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Abstract

The Gaussian copula model is essentially a static quotation device, and its use
for hedging is, in principle, questionable. The Gaussian copula delta thus assumes
a constant tranche correlation, whereas in practice this correlation is dynamic, and
correlated in particular to the credit index. It might therefore be expected that a
dynamic model of credit risk, able to capture at least part of the dependence between
implied correlation and index spreads, should have better hedging performances. In
this paper, we compare two deltas which can be used for hedging a CDO tranche by
its credit index: the market or Gaussian copula delta, and the local intensity delta,
where the latter refers to the delta in a local intensity default model of portfolio credit
risk, recalibrated to the market every day. A theoretical analysis is illustrated by data
analysis and backtesting hedging experiments based on both pre-crisis and crisis market
data. We observe that hedging performance are comparable for crisis period associated
with CDX Series 9 and 10. However, the local intensity delta fails to outperform the
market delta in pre-crisis period associated with CDX Series 5, even if the local intensity
model is a sound, dynamic model of credit risk, fitting the market over the full set of
CDO tranches, as opposed to a static model and a per tranche fit in the case of the
Gaussian copula model.
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1 Introduction

A difficulty in financial modeling is the unavoidable gap between markets and their mathe-
matics. There are at least two reasons for this. The first point is the complexity of financial
markets, far beyond that of any tractable model. The second point is the scarceness of
market data that can be used to determine the value of the models’ parameters: Historical
data for their statistical estimation or prices of liquid instruments for their calibration.

With portfolio credit derivatives these difficulties are exacerbated. Regarding the first point
above it is enough to think of the complexity of the ‘universe’ underlying a CDO (not to
mention a CDO of ABSs or CDO square). As for the second point, one must of course
mention the rarity of default events and also the small number of liquid instruments (CDO
tranches) quoted on a credit index at a given time. Given this uncertainty inherent to credit
markets, a particularly important issue in the risk management of credit derivatives is of
course that of the robustness of the models and of the hedging strategies.

Another perspective on the complexity of credit markets is that one clearly deals with fully
incomplete markets, for which the definition of a price as the initial value of a replicating
strategy does not make much sense. Even if a CDO tranche is essentially a vanilla option
on the loss on a credit portfolio, one is with a CDO tranche at the complete opposite of
a Black—Scholes world in which a trader actually constructs the payoff of a vanilla option
by dynamic management of its underlying (which is not even traded in the case of a CDO
tranche). Also considering the inherent computational complexity of dynamic models of
portfolio credit risk, it is overall no surprise if static ‘copula’ models emerged as the market
standard for dealing with portfolio credit derivatives.

1.1 Implied Black—Scholes Volatility Versus Base Correlation

Yet regarding hedging, the use of static copula models is, in principle, questionable. To try
to see better why, let us denote by II the market price process of a financial derivative, of
two possible kinds: a vanilla equity index option, or a synthetic CDO tranche written on
a credit index (protection bought, say). In the two cases, S refers to the market price of
the underlying financial index. At this stage, jumps in the dynamics of S are neglected for
simplicity. Let © be the first order partial derivative of the Black-Scholes or Gaussian copula
pricing function u with respect to time ¢t and A,, I'y , be (resp.) the first and second order
partial derivatives of u with respect to the variables « and y. One then has by application
of the It6 formula:

e In the equity case,

dll; = dubs (t, S, O't) = @bs(t, S, O't)dt + Abss(t, St, at)dSt + Ags(t, St, O't)dO't
1 1
+§ngs(t, St, O't)d<5>t + §ng(t, St, O't)d<0'>t + F%s’o(t, St, O't)d<s, O'>t s (1)

where o; is the option’s Black—Scholes implied volatility at time ¢, and



e In the credit case,

dll; = du?®(t, Sy, py) = ©(t, Sy, py)dt + AL (t, Sy, pe)dSy + A (t, Sy, pe)dp

1 ge 1 ge c
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where p; is the tranche’s Gaussian copula implied correlation at time t¢.

Let e = (e;) with ey = 0 denote the cumulative tracking error, or profit-and-loss, of an index
delta-hedged option position, where the market implied volatility or correlation parameter
is used for computing the Black—Scholes or Gaussian copula implied delta. We assume nil
interest rates for simplicity. In view of (), in the equity case with oy = o constant, the
profit-and-loss is identically equal to zero. Moreover, in the general case of a stochastic
implied volatility oy, ({Il) immediately yields, using the Black—Scholes equation (for the level
of volatility oy with zero interest rate),

1
de}® = du(t, Sy, 00) — AY(t, Sy, 00)dS, = §Fl§s(ta St,04) St (%2 - 0'?) dt + AL(t, Sy, 00)doy

1
+§ng(tv Stv O-t)d<o->t + Fgfcr(tv Sta Ut)d<57 J>t ’ (3)

()
SZdt
stochastic implied volatility oy, the delta-hedged profit-and-loss is thus of course non-zero,
but equation (3)) at least gives the trader some insights into the drivers of her P&L. Relying
on (), she can thus bet on either the potential effect, which is the dominant effect for high-
Vega (ATM long-term) options, or the carriage effect, which is dominant for high-Gamma
(ATM short-term) options. Or, alternatively to betting on the first order Gamma or Vega
effect, she can hedge this effect by an auxiliary option hedging position, thus effectively
taking bets on the second order Volga or Vanna effects which correspond to the last two
terms in (3]).

This explains how in spite of its obvious misspecifications and limitations, the Black—Scholes

where gtz = is the index realized variance at time ¢. In the real-market case of a

model can be effectively used for hedging, and not only as an implied volatility quotation
device. This is reinforced by further robustness properties of the Black—Scholes model. It
is thus well known that in case of a vanilla option, trading with a Black—Scholes model
for a misspecified but conservative value of the volatility parameter yields a super-hedging
strategy (see El Karoui et al. [15]).

In the credit case on the other hand, the situation is much less comfortable. Indeed, even
in a virtual case where p; = p would be constant, one would have in view of (2] that

c c c c 1 c
def&] = du? (t7 St7 Pt) - AgS (t7 St7 Pt)dst =07 (t7 St7 pt)dt + §F% (t’ St’ pt)d<s>t ’ (4)

which has no reason to and does typically not vanish (see Section 25]). Moreover, in the
real case of a stochastic implied correlation p, there is no way to rewrite (2] in such a useful
form as (). This is because the Gaussian copula model is not a consistent dynamic model
of portfolio credit risk. In relation to this, there is no established analog in this framework
of the before-mentioned Black—Scholes robustness property, as for instance the fact that
trading and risk managing a CDO tranche with a conservative value of the Gaussian copula
correlation would yield a super-hedging strategy.



1.2 Contents of the Paper

All this illustrates the fact that the Gaussian copula model is essentially a quotation device,
and that its use for hedging is, in principle, questionable. Yet since this model has long
been and probably still is the market standard for the risk management of credit derivatives
(the basic model or variants with random recoveries), it would be nice to find ways to get
insights into the delta-hedged profit-and-loss process (e/°), beyond the not so helpful It6
formula (@)). The reader is referred to, e.g., [21], [20], [27], [25], [8] or [4] for a review of

market practices regarding risk management of index CDO tranches.

In the equity case, an alternative to (B]) for getting some insight into the delta-hedged profit-
and-loss process (e?*) consists in introducing a notion of Markovian projection of the market,
in the form of a local volatility model [I2] recalibrated to the market at every trading time.
It is then possible to gain some understanding into (e}*) by comparing, on both theoretical
and numerical grounds, the P&L of a delta-hedged option’s position resulting from using
either the implied Black—Scholes (as in (B])) or the local volatility delta (see Derman [13]

and Crépey [11]).

