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I)  INTRODUCTION 

Severa l  researchers  paved the way of  the success  of  the credi t  market s  w i th  

the i r  model s :   Duf f ie ,  Merton,  KMV … .   But  so far  the two most  accla imed by 

the pract i t ioners  are  undoubtedly  the Hu l l -Whi te  model  and the Jar row-Turnbu l l  

model ,  p robably  because of  the i r  reasonable degree of  complex i ty  and the i r  

w idth of  scope.  

Both need to der ive probabi l i t ies  of  defau l t  before  be ing able  to pr ice asset s  

and der ivat ives  w i th  credi t  exposure.   Both  use a government  and a rated y ie ld 

curve,  a long wi th  assumpt ions  about  recovery  in  the event  of  defau l t .   Desp i te  

these s imi la r i t ies  the market s  oppose them for  two mot ives :   1 )  Hu l l -Whi te  

handles  benchmark  bonds  bear ing coupons  whereas  Jar row-Turnbul l  deal s  on ly  

wi th  zero-coupons ;   2 )  the former  does  not  re ly  on an interest  rate  d i f fus ion 

cont rary  to  the lat te r .   Th i s  cer ta in ly  exp la ins  why reconci l ing the two model s  

has  never  been publ i shed.   Yet  the present  paper  unve i l s  the theoret ica l  

foundat ions  they both share.  

Par t  II  summar izes  the credi t  engines  of  the two models ,  recal l s  the or ig ina l  

pr ic ing formulae and emphas izes  the two main  features  be l ieved to d i s t ingu i sh  

the engines ,  the Hu l l -Whi te  abi l i t y  to  handle coupon-bear ing bonds  and the 

Jar row-Turnbu l l  requ i rement  to implement  a two-factor  lat t ice.  

Par t  III  shows that :   1 )   by reveal ing i t s  lengthy proof ,  the Hu l l -Whi te  pr ic ing 

formula re l ies  extens ive ly  on the v iab le  market  assumpt ion,  and h ides  t raps  to 

the pract i t ioners ;   2 )   the Jar row-Turnbu l l  c redi t  engine can work  wi thout  any 

interest  rates  d i f fus ion in  der iv ing defau l t  probabi l i t ies ;   3 )   the Jar row-Turnbu l l  

engine can be adapted wi thout  d i s tor t ion to accept  coupon-bonds  as  input s ;   

4 )   in  a bas ic  zero-coupon two-per iod f ramework  both engines  y ie ld the same 

defau l t  probabi l i t ies ;   th i s  resu l t  i s  extended to any number  of  per iods  and to 

coupon-bear ing bonds .   Hence the two models  are equiva lent .  
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Par t  IV  compares  numer ica l ly  the defau l t  probabi l i t ies  impl ied by credi t  

rated bonds bear ing d i f fe rent  coupons .   A non des i rable  feature  i s  that  the 

probabi l i t ies  for  a  g iven rat ing depends on the coupon leve l ,  compel l ing the 

need for  a  un ique set  of  probabi l i t ies  ext racted f rom a panel  of  the most  l iqu id 

bonds .   Excepted in  a specia l  case,  the paper  ru les  out  the method of  pr ic ing 

any corporate bond wi th  zero coupon rates  boots t rapped f rom corporate 

benchmarks .   One must  ins tead boots t rap the benchmarks’  defau l t  probabi l i t ies  

and p lug them into any one of  the two equiva lent  credi t  models .  

I I) THE HULL-WHITE AND JARROW-TURNBULL CONTEST 

The models  presented here are vo luntar i l y  res t r ic ted to the der ivat ion of  the 

defau l t  probabi l i t ies  impl ied by a set  of  bond pr ices .   The purpose i s  not  to  

show how to va lue a credi t  r i sky  bond or  a  credi t  defau l t  swap but  to  

c i rcumvent  the innovat ion of  these models  when compared wi th  t radi t ional  

prevai l ing y ie ld curve and opt ion models :   the i r  c redi t  engines .   That  i s ,  how 

they do handle  the r i sk  of  defau l t  on debt  serv ic ing,  as  much independent ly  as  

poss ib le  of  the other  r i sk s  l i ke  those s temming f rom interest  rate  or  vo lat i l i t y  

sh i f t s .  

Both  engines  are  recal led in  the i r  o r ig ina l  set t ing before  para l le l ing them.  

The i r  common goal  i s  to  ext ract  defau l t  probabi l i t ies  f rom se lected bonds of  

same rat ing.  

II.1 The Hull-White Engine2 

A panel  of  N most  l iqu id bonds  wi th  the same credi t  r i sk  i s  des igned, and they 

are named corporate bonds  for  s impl ic i ty .   Bond j  pays  f i xed coupons  and 

matures  at  date t j .   Defau l t s  on any bond j  can occur  on ly  at  d i screte t imes  

cor responding to the matur i t ies  t i  o f  the shor ter  bonds  or  to  t j .   In teres t  rates ,  

e i ther  corporate or  government ,  are random.  But  the recovery  rate  in  case of  

a  defau l t  i s  not  and i s  set  to  a constant  R .  

The idea i s  to  compare the pr ice of  the corporate bonds  wi th  the pr ice of  

the i r  government  equ iva lent s  (same matur i ty  and coupons) .   The i r  d i f fe rence 

conta ins  the defau l t  p remium.  Note that  the or ig ina l  model  does  not  use 

d i rect ly  a  panel  of  government  benchmarks  but  a  defau l t - f ree te rm s t ructure in  

order  to  pr ice the government  equ iva lent s .   Hence the matur i t ies  t i s  a re  here 

even ly  spaced, typ ica l ly  by one year .  
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Let  B j  be the today pr ice of  the corporate bond j  and Gj  be the today pr ice 

of  i t s  equ iva lent  government  bond.   Let  F j (t )  be the today forward pr ice of  the 

equ iva lent  bond to be de l ivered at  t ime t  and υ (t )  the present  va lue of  1  dol la r  

rece ived at  t .   C j (t )  i s  what  the corporate bond j  ho lders  c la im when the i r  bond 

defau l t s  at  t ime t  and RC j (t )  i s  on ly  what  they recover  on the i r  c la im.  

Two cases  are s tud ied:   Case 1  where C j (t i )  i s  wor th  the bond face va lue p lus  

accrual s ,  wh ich i s  a  constant ,  and Case 2  where C j (t i )  i s  worth  G j (t i ) .  

