and the liquidity-
related factor y, ;. The coordinates of the points are given in Table 3 (lines$. and $;).
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A. P.d.f. under the risk-neutral world

Let us consider a coupleX,Y ) of multivariate random vectors. Let denote with f (X, Y )
and f Q(X,Y ) their respective joint p.d.f. under the probability measure H and Q and
assume that the Radon-Nikodym derivative thate relatesH and Q depends onX only and
is proportional to M (X ). We have:

. PR Y)M(X)
fH(X, Y )M (X )dXdY
FROOF™ Y [ XM (X)
fHOXOFH(Y | X)M (X )dXdY
. FHOOFA(Y | XM (X)
fHOOM (X) [ fH(Y | X)dY]dX
XM (X)
fH(X)M (X )dX
= FX)F (Y | X).

fOX,Y) =

FR(Y 1 X)

B. Proof of Lemma 2
The formula is true for h = 1 since:
Li1(, ) = Ey (, /HZt+1) = exp [a/(, H)Zt +b(, )]

and thereforeA,(, ) =a(, n) and B1(, ) = b(, n).
if it is true for h" 1, we get:

Len() = Etlexp (o hons1Zet1) Evn (b fonpeZevz + oo+ 1 Zegn)]
= E¢[exp (, fh_np1Zt+1) Ligin-1( )]
= E¢[exp (s hi_hp1Zt+1 + Anoi(s )Zts1 +Bhoi(, )]

= exp [a(, f_ni1 +FAn-1( )Ze +0( [ _npt +Ani( ) +Bnoa(, )]

and the result follows.

C. The risk-neutral Laplace transform of (zi, v, xnt)
In this appendix, we computeES1 (exp [U'zy + V'Yt + WXt ]) and show that it is exponen-

tial alne in  (z—1,Yi—1,Xnt—1), that is, we show that (z,y:,Xnt) is Car(1) (see Darolles,
Gourieroux and Jasiak, 2006 [45]).
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EQ, (exp [Uze + Vi +Wxnt]) = EQ (exp [U'zg +V'yy + W (ain (zt,26-1) +

QanYt + Q3nYt—1 + QunXnt—1 + Qsn (Zt, Zt—1) #nt)])

= exp (WQsnYi—1 + W QunXnt—1) #
EQ, (exp [U'ze + (V/ +WQan)yi+
Won (21, zt—1) + W Qsn (21, zt—1) #ar|)

= exp (WQsnYi—1 + W QunXnt—1) #
E81 (exp [U'zy + W'thn (zt, Zt—1) + W' Qsn (2, Zt—1) #p +
(V' +WQan) (Mt + 1) + (® 4+ @*) yi—1 + %")])

= exp [{(V +WQ2n) (®+ P*) +WQan } yi—1+
WQunXni—1+ (Ar(u,v,w) ... Aj(u,v,w) )zi1]

with

J
Ai(u,v,w) = log() 1 exp{uj + (V' +WQan) [H (g, &)+ 1" (g, &) +Wan (g, ) +
j=1

SV WQun)S (8,8) (v + QW) + W Qn (67, 8) Qb (6, 6) W},

The fact that (z;, i, Xnt,dnt ) is not Car(1) is obtained by noting that (for dnt—; = 0):

Eth(eXp[UZtﬁLVyt+WXnt+Sdnt])

Ec, (E (exp [U'zt + V'Yt + WXng +SOht] | 21, Ye, Xng, g1 = 0)) =
EQ, (exp [U'zg + V'Y +WXnt ] E (exp [Sdnt] | Zt,Yt, Xnt, ng—1 = 0))
E?_l (exp [U'Zt—&—vlyt—&—w’xn't}(exp( $nt)+[1" exp (" $nit)]exp S)))

This shows that E2 | (exp [W'z; + V'Yt + W'Xnt + Sdh¢]) will be only a sum of two terms
that are exponential alne in (zi—1,Yit—1,Xnt—1,dnt—1). Consequently, (z,Yt,Xnt,dnt) iS
not Car(1).