In this paper we compare likewise two deltas with respect to the task of delta-hedging a
CDO tranche with the related credit index and the savings account: the market or Gaussian
copula implied delta A9, and the local intensity delta A, where the latter stands for the
delta of the tranche in a local intensity model recalibrated to the market every day.

The hedging of CDO tranches in local intensity models has been, among others, studied by
Frey and Backhaus [17], [I8], Laurent, Cousin and Fermanian [22], Cousin, Jeanblanc and
Laurent [I0]. As far as index CDO tranches are concerned, only few empirical papers ana-
lyze the performance of alternative quantitative methods for hedging. Cont and Kan [4] and
further Cont, Deguest and Kan [3] perform a backtest study of hedging performances using
different frameworks including the base correlation and the local intensity approaches. Am-
mann and Brommundt [I] investigates the ability of the one-factor Gaussian copula model to
hedge iTraxx CDO tranches between June 2004 and September 2007. This empirical study
compares the compound and the base correlation methods to hedge an iTraxx tranche with
other tranches. They found that base correlation deltas outperforms compound correlation
deltas and adjacent tranches give better hedge than other tranches. Cousin and Laurent [9]
review the main theoretical and operational issues associated with hedging in the Gaussian
copula and the local intensity approaches.

Our mainly empirical paper, in the line of Cont and Kan [4] (see also Cont et al. [3]),
was in fact motivated by the recent revision of Basel II regulation on calculation of trading
book capital requirement. Indeed, residual risks resulting from dynamic hedging strategies
of credit derivatives must now be reflected in the capital charge, which of course makes the
question of hedging performance a more than ever topical issue. With respect to the above
references, our contributions are the following:

e In Cont and Kan [4], a wide variety of models were considered, but one of the con-
clusions is that essentially two concepts of credit delta emerge: the spread delta, and
the jump-to-default delta. We thus focus in the present paper on two portfolio credit
risk models, the one-factor Gaussian copula mode versus the local intensity model.

We assume a homogenous specification of the Gaussian copula and base correlation calibration, whereas
[4] used an inhomogeneous one with compound correlation calibration.



The former approach can be understood as a static version of a multivariate structural
credit risk model where default risk is driven by spread risk. Conversely, in the local
intensity model, spread risk is governed by default risk and the hedging issue can be
fully analyzed in dynamic way.

e We use crisis and pre-crisis data, whereas [4] only used crisis data, and we identify and
characterize two market regimes, normal or steady as opposed to crisis or systemic.

e We provide a theoretical explanation of the relative position of the Gaussian copula
delta A9 with respect to the local intensity A’ depending on the market regime.

e Data analysis and backtesting hedging experiments on one-day (as in [4]) and five-days
time-lag and hedging rebalancing time are provided. Indeed the time scale of trading
and risk managing credit derivatives is typically of the order of one week (5 open days)
rather than one day. This led some people to argue that the results of [4] were not
reliable as dominated by ‘noise’ and short-term volatility. Therefore we systematically
present all the numerical results for two time horizons, one day (as would be standard
for equity derivatives) and 5 days.

The paper is organized as follows. Section Bl presents the set-up and the data through the
market prism of the Gaussian copula. The model underlying the dynamic local intensity
delta (as opposed to the market Gaussian copula delta) is reviewed in Section Bl In Section
[ we analyze the hedging problem from a theoretical point of view. Backtesting hedging
experiments are conducted and discussed in Section

2 Data analysis

Our numerical analysis of hedging performance is conducted on three (on-the-run) series of
the 5-years CDX North America Investment Grade index (CDX.NA.IG), namely series 5, 9
and 10. These three series have been chosen to facilitate comparison before and during the
credit crisis.

2.1 Standardized CDO Tranches

Let us recall that synthetic CDOs are structured products based on an underlying portfolio
of reference entities subject to credit risk. It allows investors to sell protection on specific
risky portions or tranches of the underlying credit portfolio depending on their desired risk-
profile. We concentrate our numerical investigation of hedging performance on the most
liquid segment of the market, namely CDO tranches written on standard CDS indexes such
as the CDX.NA.IG index. As illustrated in Figure [[J the CDX.NA.IG index contains 125
investment grade CDS, written on large Furopean corporations. Market-makers of this
index have also agreed to quote standard tranches on these portfolios from equity or first
loss tranches to the most senior tranches. Each tranche is defined by its attachment point
which is the level of subordination and its detachment point which is the maximum loss of
the underlying portfolio that would result in a full loss of tranche notional. The first-loss
0-3% equity tranche is exposed to the first several defaults in the underlying portfolio. This



tranche is the riskiest as there is no benefit of subordination but it also offers high returns
if no default occurs. The junior mezzanine 3-7% and the senior mezzanine 7-10% tranches
are less immediately exposed to the portfolio defaults but the premium received by the
protection seller is smaller than for the equity tranche. The 10-15% tranche is the senior
tranche, while the 15-30% tranche is the low-risk super senior piece.
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Figure 1: Standardized CDO tranches on CDX.NA.IG.

Considering a pool (portfolio) of n credit names, we denote by 7; the default time correspond-
ing to the i-th name, by H} = 1<, 4 = 1,...,n, the related default indicator processes, and
by R an homogeneous and constant recovery at default. We define the cumulative default
process N and the cumulative loss process L by Ny = > | H} and L; = %(1 — R)N;. Note
that L is expressed per unit of nominal exposure (in percentage). The cash-flows associated
with a synthetic CDO tranche with attachment point a and detachment point b (@ and b in
percentage) are driven by losses that affect the tranche, i.e.,

LY = (L, —a)t — (L = b)*.

In few words, a CDO tranche is a swapped product with two legs, a default protection
leg and a fee leg, and a notion of fair spread 3; at time ¢ defined much as in the case of
interest-rate swaps, so that the two legs of the contract would have equal values at time ¢, if
the contractual spread was equal to ;. Of course the contractual spread g of the contract
is fixed once for all at time 0 (starting time of the swap), and at time ¢ the contract has
therefore a value which can be positive or negative depending on X;.

We denote by F = (F)sc(o,7) @ filtration that represents flow of information we use for pric-
ing, and by E expectation relative to a risk-neutral pricing measure P on a primary market
of hedging instruments. We assume that the short-term interest rate r is constant. Let us
recall that the time-t price of a CDO tranche [a, b] maturing at time T can be expressed as
a function of conditional discounted loss expectations E(e‘r(s_t)Lga’b)].E), fort <s <T.
We refer the reader to, for instance, Cousin and Laurent [7] or Cont and Kan [4] for more
details on synthetic CDO tranches and related products.

Unless otherwise stated, the short-term interest rate and the recovery rate used to computed
numerical results are fixed to (resp.) r = 3% and R = 40%.



2.2 Data Sets

For numerical illustration throughout this paper, we consider the 5-year CDX.NA.IG index
and tranches data in three periods:

e Series 5: 20 September 2005 - 20 March 2006,
e Series 9: 20 September 2007 - 20 March 2008,
e Series 10: 25 March 2008 - 25 September 2008.

Series 5 will be considered in this paper as a representative example of ‘normal’ or ‘idiosyn-
cratic’ data, as opposed to the ‘systemic crisis data’ of Series 9 and 10. On can see on
Figure 2] that spreads are low and little volatile in the case of the pre-crisis Series 5 data,
increasing and volatile in the Series 9, and high and volatile in the Series 10.

Index spread
250 : :
——CcDx5
- .- CDX9
2000 ... CDX10
150} . R
100} /‘v‘, v’
.-.“'“ Vimae
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Figure 2: Index spread of 5-year CDX.NA.IG Series 5 from 20 September 2005 to 20 March
2006, Series 9 from 20 September 2007 to 20 March 2008 and Series 10 from 21 March 2008
to 20 September 2008.