Recal l  that  the corporate bonds  defau l t  on ly  on t i ’ s .   On such a date,  the 

corporate bond i s  recovered at  a va lue RC j (t i )  and i t s  equ iva lent  government  

bond i s  worth  G j (t i ) .   Such an event  has  a probabi l i t y  p i  of  occur rence.   The 

re lat ive loss  i s  then G j (t i )  –  RC j (t i ) .   I t s  p resent  va lue in  the r i sk - f ree wor ld i s  

noted α i j  and uses  the defau l t - f ree d i scount  factor :  

α i j  =  υ (t i )  [G j (t i )  –  RC j (t i ) ]  

Then Hu l l  and Whi te  asser t  that  in  the r i sk -neut ra l  wor ld :  

G j (t i )  =  F j (t i )  

G j  –  B j  =  ∑
=

=

ji

1i
p i  α i j       (‘ ‘Hu l l  Whi te  pr ic ing formula’’ )  

The impl ied probabi l i t ies  p i ’ s  are  then boots t rapped, s tar t ing wi th  p 1  and 

ending wi th  p N ,  th rough the formula 

jj

1ji

1i ijijj
j

pBG
p

α

α−−
=

∑ −=

=  

The asser t ion in  parenthes i s  i s  the credi t  engine per  se .   But  the two authors  

d id not  formal ly  prove i t  and we shal l  see in  sect ion I I I .1  that  so doing reveal s  

that  the i r  hypotheses  need be c lar i f ied and ch ief ly  the i r  fo rmula be amended.  

II.2 The Jarrow-Turnbull Engine3 

The model  i s  presented as  a two-factor  lat t ice,  the f i r s t  factor  be ing the 

defau l t - f ree shor t - te rm interes t  rate ,  the second be ing a corporate bankruptcy 

proxy worth  e i ther  the recovery  rate  or  1 .  

Jar row and Turnbu l l  in terpret  th i s  proxy as  a f ict i t ious  exchange rate and 

model  i t  as  such.   I t  tu rns  out  that  they do not  need to make a d i rect  use of  th i s  

                                                                                                                                                                                
2 ‘‘Valuing Credit Default Swaps I: No Counterparty Default Risk’’, John Hull and Alan White, Journal of 
Derivatives, Fall 2000, and ‘‘Options, futures, & other derivatives’’, chapter 26, John C. Hull, 5th international 
edition, Prentice Hall finance series, 2003. 
3 ‘‘Pricing Options on Derivative Securities Subject to Credit Risk’’, Robert Jarrow and Stuart Turnbull, Journal 
of Finance, 1995, and ‘‘Derivative Securities’’, 2nd edition, chapter 6, Robert Jarrow and Stuart Turnbull, 
South-Western, 2000. 
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factor  when get t ing the i r  main resu l t  and fo l lowing th i s  observat ion the paper  

wi l l  leave i t  impl ic i t .  

By a change of  probabi l i ty  the wor ld becomes r i sk-neut ral  and in th is  set t ing 

the probabi l i ty  π  of  a r i se of  the short  rate i s  supposed independent  of  the 

probabi l i ty  λ  of  defaul t  of  the corporate bond.  π  i s  s tat ionary but  λ  depends on 

t ime, and π  i s  uncondit ional  whereas λ(t )  i s  condit ional  upon no defaul t  before t .  

The shor t  rate  i s  denoted r X (t )  where t  s tands  for  the cur rent  t ime and X for  

the s tate of  nature,  for  example X  =  UD means  the rate has  f i r s t  gone up f rom 

t  =  0  to  t  =  1  then down f rom t  =  1  to  t=2 .  

A set  of  N corporate bonds i s  used to get  the impl ied defau l t  probabi l i t ies  λ (t )  

o f  the c lass  of  r i sk  to  which they be long.   A l l  these bonds  are zero-coupons  wi th  

d i f fe rent  matur i t ies  even ly  spaced by one per iod.   The spot  pr ice of  one such 

bond i s  denoted υ (0 ,T ) ,  i t s  fu tu re  pr ice at  t ime t  be ing υ (t ,T ) .   When the obl igor  

defau l t s  then the bond i s  par t ia l l y  redeemed δ  at  matur i ty  T ,  e l se  the bond pays  

1  dol la r  at  T .  

For  example,  the lat t ice for  the three-per iod bond i s  as  fo l lows :  

t0 = 0  t0 + Δt = 1  t0 + 2Δt = 2  t0 + 3Δt = T 
    E   
  A  no def   
  no def (1–λ(1)) π. rUU(2)  1–λ(2)  
  rU(1)    no def 
   (1–λ(1))(1-π) F λ(2) υ(T,T) = 1 
    no def   
 (1–λ(0)) π   rUD(2)   
  B    default 
  no def λ(1) π G  υ(T,T) = δ 
 (1–λ(0))(1-π) rD(1)  no def   

υ(0,T)    rDD(2)   
r(0)   λ(1)(1–π)    

    H   
 λ(0) π C  default   
  default  rUU(2)   
  rU(1)     
    I   
 λ(0)(1–π)   default  default 
    rUD(2)  υ(T,T) = δ 
  D     
  default  J   
  rD(1)  default   
    rDD(2)   
      Diagram 1 

The lat t ice i s  recombin ing because the shor t - rate  t ree i s ,  and because a l l  the 

recovery  proceeds are paid down at  matur i ty  whatever  the f i r s t  defau l t  date.  
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The pr ic ing of  the corporate bond i s  done recurs ive ly  us ing the mart ingale 

equal i ty .   For  example:  

υ (0 ,3)  =  E [e - r ( 0 )  υ (1 ,3) ]  

= e- r ( 0 )  [(1–λ(0)) π  υA (1,3) + (1–λ(0)) (1–π)  υB(1,3) + λ(0) π  υC(1,3) + λ(0) (1–π)  υD(1,3)] 

Then υA (1 ,3)  i s  expressed in  te rms of  λ (1) :  

e - r ( 0 )  υA (1 ,3)  =  E [e - r ( 0 )e - r ( 1 )  υ (2 ,3)  |  s tate A at  t  =  1]  

υA (1 ,3)  =  E [e - r ( 1 )  υ (2 ,3)  |  s tate A at  t  =  1]  

υA(1,3) = e-rU(1) [(1–λ(1)) π υE(2,3) + (1–λ(1)) (1–π) υF(2,3) + λ(1) π υH(2,3) + λ(1) (1–π) υI(2,3)] 

The same i s  done for  υ B (1 ,3) ,  υC (1 ,3)  and υD (1 ,3)  so  that  there now ex i s t s  a  

l inear  form between the corporate bond pr ice υ (0 ,3)  and the f i r s t  two defau l t  

probabi l i t ies  λ (0)  and λ (1) .  