D. Pricing of defaultable bonds with nonzero recovery rates

Section 4 gives quasi-explicit formulas for the pricing of bonds with zero recovery rates.
In the current appendix, we present conditions under which one can derive formulas for
nonzero-recovery-rate bond pricing. Figure 13 presents the payo" schedule considered here.
As shown in this bgure, if a debtorn defaults betweent " 1 and t (with t < T , where

T denotes the contractual maturity of a bond issued by this debtor), recovery is assumed
to take place at time t. In addition, we assume that the recovery payo" bi.e. one minus
the loss-given-defaultb depends ofw;, yi, X¢). This recovery payo" is denoted by RL“ =
R(Zt,yt,Xt,T " t)
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Figure 13: Payo!s stemming from a defaultable bond (issued before t" 1)

I"#$%& : There is a default event before the contractual maturity T

Default Contractual
event maturity
t-1 t t+1 I"1"l T
\ | \ \ -
Payoff:

Rz, y,, x,T-t)

I"#$%" : There is no default event before the contractual maturity T

t-1 t t+1 MM T

\ \ \ \ >

Payoff:
100% (=face value)

Let us consider the priceBPR (T" 1,1), in period T" 1, of a one-period nonzero-recovery-
rate bond issued by a given debtor (beford " 1). We distinguish three cases:

1. The debtor had defaulted beforeT " 2, then: BPR (T " 1,1) = 0.
2. The debtor defaulted betweenT " 2and T " 1, then: BPR (T " 1,1) =R} _;.

3. The debtor has not defaulted beforel " 1, then:

BRR(T" 1,1) = exp(" rr)EC dur=o} T a, oy RO 12720y a7 o1y Onr o1 = 0}
— exp(" r7)E° _EQ ('{dn,T:o} + g, r=1} RAT 121, Y X7 Ot o1 = 0)
| Zr_1: Y1 XnT -1 dhvto1 = 0}

= exp(" r7)EQ [exp(" $n1) + (1" exp(" $n7)) Rg,T | Zr 1 Yr Xn T 1G0T o1 = 0}

= exp(" r7)E° _eXP(" $n1)+ (1" exp(" $n7)) Rg,T | Zr 1. ¥ XnT 71}

and, debning the random variable) + by exp(" $ 1) = exp(" $n7)+(1" exp(" $n7)) RO,
we have (still in case 3):

BOR(T" 1,1) =E® [exp(" 11" 7)1 21 1¥; Ko7 -

Further, let us consider the price of the same bond in periodl " 2. Assuming that there
was no default beforeT " 2:

BOR(T™ 2,2) = exp(" rr_1)E® [|{dn’T#1:0} (EQ [exp(" rr" $2,T) | Zr 1, Y1 | XnT _(%;)

_H{dn,T# 1:1} er"T_l | ;T*2’XT72’ln'T —21 dn,T -2~ 0]
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Let us introduce a random variable-; ; _, that is dePned through:

Rar—1=-n11EC [GXP(" rr" $ar) | Zr 1Yy XaT 71} :
With this notation, Equation (32) reads:
BPR(T" 2,2) = E°© :exp(" rr" rr $97) ('{dn,T“:o} +'%'T71'{dn,T#1=1})
| Zr Y7y XnT -2 Gr 2 = 0]
= E° :EQ {eXP(" rr” re’” $91,T) ('{dnyT#lzo} + '%,Tfll{dn,T#lzl})
| Zr 1Y XnTr—1:Gn T2 = 0} | Zr 2, ¥7 5 XnT—2:0h T2 = 0}

— EQ :exp(" rreg" ore” $2’T) (exp(" $nT-1) + -%,T (1" exp(" $n,T,1)))

| Zr .Yy _y XnT 2|
Then, debning the random variable$! ; _; with:

exp(" $h1 1) =exp(" $n7-1) + (1" exp(" $n1-1)) a7 1"

we get (conditionally on d, 1 _2 = 0):