2.3 (Gaussian Copula Model and Implied Correlations

The one factor Gaussian copula model, that was first introduced in Li [23], is the financial
industry quotation standard for multi-name credit derivatives. Without entering into details,
let us only mention that at the current time ¢, the Gaussian copula model parameters are t,
a correlation parameter p € [0,1], and a family F' = (F?);<;<, of marginal time-to-default
cumulative distribution functions over [¢,400).

In the rest of the paper, we consider a homogeneous specification of the Gaussian copula
model in which the F; — Gaussian copula model parameter at time ¢ is determined by
assuming that all the marginal CDS spread curves at time ¢ are constant and equal to the
index spread S;. More specifically, all marginal default distribution functions at time ¢ are
equal to Fy(z) = 1 — exp(—xS;/(1 — R)). This restriction is motivated by two principal
reasons. First, we consider the hedging of standardized CDO tranches by the corresponding
CDS index, so marginal effects are not of primary importance although this is the case when
single-name CDS are considered for hedging. Second, our aim is to compare this model with
the local intensity model in terms of hedging, the latter being a top-down model.

Let us denote by u9¢(T), a, b; t, St, p) and X9¢(T', a, b; t, S, p) the price (protection bought) and
the fair spread of the (T, a,b)-tranche at time ¢ computed in the one-factor Gaussian copula



model. Note that these two quantities are described as a function of the index market spread
Sy at time ¢ and a correlation parameter p. Similarly, we denote by v9¢(T,0,100%;t, S;) the
price (protection bought) of the corresponding CDS index at time ¢. Observe that in the
case of the index, the Gaussian copula price does not depend on the correlation parameter.

As the Black(—Scholes) formula on volatility markets, the Gaussian copula model is usually
used in the reverse-engineering mode for quoting CDO tranches in terms of their Gaussian
copula implied correlations. More precisely, if X7"*(T, a,b) refers to the market spread of
standard tranche [a,b] at time t, the base correlation of that tranche is the value of the
correlation p; in a Gaussian copula model such that

EQC(T7 07 b; t? Ft7pt) = E?LQ(T7 07 b) Y (5)

where X7"(T,0,b) denotes a synthetic market spread computed from the observed market
spreads of tranches with detachment point < b (see, e.g., [20]).

Figure [ shows the base correlation at 3% strike during the three sample periods. Observe
in particular the increase of the correlation during the sub-prime crisis (Series 9 and 10).
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Figure 3: Base correlation at 3% strike of 5-year CDX.NA.IG Series 5 from 20 September
2005 to 20 March 2006, Series 9 from 20 September 2007 to 20 March 2008 and Series 10
from 21 March 2008 to 20 September 2008.

We define the steepness of a base correlation skew at time ¢ as
brnax bmin
Ve = p™™ — py

where byin and by are the minimum and maximum strikes to compute the base correlations.
For CDX series, byin = 3% and bpax = 30%. In other words, the steepnees of a base
correlation skew is the length of the interval that contains all implied base correlations. In a
sense, this quantity measures to what extent the model is unable to reproduce simultaneously
the price of all standard tranches (using a single correlation parameter). Figure [ shows the
base correlation steepness for CDX series 5, 9 and 10. Note that the steepness of the base
correlation skew is even higher in the pre-crisis period of Series 5 compared to Series 9 and
10.

2.4 Correlation Between Index Spreads and Base Correlations

As we will see later on, the usual method for hedging CDO tranches is based on (index)
spread sensitivities computed in a one factor Gaussian copula model where the correlation
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Figure 4: Steepness of the base correlation skew.

parameter has been fixed or arbitrarily updated depending on market trends. As far as one
wants to be cover against changes in index spreads, an important question in terms of risk
management is whether this risk is correlated with other risks that may significantly affect
the price of the product to be hedged. In particular, a fixed or misspecified correlation
parameter used when spreads are bumped may have dramatic consequences on hedging
performance. We illustrate in this section that, index spreads and base correlations move in
the same direction during distressed periods of Series 9 and Series 10 although this tends to
be the opposite for the pre-crisis period associated with Series 5.

Remark 2.1 The time scale of trading and risk managing credit derivatives is typically of
the order of one week (5 open days) rather than one day. At a one day horizon a credit
derivatives business is likely to be dominated by ‘noise’ and short-term volatility. Therefore
we systematically present all the numerical results for two time horizons, one day (as would
be standard for equity derivatives) and 5 days.

Table [l shows the correlation between 1-day/5-day returns of the index spread and the base
correlations in each of the sample period. Observe that in the case of the pre-crisis data of
2005 (Series 5), the correlations between 1-day return of the spread and base correlations
are close to zero on the 1-day scale, and even negative on the 5-days scale. On the other
hand, during the systemic credit crisis of 2007-08 (Series 9 and 10), there is a significant
positive correlation between the two. When we increase the observation period from one day
to five days, the correlation decreases across all periods and strikes, becoming ‘less positive’
or ‘more negative’ than on the 1-day scale.

Figure Bl shows the correlation between the index spread return and the 3% base correlation
return based on a 20-day rolling window. Observe that for CDX series 5 and 10, the corre-
lation between the 1-day returns is steady along time. On the other hand, the correlation
becomes more volatile when we consider the 5-day returns. Note that for CDX series 9,
which is a period of increasing spread, the correlation varies significantly, for either 1-day
or b-day returns.

Market data exhibits two correlation regimes. The pre-crisis period is associated with rather
negative correlation levels between changes in index spreads and changes in base correlations
although this is the opposite for the more recent crisis periods. In a sense, the topic of this
paper is to see whether we can benefit from the use of a dynamic model of credit risk that
may capture (albeit partially) the latter observed feature to ‘delta-hedge correlation risk’,
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1-Day 5-Day

Strike | CDX5 CDX9 CDX10 | CDX5 CDX9 CDX10
3% -0.03 0.30 0.55 -0.30 0.07 0.40
™% 0.03 0.50 0.60 -0.22 0.41 0.48
10% 0.05 0.55 0.61 -0.18 0.45 0.50
15% 0.07 0.62 0.63 -0.15 0.52 0.51
30% 0.10 0.65 0.61 -0.11 0.62 0.50

Table 1: Correlations between returns of the index spread and the base correlations.

5-Day
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Figure 5: Correlation between index spread return and 3% base correlation return based on
20-day rolling window. Left: 1-day returns; Right: 5-day returns.

or at least, the component of this risk which is correlated to the index.

2.5 Greeks in the Gaussian Copula Model

Let us recall that the Itd6 decomposition (2]) of tranche prices involves partial derivatives (or
Greeks) of the Gaussian copula pricing function with respect to its parameters:

dll; = du?®(t, Sy, py) = ©(t, Sy, py)dt + AL (t, Sy, pe)dS + A (t, Sy, pe)dp

1 ge 1 ge c
+§P% (t, St, p)d(S)e + §Fi (t, St, pr)d{p)e + TG (t, St. p)d(S, p)t - (6)

In what follows, we consider the price of a CDO tranche from the point of view of the
protection buyer. We aim at investigating the empirical validity of the latter decomposition
over a 6-month period corresponding to CDX series 9. In particular, we check that changes
in tranche prices estimated using a discrete-time version of () fairly corresponds to observed
changes in price. We also give some insight on the contribution of each term to the increment
of tranche price.
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The Greeks for the Gaussian copula model are computed by finite differencing;:

@gc t]a Stj ) Ptj) = [ugc(t' + 5t Stj ) ptj) - ugc(tj7 Stj ) ptj )] /6t7

= [ugc t]75t]7pt + 50 — 2u%° (tj75t]7pt )+ug (tjvstjnot -0 )] /(5p)2

AY(tj,Sepr;) = [u9(t;, Si, + 85, pr;) — u9(t), S, pt;)] /65,
&ZC ti, S, p) = [u9(ts, Seys pry + 0p) — u(ty, Sy, pr,)] /00,
fgc tjvstjvptj) = [ugc(tj’st‘ + 455, Pt]) — 2u9° (t]75t]7pt )+ ugc(tj’st — 95, ptj)] /(55)2,
r ) ( )
)

[t} St, + 65, pe, + 6p) — u9(t5, Sty pe; + ) — u¥(t5,Sh, + 65, py,)
4 (t5, Sy 1)) /(653p)

where 0t = 1 day, 6S = 1bp and dp = 0.1%. Then, we approximate the variations of the
spread and correlation by

dt =~ tjir =1,
dSi =~ St — St
d(S)e ~ (St —S,)7
dp)ye =~ (bt — pt,)%
d(S,p)r =~ (St — St;) Py — pry)
where the time lag &k (hedging period) will be set to 1 day or 5 days.