The node A cont r ibut ion to the pr ic ing process  ends  up by express ing υ E (2 ,3) ,  

υ F (2 ,3) ,  υH (2 ,3)  and υ I (2 ,3)  as  a funct ion of  λ (2) .   For  example:  

e - r ( 0 )e - r U ( 1 )  υ E (2 ,3)  =  E [e - r ( 0 )e - r U ( 1 )e - r ( 2 )  υ (3 ,3)  |  s tate E  at  t  =  2]  

υ E (2 ,3)  =  E [e - r ( 2 )  υ (3 ,3)  |  s tate E  at  t  =  2]  =  e - r U U ( 2 )  [ (1–λ (2))   +  λ (2)  δ ]  

Repeat ing th i s  work  for  nodes  B ,  C and D f ina l ly  de l ivers  a  l inear  form 

between the cur rent  bond pr ice υ (0 ,3)  and the f i r s t  th ree defau l t  probabi l i t ies  

λ (0) ,  λ (1)  and λ (2) .  

I f  one knows a l ready λ (0)  and λ (1)  th i s  re lat ion a l lows  to ext ract  λ (2)  f rom 

υ (0 ,3) .   λ (0)  i t se l f  i s  ext racted by us ing one such re lat ion featur ing υ (0 ,1) ,  the 

pr ice of  the one-year  zero-coupon corporate bond in  the one per iod case.   In  

tu rn  λ (1)  i s  ext racted by us ing the jus t  found λ (0)  and the re lat ion between 

υ (0 ,2) ,  λ (0) ,  and λ (1)  in  the two per iod case.   Therefore i t  appears  that  the 

defau l t  probabi l i t ies  are  boots t rapped, s tar t ing f rom λ (0)  and ending at  λ (N) .  

II.3 The Contest between the Two Engines 

Pract i t ioners  of ten oppose the two engines  because the Hu l l -Whi te  can 

handle coupon-bear ing corporate bonds  and thus  be fed wi th  corporate 

benchmark  i s sues  whereas  the Jar row-Turnbu l l  cannot  and needs  an addi t ional  

s tep to ext ract  zero-coupons  f rom the benchmarks .   Moreover  the former  uses  

on ly  spot  bond pr ices  whereas  the lat te r  requ i res  a tedious  two-factor - lat t ice 

const ruct ion.  

C lear ly  so  far  most  market  par t ic ipants  prefer  the Hu l l -Whi te  engine 

accord ing to i t s  seemingly  greater  convenience and input  re levance.  
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I I I)  THE HULL-WHITE AND JARROW-TURNBULL RECONCILIATION 

Th i s  par t  scrut in i zes  the a l leged advantages  and p i t fa l l s  of  the two credi t  

engines  and ends  up br ing ing them together .  

III.1 Proof and Adjustments of the Hull-White Formula 

In  the i r  a r t ic le  Hu l l  and Whi te  do not  prove formal ly  the i r  p r ic ing formula.   

They deal  w i th  a vague r i sk -neut ra l  wor ld,  do not  invoke exp l ic i t l y  any 

mart ingale  property  and do not  re lax  the i r  constant  in teres t  rate  hypothes i s .   

Th i s  sect ion set s  up a proof  that  wi l l  unve i l  su f f ic ient  condi t ions  and ar r ive  at  

some necessary  modi f icat ions  of  the formula.  

II II II .. 11 .. 11     TT hh ee   ZZ ee rr oo -- CC oo uu pp oo nn   BB oo nn dd ss   CC aa ss ee   

  F rom now on we assume that  the market  i s  v iab le  in  Har r i son-P l i ska sense4,  

so  there ex i s t s  at  least  one r i sk -neut ra l  p robabi l i t y  under  which the d i scounted 

pr ices  of  a l l  no cash f low pay ing asset s  are  mart ingales ,  wh ich means  for  two 

zero-coupon bonds ,  one corporate and the other  be ing i t s  equ iva lent  

governmenta l :  

 E [υ (t i )  G j (t i ) ]  =  G j  and E[υ (t i )  B j (t i ) ]  =  B j  (3 )  

Note that  the d i scount  factor  υ (t i )  i s  a  known quant i ty  at  cur rent  t ime and 

can be taken out  of  the expectat ion operator .  

When the va lue B j (t i )  o f  the corporate bond i s  worth  RC j (t i )  th i s  means  that  

defau l t  has  occur red at  t i .   Assuming independence between defau l t  and r i sk -

f ree rates  as  d id Hu l l  and Whi te  we have:  

E [υ (t i )  RC j (t i )  1 {defau l t  at  t i } ]  =  E [υ (t i )  RC j (t i ) ]  x  P(defau l t  at  t i )  

Us ing these re lat ions  at  t ime t j  ( i .e .  matur i ty)  fo r  bond j  we get :  

E [υ (t j )  G j (t j ) ]  =  E [υ (t j ) ]  =  G j  

and 

E[υ (t j )  B j (t j ) ]  =  B j  

Now cons ider  as  an asset  the bond l i ke ly  to  defau l t  in  any t i  whose recovery  

proceeds  are re invested up to matur i ty  t j  in  a  $1  face va lue zero-coupon 

government  bond worth  υ (t i , t j ) ,  a  random pr ice unt i l  t i .   Denote i t  B
~ .   Then:  

E [υ (t j )  )(tB jj
~ ]  =  ∑

=

=

ji

1i
E [υ (t j )  RC j (t i )  υ - 1 (t i , t j )  1 { f i r s t  defau l t  at  t i } ]  +  E [υ (t j )  1 { f i r s t  defau l t  >  t j } ]  

                                                      
4 “Martingales and Stochastic Integrals in the Theory of Continuous Trading”, J. M. Harrison and S. R. Pliska, 
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=  ∑
=

=

ji

1i
E [υ (t j )  RC j (t i )  υ - 1 (t i , t j ) ]  ×  P(f i r s t  defau l t  at  t i )  +  E [υ (t j ) ]  ×  P(f i r s t  defau l t  >  t j )  (4 )  

Note that  the gener ic  uncondi t ional  probabi l i t y  in  the above formula 

requ i res  no defau l t  before  t i  so  that  the events  { f i r s t  defau l t  at  t i }  a re  mutual ly  

independent .   Remind these events  are  a l so  assumed independent  of  the 

interest  rates .  

Apply ing tw ice the mart ingale property  for  the recovery  proceeds  re invested 

in  zero coupon bond υ  unt i l  matur i ty ,  once at  t ime t i  and once at  t ime t j ,  we 

have:  

Cur rent  pr ice of  recovery  proceeds =  E[υ (t i )  RC j (t i ) ]  =  E [υ (t j )  RC j (t i )  υ - 1 (t i , t j ) ]  (5 )  

and denot ing p i  the probabi l i t y  P(f i r s t  defau l t  in  t i )  the prev ious  equat ion 

becomes:  

 jB~ = E[υ (t j )  )(tB jj
~ ]  =  ∑

=

=

ji

1i
p i  E [υ (t i )  RC j (t i ) ]  +  (1–∑

=

=

ji

1i
p i )  E [υ (t j ) ]  (6 )  

jB~ = B j  as  we s tar t  re invest ing cash out f lows  f rom an asset  worth  B j .  