BOR(T" 2,2) =EQ [exp(" rr" rro” $hr " $hro) |;T_2,XT_2,5,1|T_2].
Applying this methodology recursively, it is easily seen that the price of a nonzero-recovery-
rate defaultable bond of maturity h is given by (assuming no default beford, i.e. condi-
tionally on dn; = 0):

BER (t,h) = E2 [exp(" resn” - fen” $in” " Shil) 120y Xee|  (39)

where the$ntJrI Os are debned recursively inby the backward equation:

exp(" $nt+|) =exp(" $nt4i) + (1" exp(" Snt+i)) -,T,t_jri

where
hi#
. h f*ntil L ifi<h
'th_IH = EQ exp(—res n—wo—Ti+ 41 —/Qh“ B o #ti#zil )NZys R e S
Rt4n,0 if i =h.

Looking at Equation (33), it is tempting to interpret the $nt+| Os as Orecovery-adjustedO
hazard rates for debtorn. However, the dependency of these intensities on the maturity
h of the considered bond is problematic. Indeed, by analogy with the standard default
intensities $,¢, one would like to have, at each period, only one adjusted intensity by
debtor (and not a collection of adjusted intensities associated with the di"erent bonds that
have been issued by the considered debtor). To that end, Dule and Singleton (1999) [60]
propose a Orecovery of market valueO assumption. Under this assumption, the varidliy
bthat is, the recovery at times of a bond with residual maturity m, in the event of default
betweens" 1 and sb is equal to the product of a factorcommon to all maturities with the
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survival-contingent market value at time s. In the same spirit, let us assume that the- rTSC)s

do no longer depend orm. Then, the $ﬂ]s do not depend on the maturity any longer and
are simply given by:

exp(" gn,s) = eXp(" $n,s) + (1 ! eXP(" $n,s)) “n,s-

Actually, this formulation is more general than the one considered by Du'e and Singleton
(1999) when they expose a discrete-time motivation. Indeed, in the latter case, they assume
that - s is known at time s" 1, which is not necessarily the case in the framework described
above.

E. Equivalence of Granger and Sims non-causality

The stochastic processX; does not cause the stochastic proces§ in GrangerOs sense i",
for any t, Y; is independent of(X{_1,...,X1) conditionally on (Y;_1, ..., Y1).

The non-causality in SimsO sense is debned as follows: does not cause the stochastic
processY; in SimsO sense iX; is independent fromY,1, Yi42,...,Yr) conditionally on
(Yt, Xt—l,Yt—lv . e ,Xl, Yl)

Let us decompose the p.d.f. ofXy,Y;), denoted byf (X,Y ):

T T

FOGY) =T Xe I X e X Yo, YO T F Ve ] Yeon, oo, )
t=1 t=1

Another decomposition is given by:

;
FOGCY) =TT Xe I Y Xeon Yeon, o X YO TTF (Ve I X e Yeorn o, X, Ya).
t=1 t=1

If X; does not cause the stochastic proceds in GrangerOs sense, then the second terms of
the two equations above are equal. Consequently, the brst two terms are equal. It can then
be shown recursively that these two products are equal term by term. This implies that for
anyt, X is independent from(Yi41, Yi42, ..., Y7) conditionally on(Y, Xt—1,Yt—1,..., X1, Y1),
that is, X does not cause the stochastic proced$ in SimsO sense. The reciprocal is shown
in the same way.

F. Kitagawa-Hamilton algorithm for partially-hidden Markov
chains

In this appendix, we describe how to use the HamiltonOs (1990) [84] algorithm within the
estimation strategy presented in Section 6, when the Markov chain is partially observed.
As noted by Hamilton (1994) [85], while the algorithm was originally presented in a model
with bPxed transition probabilities, it readily generalizes to processes in which transition
probabilities depend on a vector of observed variable®,

Let us denote with y; the vector of observed variables(y/, Ry, z};)’. The HamiltonOs
algorithm consists in computing recursively the probabilitiesp(za; | gt). As a by product,