Figure[d shows the decomposition of the changes in the equity tranche value of CDX series 9
due to first and second order changes in index spread and base correlation. As visible in
Figure [ actual changes in the equity tranche and changes in the equity tranche estimated
by summation of all terms of this It6 formula are very similar. This suggests that if index
spreads and base correlations would correspond to market prices of some tradable assets,
it would be then possible to design a perfect hedge using the one-factor Gaussian copula
model and Itd6 decomposition ().

Observe on Figure [6] that the most influential terms are the first order sensitivities with
respect to changes in spread and base correlation. Note that these two sensitivities are
about of the same order of magnitude, so that hedging spread risk only in the Gaussian
copula model leaves the trader with a significant exposure to correlation risk (see Section
2.4)). The second order changes of equity tranche value with respect to changes in spread
also contribute a substantial amount of volatility, even if it may be partly due to index
jumps, that effectively contribute to this term in our decomposition. Moreover, unlike the
finding by Cont and Kan [4], the second order changes with respect to spread appear to
be consistently negative (for a buy protection position). Let us note that this feature has
been proved formally by [24] for an equity tranche. The difference may be due to our
specification of a homogeneous Gaussian copula model with base correlation calibration,
whereas a heteregeneous specification of the Gaussian copula model was used in Cont and
Kan [] with compound correlation calibration.

Remark 2.2 This backtesting investigation also illustrates an assertion previously made in
the Introduction (see (@))), i.e., the fact that, contrary to the Black-Scholes setting, the term
©9(t, Sy, pr)dt + 3T% (¢, Sy, pi)d(S)¢ does not vanish in the Gaussian copula model. Indeed,
as can be seen from Figure [ the previous quantity corresponds (after discretization) to the
summation of two terms that are significantly negative.
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Figure 6: Changes of equity tranche value (100% notional) of CDX series 9 with respect to

first and second order changes in time, index spread and base correlation.
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Figure 7: Actual changes in equity tranche (100% notional) of CDX series 9 and the estima-
tion of changes in equity tranche values based on discrete-time approximation of It6 formula
under the Gaussian copula model.
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3 Local Intensity Model

In the Local Intensity Model (see, e.g., Laurent, Cousin and Fermanian [22], Cont and Minca
[5] or Cont, Deguest and Kan [3]), the cumulative number of defaults N = {Ny; ¢ > 0} of
a credit portfolio of n names is modeled as a Markov point process. More specifically, we
assume that Ny = 0 and that N is a pure birth process with local intensity (¢, N¢) given by
a deterministic function {\(¢,%)};>0,>0 satisfying A(t,7) = 0 for ¢ > n. This last condition
guarantees that the process N is actually stopped at the level n, as there are n names in
the pool. Conditionally on the information F; = F}¥ available at time ¢, the probability of
a jump in the infinitesimal time interval (¢,¢ + dt) is given by (¢, Ny)dt. The infinitesimal
generator of the process is thus given by the (n + 1) x (n + 1) matrix

CA(0) A(%0) 0 0 0
0 ML) A1) 0 0
At = A
0 0 0 —At,n—1) At,n—1)
0 0 0 0 0

For the sake of notational simplicity, let us consider the default leg of a stylized ‘European-
type’ CDO tranche [a, b] that provides the payoff ¢(Np) = (Ly —a)™ — (Ly — b)™ at time
T. Let us recall that the aggregate loss is simply proportional to the number of defaults in
this top-down approach, i.e., Ly = (1 — R)%, where R is the recovery rate. If II; denotes
the value at time t of this product, we obtain that, for ¢ € [0, T]

I, = E(¢(Np) | F2) = u'°(t, Ny) (7)

where u'°(t,4), for 0 <t <T,i=0,...,n, is the pricing function, solution to the system of
backward Kolmogorov differential equations

(0 + Aulo(t,) =00on [0,T), ulo(T,-) = (). (8)

Moreover we have the following martingale representation, for ¢ € [0, T:
t
T, = ul°(t, N,) = E(6(Ny)) + / (s, Noe 1) — (s, N, )) dM, - (9)
0

where M is the compensated jump martingale of N, i.e., dM; = dN; — A(t, N;—)dt. Using
the analogous martingale representation for the price process P; = v!°(t, N;) of the credit
index with payoff p(Nr) = Ly, it follows that in this model one can replicate the tranche by
the index (and the riskless asset) by using the delta in the index defined by, for t € [0, 7],

Ay = AP =AP{tN,_) | (10)
with, for i =0,...,n,

ot i+ 1) — ot i)
Cowlo(t,i + 1) —wlo(t,d)

Al (t,1) (11)

Let us also denote by S; = S'(t,i) the CDS index spread computed at time ¢ in the local
intensity model where Ny = i.
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Note that in all the numerics, prices computed in the local intensity model take into ac-
count the real cash-flows of traded tranches as opposed to the above stylized presentation.
Moreover, in order to be consistent with market conventions, all prices, and also later the
deltas, are computed from unit notional value (or 100% notional value). Therefore, both
the tranche values and deltas are ‘scaled’ by the tranche width. It turns out that the price
for all tranches and the CDS index is between 0 and 100% and the delta of a [a,b] tranche
is between 0 and II)OT%%’. For instance, the delta of the [0,3%)] equity tranche belongs to the
interval [0, 33.33].

3.1 Model Calibration

Various methods have been proposed to recover the local intensity function A(t,7) (see for
instance Chapter 2 of [10] for a review of such approaches). However, Cont, Deguest and
Kan [3] show that even if the local intensity function is calibrated to the same set of market
data, model dependent quantities such as the local intensity delta, can be significantly
different across the calibration methods. Therefore, we study the local intensity based on
two calibration approaches:

e Parametric: A time-homogeneous specification of local intensities extending the one
proposed by Herbertsson [I9]. Here, the dependence on number of defaults is piecewise
linear with grid points corresponding to the attachment points. More specificaly,
At k) = Ak), k = 0,...,125 is the linear interpolation at points k = 0,...,125
associated with the constraints A(125) = 0 and A(z;) = A; for real numbers z;, i =
1,...,6, such that 1(1 — R)z; = a; where a; € {0%, 3%, 7%, 10%,15%, 30%} are the
standard CDX.NA.IG attachment points. Note that, at a given quotation date, there
is a one-to-one correspondence between model parameters Ai,...,\g and spreads of
tranches and index.

e Non-parametric: Entropy minimization calibration introduced by Cont and Minca [5].

One advantage of the parametric model is that since the local intensity function is assumed
to be time-homogeneous, the dependence on defaults can be easily compared by looking at
the function at any fixed time. On the other hand, the non-parametric approach, as shown
by Cont et al. [3], usually produces an irregular local intensity function which is difficult to
compare. However, Cont et al. [3] shows that the non-parametric approach is significantly
more stable with respect to shifting in the market spreads.

Table Blshows the root mean squared errors of the calibrated spreads across quotation dates
of each Series. The Gaussian copula model, by design, is well calibrated to the data (one
correlation parameter per standard tranche). For the local intensity models, the errors are
about 2% for the tranches and about 5% for the index.