Now rewr i te  G j  as  ( ∑=

=

ji

1i
p i  +  1– ∑=

=

ji

1i
p i )  G j ,  and use the mart ingale property  

again ,  G j  =  E[υ (t 1 )  G j (t 1 ) ]  =  E [υ (t 2 )  G j (t 2 ) ]  =  . . .  =  E [υ (t j ) ] ,  then:  

 G j  =  ∑
=

=

ji

1i

p i  E [υ (t i )  G j (t i ) ]  +  (1–∑
=

=

ji

1i

p i )  E [υ (t j ) ]  (7 )  

Col lect ing a l l  te rms  we f ind:  

 G j  –  B j  =  ∑
=

=

ji

1i
p i  E [υ (t i )  (G j (t i )  –  RC j (t i ) ) ]  (8 )  

As  υ (t i )  i s  non random at  the cur rent  t ime, i t  can be taken out  of  the 

expectat ion which br ings  out  the r i sk -neut ra l  pr ic ing formula:  

 G j  –  B j  =  ∑
=

=

ji

1i

p i  υ (t i )  (E [G j (t i )  –  RC j (t i ) ] )  (8 ’ )  

The main  hypothes i s  under ly ing th i s  resu l t  i s  that  the market  be v iab le .   I t  

a l lows  to use any d i scounted asset  as  a mart ingale,  and that  i s  what  has  been 

done here wi th  capi ta l i zed bond recovery  proceeds .   The change of  numéra i re  

theory5 where the new numéra i re  would be the government  zero-coupon bond 

matur ing at  t j  a l so  prov ides  the same mart ingale property .   However  our  resu l t  

cannot  re ly  on th i s  theory  because i t  requ i res  that  the asset s  fo l low I to  

                                                                                                                                                                                
Stochastic Processes and their Applications, 1981. 
5 ‘‘Stochastic Calculus for Finance II’’,  page 393, Steven Schreve, Springer Finance,  2004. 
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processes  w i th  the same market  pr ice of  r i sk .   Such an assumpt ion would not  

make sense here and i t  does  not  feature in  the Hu l l -Whi te  f ramework .  

Th i s  resu l t  i s  c lose to but  not  s t r ic t ly  equal  to  the ‘ ‘Hu l l -Whi te  pr ic ing 

formula’ ’ :  

 G i  –  B i  =  ∑
=

=

ij

1j

p j  υ (t j )  (F i (t j )  –  RC i (t j ) )  (1 ’ )  

The d i f fe rences  are  E[G j (t i ) ]  ins tead of  F j (t i )  and E[RC j (t i ) ]  ins tead of  RC j (t i ) .   

Could we have E[G j (t i ) ]  =  F j (t i )  ?   E [RC j (t i ) ]  =  RC j (t i )  ?  

The answer  for  the recovery  proceeds  i s  s t ra ight forward.   Hu l l  and Whi te  have 

supposed constant  or  determin i s t ic  in teres t  rates  so that  E [RC j (t i ) ]  =  RC j (t i ) 6 .   

However  in  th i s  paper  in terest  rates  are  s tochast ic .   The above equal i ty  i s  s t i l l  

va l id  when C j (t i )  i s  worth  the face va lue which i s  a  constant .   But  i t  i s  not  

anymore va l id  when C j (t i )  i s  wor th  the equiva lent  government  bond va lue G j (t i )  

wh ich i s  a  random var iab le,  and let t ing E[RG j (t i ) ]  =  RG j (t i )  would not  make sense.   

However  wonder ing whether  th i s  expectat ion i s  equal  to  the forward va lue i s  

common i s sue in  f inance and th i s  i s  done as  par t  of  the second answer  be low. 

The answer  to  whether  E [G j (t i ) ]  i s  equal  o r  not  to  F j (t i )  i s  pos i t ive .   Indeed 

when set  under  a  r i sk -neut ra l  p robabi l i t y  whose ex i s tence i s  ensured by the 

assumpt ion of  v iab le  market s ,  the d i scounted pr ices  of  non-pay ing cash f lows  

asset s  are mart ingales .   As  the d i scount  factors  are known values ,  th i s  i s  

equ iva lent  to  s tate that  the expected pr ices  of  such asset s  are  equal  to  the i r  

fo rward pr ices .   As  a check,  a speci f ic  proof  i s  g iven in  Annex 1 .  

To summar ize ,  in  the case of  zero-coupon bonds  we get  the Hu l l -Whi te  

pr ic ing formula but  adjus ted for  s tochast ic  in terest  rates :  

Case 1 :  recovery  of  face va lue 

G j  –  B j  =  ∑
=

=

ji

1i
p i  υ (t i )  (F j (t i )  –  R)  

 or  (9)  

Case 2 :  recovery  of  government  equiva lent  bond 

G j  –  B j  =  ∑
=

=

ji

1i
p i  υ (t i )  (F j (t i )  –  RF j (t i ) )  =  ∑

=

=

ji

1i
p i  υ (t i )  F j (t i )  (1–R)  

In  the second case,  the or ig ina l  Hu l l -Whi te  formula features  RG j (t i )  ins tead of  

RF j (t i )  wh ich makes  a s ign i f icant  d i f fe rence.  

                                                      

6 Hull and White write they will relax the constant interest rates hypothesis further in their paper but we have 
not seen it. 
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II II II .. 11 .. 22     TT hh ee   CC oo uu pp oo nn   BB oo nn dd ss   CC aa ss ee   

The prev ious  resu l t  can be extended to the case of  a  corporate bond paying 

cont inuous ly  a  coupon at  rate  q.   Indeed apply ing the mart ingale property  to  

the capi ta l i zed bond g ives  

B j  =  υ (t j )  jqte  E [B j (t j ) ]  =  ∑
=

=

ji

1i

p i  υ (t i )  iqte  E[RC j (t i ) ]  +  (1–∑
=

=

ji

1i
p i )  jqte  υ (t j )  

G j  =  υ (t j )  jqte  E [G j (t j ) ]  =  ∑
=

=

ji

1i
p i  υ (t i )  iqte  E[G j (t i ) ]  +  (1–∑

=

=

ji

1i
p i )  jqte  υ (t j )  

and the i s sue becomes:   Do we have iqte E[G j (t i ) ]  =  F j (t i )  ?  