5See e.g. Filardo (1994) [71] ord Diebold, Lee and Weinbach (1993) [54] for implementation examples of
HamiltonOs algorithm in models with time-varying transition probabilities. For introductions to regime-
switching models, see Hamilton (1994) [85] or Kim and Nelson (1999) [116].
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the algorithm provides the conditional densitiesf (y; | Y, 1) which makes it possible to
estimate the model parameters by maximization of the log-likelihood. The algorithm is
based on the iterative implementation of the following steps (the input beingp(zati—1 |

yt—l)):
1. The joint probability p(zat,z2t—1 | Yi—1) is computed using:
p (ZQt,ZQt—l | thl) =p (Zzt | ZQt—1,¥t71> #p (ZQt—l | yH)

where the brst term of the right-hand side is a sum of entries of the transition matrix
{'ijt —1} and the second term is the input.

2. The joint conditional density f (Yt, zot, zoi—1 | ¥, _,) is then given by:

fF Yz 21 1Y, ) =F (e | 2o, 221, 9, ) # P <22t. Zot—1 | yt_l)

where
f Vel 226, 220-1,9, ) = (VR zie | Zot, 202109, )
= f (Yo, Rut | z1t, 2ot, 221, Y, ) # P(zie | Zot, Z2t-1, Y, )
with

p(Zit, Z2t | Zzt—l,zt_l)
p(zat | Zot-1,Y, )

P(zit | Zot, Z2t-1, Y, ) =

and all the terms can be computed.

3. The conditional densityf (y; | th) is given by:

FQly,_)=> > fnzazn119,_,).

22t Z2,t# 1

4. The joint density p (th, Zot—1 |¥t> comes from:

f (Yt, ZQt! ZQt—l | thl)
fFoely,_ )

p (Zzt, Zot—1 | Zt) =

5. And eventually:

p(ZQt |¥t> = Z D(th,zgt,l |¥t> .

22, t# 1

G. About the eigenvectors of the rating-migration matrix !

In this appendix, using the notations presented in Subsection 8.3, we outline some properties
of matrices IT and V. For notational simplicity, we drop arguments and time subscripts
associated with these matrices.

e As the sum of the entries of each line ofT is equal to 1, the vector[ 1 4aal ]/ is an
eigenvector ofIl associated with the eigenvalue 1. Consequently, since this eigenvalue
is supposed to be the last one appearing i¥, the last column of V Bthat collects the
eigevectors oflID is proportional to [ 1 4441 ]’.
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e The fact that default is an absorbing state implies that the last row ofII is [ 0 4440 1 ]
Since we havdlV = VU, it comes (considering the last line of this equation):

$j Vkj =W, exp(" 1)),
which implies: $j <k V ¢; =0.
e The two previous points imply that the matrix V admits the following form:

Vii aaa Vik-i

V — . i , i .
Vk-11 aaaVk -1k -1
0 aaa 0 ‘
SinceVV~! =1, we have (considering the last line)

[VK_& aaaVi i ;1 Vkk ] = [ 0 4440 g }
and, therefore, fori =1,...,K, we haveV g VK]% = 1.

e We haveV ~'IT =¥ V ~1. By multiplying both sides of the last equalityby [ 1 4441 ]',
one gets:

K K
$i<k D Vil=exp("1i)) Vil
j=1 j=1

For this to be satisbed for anyexp (" 1;) (if 1; is time-varying), we need to have
$j<K Y V=0

H. Yield data

The estimation of our model requires zero-coupon yields. However, governments usually
issue coupon-bearing bonds. This appendix details the methodology implemented to com-
pute zero-coupon yield curves (out of coupon-bearing yields to maturity). Note that this
appendix does not use systematically the same notations as in the rest of the paper. For an
overview of the di"erent methodologies used to perform such vyield-curve conversions, see
BIS, 2005[21].

H.1. Parametric forms

As Gurkaynak, Sack and Wright (2005) [81], we resort to a parametric approach which
relies on the functional forms proposed by Nelson and Siegel (1987) [117] and extended by
Svensson (1994) [125]. In the latter case, the yield of a zero-coupon bond with a time to
maturity m for a point in time t is given by>®

) = v () (17 et h) e | () (17 et ) en 5]
v () (17 et §)) " et G

where. is the vector of parameters(&, &, &, &, 0;, 0]'.