More specifically, the first panel of Table Blshows the CDX series 9 spreads of 20 September
2007, as well as the spreads calibrated to these data in the Gaussian copula model and in the
two specifications of the local intensity model. The calibrated spreads are nearly identical
for both specifications of the local intensity.

Figure shows further the local intensity functions calibrated by the two approaches on
the CDX series 9 data of 20 September 2007, with different levels of ‘zoom’ on the left tail
of the distributions. On a global scale (lower right graph), the two calibrated local intensity
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functions look completely different. The left tails of the distributions are closer (upper left
graph), but are still clearly distinct, and this is in fact most likely this divergence between
the left tails which is responsible for the difference between the related hedge ratios to be
commented upon below.

CDX5 CDX9 CDX10
Tranche | Gauss Para EM | Gauss Para EM | Gauss Para EM
Index 0.04 515 5.14| 0.03 4.40 481 | 0.02 6.73 6.77
0%-3% 0.01 2.35 2.36 | 0.00 1.31 1.32 0.01 1.69 1.68
3%-1% 0.00 051 0.69| 0.00 0.61 086| 0.00 1.04 1.03
7%-10% 0.00 0.08 1.32| 0.00 024 091| 000 043 0.39
10%-15% | 0.00 0.06 1.77| 0.00 024 1.15| 0.00 0.40 0.36
15%-30% 0.00 0.29 1.97 | 0.01 1.19 1.74 | 0.01 1.80 1.68

Table 2: Root mean squared errors (in percentage) of calibrated spreads. Gauss: Gaussian
copula model; Para: Parametric local intensity model; EM: Local intensity model with
entropy minimization calibration.

3.2 Data Revisited

In Section 2l we analyzed the data set in the market scale of the Gaussian copula. Let us
now examine the data through the prism of the local intensity model. In order to do so,
we need to introduce a concept of correlation as implied by prices computed in the local
intensity model.

We then denote by p'°(t,Ny) the base correlation implied from the equity tranche price
computed in a local intensity model pre-calibrated at time ¢ on market spreads.

Figure [ shows the time series of the differences between the index spread S'°(t, N;) (resp.
market base correlation p'°(t, N;)) and the values implied by the local intensity model with
one additional default S“(¢, Ny + 1) (resp. p!°(t, N; +1)). Note that N; represents the
number of defaulted obligors in the underlying portfolio, which is not necessarily equal to
zero. In particular, after Fannie Mae and Freddie Mac defaults in 2008, N; = 2 for CDX
series 10.

Observe that index spreads implied by the local intensity model with one more default are
always higher than the market spreads, so the index spread is increasing in the (at least,
first) number of defaults across all the data sets. Now, rather consistently with Table [l and
Figure Bl in the CDX5 sample period, the base correlation implied by the local intensity
model with one more default, and hence a greater index spread, is very close to (first part
of the time series) or lower than (end of the time series) the market value. On the opposite,
in the CDX9 and CDX10 sample periods, the base correlation implied by the local intensity
model with one more default, and hence a greater index spread, is always greater than the
market value.

3.3 Stability of Hedge Ratios

Figure [ shows time series of equity tranche deltas for each period. Observe that the deltas
computed from entropy minimization (‘entropic deltas’ in an abusive short-hand henceforth)
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Figure 8: Left: Differences between the index spread S'(t, N;) and the values implied by the
local intensity model with one additional default S (¢, N; + 1). Right: Differences between
market equity tranche base correlation p!°(t, Ny) and the base correlation implied from equity
tranche prices computed in the local intensity model with one additional default. Model:
Time-homogeneous local intensity model where the dependence of defaults are piecewise
linear with grid points close to the attachment points.

is significantly smaller than the parametric deltas throughout the whole time series, though
they are both ‘local deltas’ in local intensity models calibrated to the same data sets. For the
sake of comparison, we also provide time series of the industry standard ‘Gaussian copula’

deltas (defined by equation (I3))).

The parametric deltas lies somewhere between the entropic deltas and the Gaussian copula
deltas. More specifically the second panel of Table [3]shows the deltas in the Gaussian copula
model and in both specifications of the local intensity model, calibrated on the CDX series 9
spreads of 20 September 2007. Note the gap between the entropic delta and the parametric
delta, whereas the related calibrated spreads are nearly identical (cf. the first panel).

This is a striking example of model risk. Note that the local intensity model is, in a sense, the
simplest dynamic model of credit risk. In case more complex models would be considered,
one should be extremely careful about the issue of model risk.

As can be seen from Figure @] the entropic deltas are substantially more stable than the
parametric deltas for CDX series 9 and 10. The stability of the entropic deltas is consis-
tent with the observation by Cont et al. [3] that the local intensity function calibrated by
entropy minimization is significantly more stable to the changes in the market data than
the parametric local intensity function. Since the computation of the local intensity delta
requires the full local intensity function, it is not surprising that the entropic deltas are less
sensitive to the changes in the market data than parametric deltas. This difference is more
significant in the volatile periods for CDX series 9 and 10.

However, the stability of entropic deltas does not necessarily imply a better hedging strategy.
Indeed, the entropic deltas may fail to reflect the market information while they are very
much indifferent to the market spreads changes. We will see in Section [f] that the entropic
deltas in fact lead to poor hedging performance.
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Calibrated spreads
Tranche | Market Gauss  Para EM
Index 50.38 50.36  47.58  47.58
0%-3% 35.55 35.55  36.35  36.35
3%-T% 131.44 131.44 132.04 132.07
7%-10% 45.51 45.51  45.54  45.56
10%-15% | 25.28 25.28 2530  25.31
15%-30% | 15.24 1524  15.36  15.36

Hedge ratios
Tranche | Gauss Para EM
0%-3% 15.29 11.05 2.64
3%-T% 5.03 4.59 2.70
7%-10% 1.94 226  2.29
10%-15% | 1.10 1.47  1.99
15%-30% | 0.60 1.01 1.74

Table 3: Calibrated spreads and hedge ratios. Data: 5-year CDX series 9 on 20 September
2007.

4 Analysis of the Hedging Problem within a Local Intensity
Model

In this section, we consider a theoretical and dynamic market driven by a local intensity
model calibrated on market quotes. We identify different market conditions in which deltas
computed in the Gaussian copula and in the local intensity frameworks can be ordered. We
then propose to compare the P&L increments associated with these two approaches. For

the sake of simplicity, we assume in this section that the short rate interest rate is equal to
Zero.

4.1 Delta-Hedging in Discrete Time

Delta-hedging in discrete time the tranche (long position, that is protection bought, as
typical for banks) with the index and the riskless asset over the time interval [0, T'], consists
in rebalancing in a self-financed way, at every point in time of a subdivision 0 =ty < t; <
... <t, =T of [0,7], a complementary position A in the index, in order to minimize the
overall exposure to ‘small’ moves in the index.

The tracking error, or profit-and-loss process e = (e, )o<k<p, is obtained by adding up the
following profit-and-loss increments, starting with eg = 0, from k =0 to p — 1:

5k€ = 5kH — Atk 5kP N (12)

where:

e 0,11 and ¢, P are the increments of the tranche and index values between times t; and
lkt1,

e A, is the index delta (number of units of index contract in the hedging portfolio over the
time interval (tg, tx11]).
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Our aim in this paper is to compare the profit-and-loss processes (e;) obtained using two
strategies, with A; given by:
e The Gaussian copula implied delta of the option, that is

ugc(t’ St + 557 Pt) B ugc(t’ St7 pt)
Ugc(tv St + 55) - Ugc(tv St7 Pt)

Af® = (13)
for S = 1bp (typically). Here the functions u9¢(t, S, p) and v9°(t, S) stand for the Gaussian
copula pricing function of the tranche and of the index, and the number p; stands for the

Gaussian copula implied correlation of the tranche at time t as of (&);
e Or, alternatively, the local intensity delta of the tranche, that is (cf. ([I0Q]), ([I))

ulo(t,i + 1) — ul°(t,q)

AP = AP (t) =
(0 vlo(t, i+ 1) — vlo(t,4)

(14)

evaluated at i = Ny_, where u!°(t,4) and v'°(t,i) with ¢ € [0,T] and i € {0,...,n} refer to
the tranche and index pricing functions in the sense of Section [Bl in a local intensity model
calibrated to the full set of standard tranche quotes at time .