The answer  i s  s t i l l  yes  as  E[Gj (t i ) ]  =  υ - 1 (t i )  i-qte  G j  f rom the above mart ingale 

f i r s t  equal i ty  and as  υ - 1 (t i )  i-qte  i s  the re lat ive cost  of  car ry  net  of  the revenues ,  

i .e .  F j (t i )  ≡  υ - 1 (t i )  i-qte  G j .  

Note however  that  in  th i s  case the Hu l l -Whi te pr ic ing formula needs be 

adjusted wi th  term iqte :  

Case 1 :  recovery  of  face value 

G i  –  B i  =  ∑
=

=

ij

1j

p j  υ (t j )  (F i (t j )  –  iqte R)  

 o r  (11)  

Case 2 :  recovery  of  government  equivalent  bond 

G i  –  B i  =  ∑
=

=

ij

1j

p j  υ (t j )  (F i (t j )  –  RF i (t j ) )  =  ∑
=

=

ij

1j

p j  υ (t j )  F i (t j )  (1–R)  

But  extens ion i s  not  s t ra ight forward when the bond serves  one shot  coupons  

at  some d i screte t imes  as  most  benchmark  s t ra ight s  do in  actual  market s ,  as  we 

shal l  see now. 

The mart ingale property  does  not  apply  to a s t ream of  coupons  p lus  pr inc ipal  

i f  they are a l l  consumed.  But  i f  they are a l l  capi ta l i zed then the s t ream 

becomes an asset  that  does  not  pour  out  any cash f low, and consequent ly  i t s  

d i scounted pr ice becomes a mart ingale.  

Now there are in f in i te  ways  of  capi ta l i z ing coupons  but  a l l  of  them have the 

same present  va lue B j  fo r  s imple non-arb i t rage reason.   Re invest ing the 

coupons in  zero-coupon government  bonds may do i t  but  ra i ses  the quest ion of  

us ing spot  or  forward bonds.   The spot  choice leads as  lending forward the 

uncerta in  coupons f rom the corporate bond br ings  in  a lot  of  complex i ty .  

Let  us  cons ider  a three per iod example f rom which i t  w i l l  be easy to 

genera l i ze  the resu l t s  found to any number  of  per iods .  

(10)  
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The corporate bond B i s  scheduled to pay three coupons  worth  $c at  dates  t 1 ,  

t 2 ,  and t 3  and to redeem the pr inc ipal  worth  $1  at  date t 3 .   The t i s  are a l so the 

defau l t  t imes .   When defau l t  occurs ,  the bondholders  ret r ieve RC(t i ) .   The 

equivalent  government  bond G pays  safe ly  the same coupons  at  the same 

dates .    At  a coupon date t i ,  B(t i ) ,  G(t i )  and C(t i )  a re computed wi th  the jus t  

paid coupon, cont rary  to market  pract ice.  

Coupons  are re invested in  one-per iod zero-coupon government  bonds at  

future spot  pr ices  υ i ( t i , t i + 1 ) ,  which are random var iables  at  the cur rent  t ime.  

In  the presence of  coupons  we s t i l l  get  the adjus ted Hu l l -Whi te  pr ic ing 

formula for  the three-per iod bond:  

Case 1 :  recovery  of  face value 

G 3  –  B 3  =  ∑
=

=

3j

1j

p j  υ (t j )  (  F 3 (t j )  –  R(1+c)  )  

 o r  (12)  

Case 2 :  recovery  of  government  equivalent  bond 

G 3  –  B 3  =  ∑
=

=

3j

1j

p j  υ (t j )  F 3 (t j )  (1–R)  

P roof  i s  g iven in  Annex 2 .  

Extens ion to any-per iod bonds i s  obv ious  a l though i t  requi res  handl ing many 

indexed sums and products .   P roof  i s  shor tened i f  i t  admit s  that  the forward 

pr ice of  any f i xed income ins t rument  i s  equal  to i t s  expected value under  a r i sk -

neut ra l  probabi l i t y  whose ex i s tence i s  ensured by the v iable market s  hypothes i s .  

At  th i s  po int  the adjusted Hul l -Whi te formula looks  fa i r l y  robust .   However  i t  

shou ld not  h ide some t raps  set  to the market  pract i t ioners .  

Indeed in  i t s  set t ing a l l  spot  pr ices  are d i r ty  pr ices .    On a pay-down day 

these pr ices  must  inc lude the fu l l  coupon (whereas  in  pract ice they do on the 

day before) .   As  a consequence the cash f lows paid exact ly  at  matur i ty  by the 

bond must  not  be s t r ipped of f  the forward pr ices .  

Second, for  C(t i )  the Hu l l -Whi te  ar t ic le  asks  to use G(t i )  ins tead of  F(t i ) :   

(page 8)  ‘ ‘ In  what  fo l lows we wi l l  cons ider  two assumpt ions  about  the c la im 

amount .   The f i r s t  i s  that  i t  equals  the no-defaul t  va lue of  the bond at  the t ime 

of  the defau l t ; ’ ’ .   Th i s  i s  c lear ly  wrong as  shown in  th i s  paper .   However  a 



 
11  

textbook 7  by Hu l l  d i sp lays  numer ical  resu l t s  f rom which the cor rect  use of  

forward pr ices  can be in fer red.  

In  sum, the much-pra i sed d i s t ingu i sh ing feature of  feeding wi th  coupon 

bear ing bonds the Hu l l -Whi te  engine needs to put  the hands in  the d i r ty  o i l ,  

otherwise the r i sk  of  mispr ic ing i s  h igh.  

III.2 The Jarrow-Turnbull Model Needs not a Lattice 

The above formulae in  I I .2  look very  cumbersome when matur i ty  goes  up but  

for tunate ly  many d i scount  factors  co l lapse into defaul t - f ree zero-bond pr ices .   

In  th i s  paper  we propose the fo l lowing formula to faster  in fer  s tep by s tep the 

λ ’ s :  

 υ (0 ,T )  =  B(0 ,T )  {  δλ (0)  +  δ ∑
−=

=

1T j

1 j

λ ( j )  [ ∏
−=

=

1j  k

0  k

(1–λ (k))  ]  +  ∏
−=

=

1T k

0  k

(1–λ (k))  }  (13)  

where B(0 ,T )  i s  the government  zero-coupon obl igat ion matur ing at  T+1.  

Knowing the λ ’ s  f rom λ (0)  to λ (T–2) ,  and the two bond pr ices  υ (0 ,T )  and B(0 ,T ) ,  

a l lows  to in fer  λ (T–1)  eas i ly  for  the formula i s  l inear  in  λ (T–1) .  