%The Svensson®s model boils down to the Nelson and SiegelOs one wier= 0.
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H.2. Estimation of the parameters

Formally, assume that for a given country and a given datd, we dispose of observed prices
of N coupon-bearing bonds (with bxed coupon), denoted by ,P2¢,...,Pnt. Let us
denote by CFy;; the i!" (on ny) cash Rows that will be paid by thek" bond at the date
Oci. We can use the zero-coupon yield$y;" (. )},,~, to compute a modeled (dirty) price

Py for this ki bond:

Pt(.) = _nZk:CFk,i,t exp < Oy (. )) :

The approach then consists in looking for the vector. that minimizes the distance
between the N observed prices and modeled bond prices. Specibcally, the vectar is
given by:

N
= arglminz, (Pt " Prg(-))?
k=1

where the, Os are some weights that are chosen with respect to the preferences that one may
have regarding the bt of di"erent parts of the yield curve. Intuitively, taking the same value

for all the , «Os would lead to large yield errors for bnancial instruments with relatively short
remaining time to maturity. This is linked to the concept of duration (i.e. the elasticity of

the price with respect to one plus the yield): a given change in the yield corresponds to a
small/large change in the price of a bond with a short/long term to maturity or duration.
Since we do not want to favour a particular segment of the yield-curve bt, we weight the
price error of each bond by the inverse of the remaining time to maturity?’

H.3. Data and preliminary pblters

Table 4 gives some details about the data and methods that are used to compute the zero-
coupon yield curves for each country. It appears that the number of bonds used widely
di"er among the countries (from 19 bonds for the Netherlands to 175 bonds for Germany).

As in Gurkaynak et al. (2005) [81], di"erent blters are applied in order to remove those
prices that would obviously bias the obtained yields. The prices of bonds that were issued
before 1990 or that have atypical coupons (below 1% or above 10%) are excluded, as well as
prices that are far from par (above 140 or below 80). In addition, the prices of bonds that
have a time to maturity lower than 1 month are excluded®® When the time to maturity is
comprised between 1 month and 12 months, the price is also excluded if the observed yield
is 100 bp above or below the 3-month general-collateral repo rate.

Afterwards, additional exclusions of potential outliers are based on an ad-hoc bltering
approach: at each date, a least-square cubic-spline btting algorithm is applied on the avail-
able yields-to-maturity (with breakpoints set at maturities 0, 10, 20 and 30 years). The
standard error of the deviations between the spline and the observed yields is then com-
puted and the yields to maturity that are further than 1.5 standard deviations away from
the spline are excluded.

Finally, in order to deal with the lack of data at the short end of the yield curve for some
countries (reported in the last column of Table 4), we include the 3-month general-collateral

57Using remaining time to maturity instead of duration has not a large e"ect on estimated yields as long
as we are not concerned with the very long end of the yield curve.

*8The condition on the remaining time to maturity stems from the fact that the trading volume of a bond
usually decreases considerably when it approaches its maturity date.
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Table 4: Zero-coupon yield curves: data and method used by country

Notes: The paametric form that is btted for each date is given in the second column for each country. The total number of
bonds available by country is given in the third column; the number of bonds used at each date is obviously smaller; note
that number of observations available for each date vary considerably over time. The fourth column indicates whether the
use of repo rates is allowed in the estimation process.

ptted parametric form  Number of bonds Use of GC repo rates

Austria Nelson-Siegel 38

Germany Svensson 175

France Svensson 120

Italy Svensson 168

Netherlands Nelson-Siegel 19 X
Spain Nelson-Siegel 22 X
Portugal Nelson-Siegel 36 X
Greece Svensson 105 X
Belgium Svensson 162

Ireland Nelson-Siegel 30 X
Finland Svensson 53
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repo rate among the observed yields when less than 3 shorter-term bond prices (with time
to maturity lower than 2 years) are observed at a given date.