To conduct our analysis we shall operate in this section in the set-up of a theoretical market
given as a local intensity model. Recall from equation (@) in Section Bl that in this set-up,
the strategy Al°, if applied in continuous time, would provide a perfect replication of the
tranche by the index (profit-and-loss process e identically equal to zero), so, for ¢ € [0,T],

dil, = Aleap, . (15)

But in practice we only hedge in discrete time.

As can be seen on Figure 8 all local intensity models calibrated to market quotes exhibit a
surge of index spreads at the arrival of a default, the jump in credit spreads being smaller
for Series 5 compared with Series 9 and 10. However, a new default tends to increase (equity
tranche) base correlation across all Series 9 and 10 whereas it has a smaller (or even negative)
impact on correlation for pre-crisis Series 5. Therefore, we distinguish two stylized market
regimes: pre-crisis or steady market represented by data sample of Series 5 and crisis or
systemic market represented by data sample of Series 9 and 10. Within each regime and for
a given hedging period, we also consider two stylized market scenarios: widening and tight-
ening, corresponding to values of the index spread increasing and decreasing, respectively.

Let us first consider the case of an equity tranche (protection bought) in a ‘systemic’ local
intensity market, as of those calibrated on Series 9 and 10 (see Section B2 above).
4.2 Equity Tranche Convexity
One has that
el is negative in tightening scenarios and positive in widening scenarios. (16)

Indeed, (IT) yields,

tet1
5k€lo = 61l — Afgz 0P = (Affo - Afﬁi) dp; . (17)

ty
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Now, it is well known that for an equity tranche, A(t,4) is an increasing function of time ¢
(see Figure [Tl for a typical example). As we get nearer to maturity, the time-value of both
the tranche and the index vanishes. Therefore, the change in value at the arrival of a new
default is only the consequence of a protection payment that is essentially the same for the
tranche and the index, provided that the tranche is fully in the money. This explains why
the deltas tend to 1/0.03 ~ 33.33 as time goes to maturity (recall that deltas are computed
by unit of nominal exposure).

3
Time (years) 2

Figure 11: Equity tranche deltas A!°(t,i) computed in a local intensity model as a function
of time and number of defaults. Parametric loss intensities calibrated on market spreads of
5-year CDX series 9 on 20 September 2007.

Therefore, on a (small) time interval [tg, tg11],

e if no default occurs, the change in value of the index is only due to a decrease in time-
value, then 0y P < 0. This corresponds to a tightening scenario. Then, since from (I
el o~ (Aff;ﬂ - Aff;) 61 P, the P&L increment dxe'® is negative in this period.

e if one default occurs, the decrease in time-value is dominated by a surge in index spreads
due to contagion effects, then §; P > 0. This corresponds to a widening scenario. Note that
this feature has been checked empirically for all sample periods (see left panel of Figure []).

Then, thanks to representation (7)), the P&L increment dx€l is positive in this period.

4.3 Ordering Between the Equity Tranche Deltas

We have seen in Figure [ that the local intensity deltas are consistently smaller than the
Gaussian copula deltas across the three sample periods, i.e.,

Alo(t) < AP, (18)
We attempt here to give some theoretical arguments in favor of this empirical observation.

First note that in the case of a systemic local intensity model (similar to those calibrated
on Series 9 and 10, see right panel of Figure B, one has

plot, i) < plo(t,i+1) . (19)
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Moreover it is well known (see, e.g., [6] for a formal proof) that for an equity tranche, one
has,
0,u?°(t,S,p) <0.

So
u9e(t, S (t,i 4+ 1), pl°(t, i + 1)) < uf®(t, S(t, i + 1), p°(t, 1)) .

Now, one has by definition of the Gaussian copula base implied correlation, for every t €

[0,7] and i € {0,...,n—1}:
wlo(t,i + 1) — ulo(t, i) = u9e(t, S (t,i + 1), plo(t,i + 1)) — u9e(t, S®(t, ), p°(t,4))

= (u9e(t, S™(t,i + 1), po(t,i + 1)) — u9(t, S®(t,i + 1), p'(t,1))) (20)
+ (w9e(t, 8t i+ 1), plo(t, 1)) — u9e(t, S'(t,0), p'°(t,1))) .

Therefore, by ([20) used at i = N;_:

ulo(t,i + 1) — ul(t, 1)

Af = AP (1) = vlo(t, i + 1) — vlo(t,4) (21)
< vl Slo(t,i+ 1l),pl°(t,i)) - uQC(t,SlO(t,i),plO(t,z')) ~ AF (22)
vlo(t, i+ 1) — vle(t, )
consistently with (IS]).
4.4 Equity Tranche P&L Analysis
In view of (I2), it follows that
§e9e = delo — (Agc - Al") 5P (23)
and then
lo ge
A s

Combining (I€) and (24]), we get the picture depicted in Table [d It might thus be so that

Tightening Widening
delo < —(8e9¢)~ | (6e99)T < del°

Table 4: Equity tranche in a systemic local intensity model.

in some scenarios the Gaussian copula delta provides a better hedge than the local intensity
delta. Indeed, using simulations of default times in a local intensity model calibrated to
CDX Series 9 spreads, we observe in Figure [I2] that an increase of the hedging horizon may
effectively worsen hedging performance compared to the Gaussian delta.

However, recall that we are in a local intensity model, in which the strategy A, if applied
in continuous time, would provide a perfect replication of the tranche by the index. This
means that for hedge rebalancing frequencies large enough (like one week or less) de'® is very
close to 0, and Table [ reduces to Table
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Figure 12: Standard deviation of equity tranche P&L increments de/® and 6e9¢ as a function
of the hedging horizon. Default times are simulated in a local intensity market calibrated
on market spreads typical of CDX Series 9.

Tightening Widening
delo ~ (0 < gedc | §edc < () ~ del®

Table 5: Case of a moderate to high rebalancing frequency in Table [l

Remark 4.1 In Section Bl we confirm that the latter ordering of P&L really holds for
CDX series 9 (with mainly spread widening periods) when realized (cumulative) P&L are
backtested using hedging experiments (see Figure [I6]).

4.5 Senior Tranche P&L Analysis

The previous analysis focused on an equity tranche in a systemic local intensity model.
However, the same analysis can be made for a super senior tranche that protects against
last losses, i.e., a CDO tranche [a, 100%)], with 0 < a < 100%. We have checked that contrary
to equity tranche deltas, senior tranche deltas Al (t,7) computed in the local intensity model
calibrated on Series 9 and 10 are typically decreasing functions of time as far as the tranche
is deeply out-of-the-money, as this is typically the case for a [15%,30%] CDO tranche in
normal circumstances (see Figure [[3)).

Then, contrary to equity tranche, the P&L increment §e/® of a super-senior tranche is ex-
pected to be positive in tightening scenarios and negative in widening scenarios.