Another  way to present  the boots t rap of  the λ ’ s  i s :  

λ (0)  =  
δ−

−
1
M(0)1  wi th  M(0)  =  B(0,1)

(0,1)ν          λ (1)  =  
δ−

−
1
M(1)1  wi th  M(1)  =  

)0(1

)0(B(0,2)
(0,2)

λ−

δλ−ν

 

λ (2)  =  
δ−

−
1
M(2)1  wi th  M(2)  =  

)1(1

)1(
)0(1

)0(B(0,3)
(0,3)

λ−

δλ−
λ−

δλ−ν

 

λ (T–1)  =  
δ−
−−

1
)1M(T1  wi th  M(T–1)  =  

)2T(1        

)2T(
)3T(1                

 

      
)2(1

)2(
)1(1

)1(
)0(1

)0(T)B(0,
T)(0,

−λ−

δ−λ−
−λ−

λ−

δλ−
λ−

δλ−
λ−

δλ−ν

LL

O

 

These recurs ive s t ructures  get  r id  of  the lat t ice,  re ly  on ly  on two term 

s t ructures  — government  and corporate wi th  same credi t  r i sk  — and thus  

wi tness  a  calcu lat ion complex i ty  comparable to Hu l l -Whi te’s .  

                                                      
7 ‘‘Options, futures, & other derivatives’’, chapter 26, John C. Hull, 5th international edition, Prentice Hall 
finance series, 2003. 

(14)  
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III.3 The Jarrow-Turnbull Model Handles Coupon Bonds 

To see that  Jar row-Turnbu l l  a l lows to ext ract  impl ied probabi l i t ies  of  defau l t  

f rom corporate coupon bonds let  us  analyze i t  in  the two-per iod case,  the one-

per iod being a case where coupon bonds  are pr iced as  pure d i scounts .   

Suppose the f i r s t  p robabi l i t y  of  defau l t ,  λ (0) ,  i s  known and the corporate bond 

pays  in teres t  c  on a 1  dol la r  pr inc ipa l .   To para l le l  the adjus ted Hu l l -Whi te  

model ,  assume that  when the obl igor  defau l t s  i t  se rv ices  the debt  by on ly  a 

f ract ion δ  o f  the remain ing coupons  at  the i r  payment  dates  and redeems on ly  a 

f ract ion δ  of  the pr inc ipal  at  matur i ty .   The lat t ice becomes:  

     
t0 = 0  t0 + Δt = 1  t0 + 2Δt = T 

     
  A   
  no def   
  c, rU(1) 1–λ(1)   
 (1–λ(0)) π   no def 
  B 1–λ(1) υ(T,T) = 1+c 
  no def   
 (1–λ(0))(1-π) c, rD(1) λ(1)  

υ(0,T)     
r(0) λ(0) π C λ(1)  

  default   
  δc, rU(1)   
 λ(0)(1–π)  1 default 
  D  υ(T,T) = δ(1+c) 
  default 1  
  δc, rD(1)   
     
    Diagram 2 

and the calcu lat ions  fo l low su i t ,  w i th  pr ices  υ  net  of  jus t  pa id fu l l  coupons :  

υA (1 ,2)  =e - r U ( 1 )  [1  –  λ (1)  +   λ (1)  δ (1+c)]     υ B (1 ,2)  =e - r D ( 1 )  [1  –  λ (1)  +   λ (1)  δ (1+c)]  

υC (1 ,2)  =e - r U ( 1 )  δ (1+c)     υD (1 ,2)  =e - r D ( 1 )  δ (1+c)  

υ(0,2) = e-r(0) { [1–λ(0)] π [υA(1,2)+c] + [1–λ(0)] (1–π) [υB(1,2)+c] + λ(0) π [υC(1,2)+δc] + λ(0) (1–π) [υD(1,2)+δc] } 

 = e-r(0) {  [1–λ (0) ]  π  [e - r U ( 1 )  [1  –  λ (1)  +   λ (1)  δ ]  (1+c)  +  c]  

+  [1–λ (0) ]  (1–π )  [e - r D ( 1 )  [1  –  λ (1)  +   λ (1)  δ ]  (1+c)  +  c]   

+  λ (0)  π  [e - r U ( 1 )  δ (1+c)  +  δc]  +  λ (0)  (1–π )  [e - r D ( 1 )  δ (1+c)  +  δc]  }  

 = e-r(0) {  (1–π+π )  [1–λ (0) ]  c   

+  [ (1–π )  e - r D ( 1 )  +  π  e - r U ( 1 ) ]  [1–λ (0) ]  [1  –  λ (1)  +   λ (1)  δ ]  (1+c)  

+  [ (1–π )  e - r D ( 1 )  +  π  e - r U ( 1 ) ]  λ (0)  δ (1+c)+  [ (1–π )  λ (0)+  λ (0)  π ]  δc }  

(15)  
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= B(0 ,1)  {  [1–λ (0) ]  c  +  B(1 ,2) [1–λ (0) ]  [1  –  λ (1)  +   λ (1)  δ ]  (1+c)  

 +  B(1 ,2)  λ (0)  δ (1+c)  +  λ (0)  δc }   

F ina l ly :  

υ (0 ,2)  =   B(0 ,1)  {  λ (0)  δc +  [1–λ (0) ]  c  }  

 +  B(0 ,2)  {  λ (0)  δ (1+c)+  [1–λ (0) ]  [1  –  λ (1) ]  (1+c)   +  [1–λ (0) ]  λ (1)  δ (1+c)]  }   

Th i s  i s  the same type of  equat ion as  the or ig ina l  Jar row-Turnbu l l  fo rmula but  

that  takes  account  of  the corporate bond f i xed coupon c.   I t  i s  l inear  in  λ (1)  

and depends on known λ (0)  and bond pr ices ,  so  that  ext ract ing λ (1)  i s  

s t ra ight forward.  

A genera l  boots t rapping formula,  l inear  in  λ (T -1) ,  can be der ived:  

υ(0,T) = ∑
=

=

Ti

1i
B(0, i )  E[couponi ]  + B(0,T)  E[pr incipal payment] 

with 

E[pr incipal payment]  =  λ(0) δ   +  ∑
−=

=

1T j

1  j

[  λ(j )  ∏
−=

=

1j k

0 k

(1–λ(k)) ]  δ   +  ∏
−=

=

1Tk

0 k

(1–λ(k)) 

 and (16) 

E[couponi ]   =  {  λ(0) δ   +  ∑
−=

=

1i  j

1  j

[  λ(j )  ∏
−=

=

1j k

0 k

(1–λ(k)) ]  δ   +  ∏
−=

=

1i k

0 k

(1–λ(k))  } c 

To conclude there i s  no impediment  for  Jar row-Turnbul l  to  accept  f i xed-

interest  bear ing credi t - r i sky  bonds.  