Moreover, the Gaussian copula pricing function associated with this tranche is increasing
with respect to correlation, i.e., d,u?“(t,S,p) > 0 (see, e.g., [6] for a formal proof) and
the opposite ordering holds between Gaussian copula deltas and local intensity deltas, i.e.,
Aff’ > A{°. It turns out that cells in each of the Tables @] and [5, can be simply exchanged
for the senior tranche, leading to Tables [6l and [7
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Figure 13: [15%,30%)] senior tranche deltas A°(t,i) computed in a local intensity model as
a function of time and number of defaults. Parametric loss intensities calibrated on market
spreads of 5-year CDX series 9 on 20 September 2007.

Tightening Widening
(6e9°)F < gelo | delo < —(5e99)

Table 6: Senior tranche in a systemic local intensity model.

Tightening Widening
de9¢ < 0~ gelo | gele ~ () < gede

Table 7: Case of a moderate to high rebalancing frequency in Table [Gl
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4.6 Analysis in a Steady Market

In the situation of a steady (or pre-crisis) market driven by a local intensity model calibrated
on CDX series 5 quotes, the impact of a default may have a negative (or slightly positive)
effect on base correlation (see right panel Figure B) contrary to the crisis period associated
with Series 9 and 10. In view of Section 1.3 one may expect that, at least for some quotation
dates, the ordering between the two deltas changes during this pre-crisis period. However,
as can be seen on Figure @ the Gaussian copula deltas are consistently greater than the
local intensity deltas for the whole Series 5. Therefore, the reverse implication associated
with ([3) and [22), i.e., the fact that p°(¢,i) > p'°(t,i + 1) = Alo(t) > A, is not satisfied
by empirical observation (see also Table B for a case study). Nevertheless, the two deltas are
quite close in this pre-crisis period with a discrepancy which tends to vanish at the end of
Series 5. Then, from relation 23] one may expect that de?¢ ~ §e!°. In Section [f, we confirm
that realized P&L of equity and senior tranches are comparable for at least the end of CDX
series 5 (see Figure [16]).

Example 4.2 Table [ shows the changes in base correlation of the equity tranche and
compares the deltas under the Gaussian copula and the local intensity model.

e On 17 March 2006 (end of Series 5, closest example of a steady market in our data), the
base correlation predicted by the local intensity model with one additional default decreases.
In this case, the Gaussian copula delta is almost the same as the local intensity delta;

e On 16 September 2008 (next business day after Lehman Brothers defaulted, representative
example of a crisis market), the base correlation predicted by the local intensity model
increases. In this case, the Gaussian copula delta is significantly larger than the local
intensity delta, as suggested by (IJ]).

Date plo(t,Ny) pl(t,N;+1) | A9 Al
17-Mar-2006 | 28.55% 27.44% 20.89 20.86
16-Sep-2008 | 48.27% 51.08% 3.41 197

Table 8: Base correlation implied by market data p°(¢, Ny), base correlation implied by one
additional default in the local intensity model p°(¢, Ny + 1), Gaussian copula delta A9 and
the local intensity delta A for the equity tranche [0%,3%)] of 5-year CDX series 5 on 17
March 2006 and Series 10 on 16 September 2008.

Remark 4.3 One can image a market regime where the ordering between the two deltas
would be inverted for both equity and senior tranches. This might be the case for instance
for CDX series 6 but this point has not been checked. Then, the results analogous to those
of Tables [4] and [0 are displayed in Table [0l Note that the conclusion is in fact even clearer
in that case since the ordering of P&L holds irrespectively of the frequency of the hedge
rebalancing.
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Market regime Tightening Widening
Equity tranche | §e9¢ < §e® <0 | 0 < de° < §e9°
Senior tranche | 0 < el < §e9¢ | §ed° < fel° < 0

Table 9: Ordering of equity and senior tranches PEL in a steady local intensity model.

5 Backtesting Hedging Experiments

Let us now check the actual performance of the two deltas by backtesting with historical
data. We use the following two metrics to compare the hedging strategies:

Average P&L increment of the hedged position

Relative hedgi =
clative hedging errot Average P&L increment of the unhedged position |’

P&L increment volatility of the hedged position

Residual volatility - = P&L increment volatility of the unhedged position’

We consider two cases where the hedging portfolio is rebalanced every day and every 5 days.
The profit-and-loss is evaluated in the same frequency as rebalancing. Tables [I0 to [[3] and
Figures [[4] and [[5 illustrate the hedging performance for 1-day and 5-day rebalancing. Note
that in most cases the change in rebalancing frequency does not significantly perturb the
comparison with respect to hedging performance.

Unsurprisingly, hedging based on the local intensity model with entropy minimization cal-
ibration, which gives admittedly stable but also very low equity tranche hedge ratios in
2007-08, performs worse than other two approaches. Regarding CDX series 5, the Gaussian
copula delta outperforms the parametric local intensity delta for nearly all tranches and
for both 1-day and 5-day rebalancing. For CDX series 9 and 10, there is no clear evidence
to distinguish the performance based on the Gaussian copula model and the parametric
local intensity model. For most tranches, the Gaussian copula delta provides a reduction in
volatility for about 50% which appear to be larger than those observed by Cont and Kan [4].
This may cause by the differences in the Gaussian copula model implementation in which
we assume a homogeneous model with base correlation calibration while Cont and Kan [4]
assume a inhomogeneous model with compound correlation calibration. This observation is
consistent with the result obtained by Ammann and Brommundt [I] who also find that the
base correlation method is better for hedging than the compound correlation method.

On the other hand, the comparison results obtained in Section F] within the local intensity
model for equity and senior tranches are somehow consistent with empirical observations.
In Figure [I6] we plot the path of (cumulative) P&L associated with hedged and unhedged
positions in tranche [0%,3%] and [15%,30%)] based on daily rebalancing. One can see that, for
the spread widening period of CDX series 9, the P&L orderings predicted in Table [ (equity
tranche) and in Table [7 (senior tranche) behave according to the ordering of (cumulative)
P&L trajectories. As for CDX series 5, representative of a steady market period, we also
confirm that realized P&L of equity and senior tranches are comparable due to very close
deltas.

As a final remark, Table [I4] illustrates that defaults among names of the index do not
necessarily positively impact intensities, since they may have been anticipated by the market.
This observation had already been made in Cont and Kan [4], who also noted that spreads
may jump on the other hand at times others then index’ names defaults. This was for
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Relative hedging error

CDX5 CDX9 CDX10

Tranche Li Para EM | Li Para EM | Li Para EM

0%-3% 4 5 73 | 80 10 72 | 33 55 90

3%-71% 1 3 35 104 19 59 | 48 49 75

7%-10% 10 10 43 | 15 13 37 | 49 25 44

10%-15% 7 27 131 | 27 18 14 | 139 181 208

15%-30% | 0.54 61 324 | 3 32 89 | 172 269 396

Residual volatility
CDX5 CDX9 CDX10

Tranche | Gauss Para EM | Gauss Para EM | Gauss Para EM
0%-3% 45 47 79 59 59 87 105 91 93
3%-71% 70 72 68 58 47 64 85 74 78
7%-10% 90 101 120 53 50 46 83 79 70
10%-15% 90 107 188 61 63 60 91 93 86
15%-30% 93 110 256 37 49 7 84 99 127

Table 10: Relative hedging error and residual volatility (both in percentage) for 1-day rebal-
ancing. Gauss: Gaussian copula model; Para: Parametric local intensity model; EM: Local
intensity model with entropy minimization calibration.