III.4 Hull-White and Jarrow-Turnbull:  Same Credit Engine 

The prev ious  sect ions  have shown that  the Hu l l -Whi te  model  has  in  fact  no 

advantageous  feature over  the Jar row-Turnbul l .   Now i f  the two models  don’t  

prov ide the same defau l t  probabi l i t ies  one may s t i l l  be prefer red on bel ie f  that  

i t  i s  c loser  to  the t rue va lues ,  for  af ter  a l l  both on ly  approx imate them. 

Th i s  sect ion shows that  when the two models  share a same bas ic  set t ing then 

they y ie ld the same probabi l i t ies .  

II II II .. 44 .. 11     TT hh ee   ZZ ee rr oo -- CC oo uu pp oo nn   BB oo nn dd ss   CC aa ss ee   

The common framework consists  of zero-coupon bonds, either government or 

corporate, and a constant recovery rate.  Interest  rates need not be determinist ic. 

A fundamental  assumpt ion to a l low per fect  reconci l iat ion i s  the choice of  

the recovery bas i s  in  Hu l l -Whi te ,  wh ich proposes  e i ther  the forward pr ice of  the 

equiva lent  bond or  the face value p lus  accrual s .   We choose the f i r s t  opt ion in  
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order  to be cons i s tent  w i th  the Jar row Turnbu l l  engine which postpones  t i l l  

matur i ty  a recovery appl ied to the pr inc ipal :   th i s  amounts  to  apply  recovery 

ear l ie r  to  the d i scounted value of  the pr inc ipal ,  wh ich i s  equal  to  the forward 

pr ice of  a government  bond in  the under ly ing r i sk -neut ra l  wor ld .  

Let  us  s tar t  w i th  the one-per iod case (T  =  t 1 )  pr ic ing equat ions :  

Hu l l -Whi te           G 1  –  B 1  =  p 1  υ (t 1 )  [  F 1 (t 1 )  –  R  C 1 (t 1 )  ]  

Jar row-Turnbul l       υ (0 ,1)  =  e - r ( 0 )  [  1  –  λ (0)  +  δ  λ (0)  ]  

Now not ice that  υ (t 1 )  =  G 1 ,  that  at  matur i ty  F 1 (t 1 )  =  C 1 (t 1 )  =  1 ,  that  δ  =  R ,  and 

let  us  use the Hu l l -Whi te  notat ion G 1 ,  B 1  and R:  

Hu l l -Whi te           G 1  –  B 1  =  p 1  G 1  ( 1  –  R  )  

Jar row-Turnbul l       B 1  =  G 1  [  1  –  λ (0)  +  R  λ (0)  ]  =  G 1  [  1  –  (1  –  R)  λ (0)  ]  

S imple calcu lus  br ings  p 1  =  λ (0)= R1
1

B
BG

1

11
−

−
.  (17”)  

Therefore,  in  the one-per iod case,  the two credi t  engines  g ive the same 

defau l t  probabi l i t y .  

Now tu rn  to the two-per iod case (T  =  t 2 )  pr ic ing equat ions :  

Hu l l -Whi te           G 2  –  B 2  =  p 1 G 1 [  F 2 (t 1 )  –  R  C 2 (t 1 )  ]  +  p 2 G 2 [  F 2 (t 2 )  –  R  C 2 (t 2 )  ]  

Jar row-Turnbul l       υ (0 ,2)  =  B(0 ,2)  {  λ (0)  δ  +  [1–λ (0) ]  [1  –  λ (1)  +  δ  λ (1) ]  }  

For  cons i s tency wi th  Jar row-Turnbul l  C 2 (t 1 )  i s  chosen to be F 2 (t 1 ) ,  and in  the 

absence of  coupon F 2 (t 1 )  =  e r ( 0 )  G 2  =  G 2  /  G 1 .   Again  we use the same notat ions  

bor rowed form Hul l -Whi te  as  in  the one-per iod:  

Hu l l -Whi te           G 2  –  B 2  =  p 1 G 1 [G 2  /  G 1  –  R  G 2  /  G 1  ]  +  p 2 G 2 ( 1  –  R  )  

Jar row-Turnbul l       B 2  =  G 2  {  λ (0)  R  +  1  –  λ (0)  +  [1–λ (0) ]  λ (1)  (R  –  1)  }  

The sys tem boi l s  down to:  

Hu l l -Whi te           R1
1

G
BG

2

22
−

−
 =  p 1  +  p 2  

Jar row-Turnbul l       R1
1

G
BG

2

22
−

−
 =  λ (0)  +  [1–λ (0) ]  λ (1)  

As  we have got  prev ious ly  that  p 1  =  λ (0)  we now have p 2  =[1–λ (0) ]  λ (1) .  (18”’ )  

That  p 2  ≠  λ (1)  i s  not  su rpr i s ing as  the p’s  are uncondi t ional  and the λ ’ s  

condi t ional  probabi l i t ies .   The re lat ion found between p 2 ,  λ (0)  and λ (1)  

fo r tunate ly  respects  the Bayes  formula:  

(17)  

(17’ )  

(18)  

(18’ )  

(18”)  
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P(default in t =2 | no default in t=1) = 1)  t in default P(no
1)  t in default no   and   2  t in P(default

=
==  

(0)1
p

  (1) 2
λ−

=λ  

Therefore,  in  the two-per iod case,  the two credi t  engines  g ive the same 

defau l t  probabi l i t ies .  

A recurs ive proof  g iven in  Annex 3  genera l i zes  th i s  resu l t  to  n-per iod.  

As  a conclus ion the two credi t  engines  de l iver  the same impl ied defau l t  

probabi l i t ies ,  otherwise say ing,  they are ident ica l .  

II II II .. 44 .. 22     TT hh ee   CC oo uu pp oo nn   BB oo nn dd ss   CC aa ss ee   

I ncorporat ing coupons  in  the prev ious  proof  i s  tantamount  to severa l  pages  

of  messy  technical  wr i t ings .   A numer ica l  s imulat ion based on the example 

presented by Hu l l  in  h i s  textbook wi l l  d ramat ica l ly  a l lev iate the burden.  

Be low are data about  bonds  i s sued by a same corporat ion:  

Hul l  Whi te  Model  Table  1  Impl ied Probabi l i t ies  
     

Matur i ty  
Coupon 

Rate 
Y ie ld to 
Matur i ty  

C la im = 
No Defau l t  

Forward Value 

Cla im = 
Face Value +  

Accrued Interest  
1   7%  6 .60% 0.0214 0.0214 
2  7% 6 .70% 0.0238 0.0236 
3  7% 6 .80% 0.0261 0.0258 
4  7% 6 .90% 0.0284 0.0278 
5  7% 7 .00% 0.0306 0.0299 

 

P robabi l i t ies  are s l ight ly  d i f fe rent  f rom the or ig ina l  because here the coupons  

are  annual  versus  semi-annual  in  the textbook,  w i th  the cor responding 

compoundings .   The probabi l i t ies  are  computed wi th  paragraph I I I .1 .2  adjus ted 

Hu l l  Whi te  model ,  a  T reasury  y ie ld curve f lat  at  5%, and a recovery rate of  30%.   