Relative hedging error

CDX5 CDX9 CDX10
Tranche | Gauss Para EM | Gauss Para EM | Gauss Para EM
0%-3% 6 10 s 59 2 73 24 48 88
3%-1% 16 16 51 2 18 58 48 43 72
7%-10% 19 1 15 11 12 36 50 15 41
10%-15% 22 8 75 13 5 5 141 198 209
15%-30% 21 30 207 1 35 86 127 227 382
Residual volatility
CDX5 CDX9 CDX10
Tranche | Gauss Para EM | Gauss Para EM | Gauss Para EM
0%-3% 42 46 83 50 56 86 71 72 89
3%-71% 75 75 66 73 65 71 43 40 64
7%-10% 99 118 135 57 56 54 40 38 44
10%-15% 82 110 202 94 98 95 42 44 40
15%-30% 77 108 298 46 69 108 31 33 54

Table 11: Relative hedging error and residual volatility (both in percentage) for 5-day rebal-
ancing. Gauss: Gaussian copula model; Para: Parametric local intensity model; EM: Local
intensity model with entropy minimization calibration.
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Figure 14: Daily changes of tranche [0%,3%] value against daily changes of hedging portfolio
value (100% notional values).
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Figure 15: Daily changes of tranche [15%,30%] value against daily changes of hedging port-
folio value (100% notional values).
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Figure 16: Path of (Cumulative) PEL of hedged and unhedged positions in tranche [0%,3%]
and [15%,30%] based on daily rebalancing (100% notional values).
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Slope estimate: 1-Day
CDX5 CDX9 CDX10
Tranche | Gauss Para EM | Gauss Para EM | Gauss Para EM
0%-3% 094 1.02 344 | 0.81 1.34 501 | 045 0.75 244
3%-71% 0.76 073 1.15| 0.72 095 188 | 0.60 0.81 1.53
7%-10% 0.61 049 039]| 074 078 1.14| 0.60 0.64 0.99
10%-15% | 0.61 045 0.25| 076 0.72 0.78| 0.54 0.53 0.58
15%-30% | 0.63 040 0.15| 095 0.75 0.58 | 0.63 0.50 0.39

Slope estimate: 5-Day

CDX5 CDX9 CDX10

Tranche | Gauss Para EM | Gauss Para EM | Gauss Para EM
0%-3% 1.10 1.29 463 | 0.93 141 556 | 082 1.34 454
3%-1% 0.69 0.69 1.16| 0.69 0.87 1.74| 0.86 1.13 2.27
7%-10% 0.50 039 034 079 081 1.14| 0.84 0.87 1.38
10%-15% | 0.63 046 0.27| 055 051 0.54| 083 0.79 0.87
15%-30% | 0.76 046 0.19| 079 0.62 048 | 1.10 0.86 0.68

Table 12: Slope estimates of the OLS regression y; = « + PBx; + €; where y; are the I-
day/5-day changes in tranche values and x; is the 1-day/5-day changes in hedging portfolio
value. Estimates in italic font (‘good hedges’) represent the failure to reject the hypothesis
Hy: B =1 at a 95% confidence level.

instance the case the day following Lehman’s default on September 15 2008, whereas Lehman
was not part of CDX10.

6 Conclusions

It appears in Section Bl that the dynamic local intensity model of credit risk does not succeed
in outperforming the static Gaussian copula model in terms of hedging CDO tranches by
the credit index. Regarding pre-crisis CDX series 5, the Gaussian copula delta outperforms
the parametric local intensity delta for nearly all tranches and for both 1-day and 5-day
rebalancing. However, for CDX series 9 and 10, there is no clear evidence to distinguish the
performance based on the Gaussian copula model and the parametric local intensity model.
This can be considered surprising inasmuch as the local intensity model fits the market over
the full set of CDO tranches at every point in time, whereas the Gaussian copula model
only provides a per tranche fit.

Apparently, the local intensity model, even if calibrated to the market, is definitely ‘too far
from the market’ in dynamic terms, so that the re-calibration shift of the local intensity
model badly affects its hedging performances with respect to what one could expect judging
by the analysis of section Ml within the set-up of a local intensity model. The fact that a
local intensity model is far from the market in dynamic terms is in a sense obvious since it
contains no spread risk, which is one of the main sources of risk of credit derivatives (along
with default risk, and also recovery risk, the latter being also absent from the local intensity
model). But we believe that beyond this obvious fact, the failure of a dynamic model in
the context of portfolio credit risk can also be connected with the intrinsic incompleteness
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R?: 1-Day

CDX5 CDX9 CDX10

Tranche | Gauss Para EM | Gauss Para EM | Gauss Para EM
0%-3% 0.79 077 0.74| 0.68 0.69 0.66| 020 0.19 0.19
3%-71% 0.56 0.56 0.54| 0.78 0.78 0.75| 0.50 0.47 0.43
7%-10% 0.30 0.30 0.31] 0.81 0.81 0.79| 0.55 0.53 0.51
10%-15% | 0.31 032 031 | 070 0.70 0.69| 053 0.52 0.52
15%-30% | 0.18 0.19 0.17| 0.8 0.85 0.84| 045 044 0.44

R?: 5-Day
CDX5 CDX9 CDX10
Tranche | Gauss Para EM | Gauss Para EM | Gauss Para EM
0%-3% 0.83 0.83 08| 075 0.74 077 ] 052 051 0.52
3%-71% 0.54 055 057 | 058 058 060| 083 0.85 0.84
7%-10% 029 029 030| 072 0.72 0.71] 086 0.87 0.87
10%-15% | 049 051 051 032 032 0.33] 08 0.8 0.86
15%-30% | 045 045 045 | 084 0.85 0.87| 091 091 0.91

Table 13: R? of the OLS regression y; = a + Bx; + ¢; where y; are the 1-day/5-day changes
in tranche values and x; is the 1-day/5-day changes in hedging portfolio value.

Index 0%-3% 3%-7% 7%-10% 10%-15% 15%-30%  30%-100%
-1.10 0.16 0.05 0.04 0.44 0.02 -0.06

Table 14: Daily spread returns on the next business day after Fannie Mae/Freddie Mac
defaults on 8 September 2008, normalized by unconditional sample standard deviation of

CDX.IG.NA Series 10.

of credit markets. This incompleteness is in a sense a good reason for traders to favor static
models, rather than dynamic models whose interest and justification relies to a large extent
on the theory of pricing by replication.

Also, the contagious nature of the default dependence in the local intensity model, does not
seem to be that well reflected by the data (see end of section [H).

Maybe another reason of the above results is a ‘self-fulfilling’ property of the Gaussian
copula model, namely the fact that this model, which emerged along the years and still is
the market model of portfolio credit risk, more or less ‘imposes’ its deltas and therefore a
consistently related price dynamics.

Incidentally the present work also puts into evidence an important difficulty with dynamic
credit risk modeling, namely model risk. That critical issue is of course expected, in regard
to the scarceness of market data that can be used for the credit models’ calibration. Yet
we saw in section two specifications of local intensity models giving exactly the same
calibrated spreads, but completely different deltas, an unheard-of situation in the context,
say, of equity or fixed-income derivatives. If this can happen with local intensity models
which are, in a sense, the simplest dynamic models of credit risk, a lesson of the present
paper is that in case more complex dynamic models would be considered, one should always
be extremely careful about the issue of model risk.

In final word of this paper, we would like to mention a maybe more ‘positive’ perspective
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on the above results consisting in a recent attempt to explain a certain robustness of the
Gaussian copula model. Here it is worth stressing that this model which, according to
some people, ‘killed Wall Street’, is still the standard for the risk management of credit
derivatives (in the form of the basic model or of variants entailing in particular random
recoveries). In an interesting ‘reverse-engineering’ approach, Fermanian and Vigneron thus
consider in [16] the question of determining dynamic models of credit risk in which the
Gaussian copula delta would happen to be the ‘right’ delta. Their answer is that such
models do exist, and for the purpose of their analysis, they resort to a conditional density
(as opposed to intensity) modeling approach developed independently at an abstract level
by El Karoui et al. [I4]. Interestingly enough, Fermanian and Vigneron’s model can also
be given a structural interpretation, as opposed to the intensity set-up of the local intensity
model, possibly implying that after all, credit markets are maybe more ‘structural’ (like the
Gaussian copula) than driven by ‘intensities’.
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