They are uncondi t ional .    

As  in  the prev ious  paragraph, the bas ic  set t ing under  s tudy reta ins  the 

forward pr ice for  the c la im.   Thanks  to sect ion I I I .3  formula,  The Jar row Turnbu l l  

model  i s  ab le  to prov ide the condi t ional  defau l t  probabi l i t ies .   Then Bayes  

formula t rans lates  them into uncondi t ional  numbers .  

Jar row Turnbul l  Model  Table  2  Impl ied Probabi l i t ies  
  Condi t ional  Uncondi t ional  

Matur i ty  
Coupon 

Rate 
Y ie ld to 
Matur i ty  

C la im = 
No Defau l t  Forward Value  

1  7%  6 .60% 0 .0214 0.0214 
2 7% 6 .70% 0 .0243 0.0238 
3 7% 6 .80% 0 .0274 0.0261 
4 7% 6 .90% 0 .0306 0.0284 
5 7% 7 .00% 0 .0340 0.0306 

Table  1  

Table  2  
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The defau l t  probabi l i t ies  of  the two model s  are  thus  ident ica l .   The same 

resu l t  has  been reached wi th  coupon rates  ranging f rom 0 to 20%.   Hence we 

can conclude, wi thout  formal  (and bor ing)  proof  but  w i th  s t rong s imulat ion 

ev idence, that  the two credi t  engines  are again  the same. 

IV)  OTHER PRICING CONSIDERATIONS 

Th i s  sect ion point s  to  some p i t fa l l s  in  pr ic ing credi t - r i sky  bonds and expla ins  

how to use proper ly  the prev ious  model .  

IV.1 Pricing with a Credit-Risky Yield Curve 

Going back to Hu l l ’ s  textbook example,  us ing the y ie ld curve to pr ice the 

corporate bonds  leads  to the fo l lowing undes i rab le  feature:  the defau l t  

probabi l i t ies  depend on the coupon leve l .  

 

Probabilities of Default with partial recovery
of equivalent risk-free bond forward price
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Probabilities of Default with partial recovery
of face value plus coupon
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Yet  everyth ing in  the model  induces  to s tate that  the probabi l i t ies  must  be 

independent  of  the coupon and remain constant  at  the 7% values .   But  there i s  

even worse:   the dependency i s  very  much changing accord ing to the case of  

recovery  c la im, as  shown in  Graphs  1  and 2 .  

IV.2 Pricing with a Credit-Risky Zero-Coupon Curve 

The y ie ld curve approach to pr ice bonds ,  whether  credi t - r i sky  or  not ,  has  

long been cr i t ic i zed and i s  today a lmost  a lways  rep laced wi th  the zero-coupon 

curve approach.   But  does  that  one deserve i t s  success  in  the presence of  

credi t  r i sk  ?  

To answer  the quest ion we tu rn  again  to Hu l l ’ s  textbook example and 

c lass ica l l y  boots t rap the zero-coupon rates  f rom the y ie lds  to matur i ty .   Then 

we d i scount  back a l l  the cash f lows f rom any corporate bond wi th  the 

cor responding matur i ty  zero- rates .   We pr ice that  way 21  set s  of  f ive  bonds  

ident ica l  to  those of  the example excepted that  coupon leve l  var ies  f rom 0% to 

20%.   Last  we ext ract  the impl ied probabi l i t ies  of  defau l t  fo r  each set  us ing the 

adjus ted Hu l l  Whi te  model  w i th  a c la im equal  e i ther  to  the forward va lue or  the 

face value p lus  accrual s .   The two fo l lowing graphs  gather  our  f ind ings .  

Probabilities of Default with partial recovery
of equivalent risk-free bond forward price
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When the c la im concerns  the forward pr ice of  the equiva lent  bond the zero-

rate curve pr ic ing i s  cons i s tent  wi th  the impl ied defau l t  probabi l i t ies ,  i t  doesn’t  

d i s tor t  them as  Graph 3  wi tnesses .   Th i s  f ind ing i s  of  a  great  ut i l i t y  for  the 

pract i t ioners ,  as  they can avoid calcu lat ing the probabi l i t ies .   They can use 

d i rect ly  the corporate zero curves  to d i scount  back the bonds  and get  the i r  

pr ices .   A formal  proof  needs be wr i t ten to fu l ly  war rant  th i s  handy shor tcut .  

However  when the c la im s tands  on the face value p lus  accrual s  pr ic ing wi th  

the zeroes  does  not  res tore the s tar t ing point  probabi l i t ies .  

Graph 3  



 
18  

 

Probabilities of Default with partial recovery
of face value plus coupon
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Graph 4  shows that  the i r  va lues  at  7% are v io lated at  a l l  coupon leve l .  

Therefore in  th i s  case the pr ic ing wi th  the corporate zeroes  i s  not  cons i s tent  

wi th  the under ly ing defau l t  probabi l i t ies  of  the i s su ing corporat ion.  

IV.3 Pricing with Default Probabilities 

In  the l ight  of  what  has  been d i sp layed one would s t rongly  adv i se to impose 

the same defau l t  probabi l i t ies  on a l l  the bonds of  a same credi t  r i sk .   Indeed 

most  c la ims  wi l l  make the zero-curve common pract ice incons i s tent  w i th  these 

probabi l i t ies .  

We suggest  to  set  up a panel  of  the most  l iqu id bonds  (benchmarks)  and use 

e i ther  the Jar row Turnbu l l  o r  the adjus ted Hu l l  Whi te  model  to  der ive the defau l t  

probabi l i t ies  that  they convey.   These numbers  must  not  be changed fu r ther  on 

in  the pr ic ing process .   Both model s  g ive the same resu l t .  

Then the chosen model  i s  invoked the way around in  order  to pr ice any other  

bond of  the same credi t  r i sk .   I t  now uses  the probabi l i t ies  ext racted f rom the 

benchmarks  as  input s ,  a long wi th  the r i sk - f ree rates ,  recovery  rates ,  and so on.  

V)  CONCLUSIONS 

In  th is  paper we have shown formal ly  and numer ical ly  that  the commonly 

opposed models  f rom Jarrow and Turnbul l  and f rom Hul l  and White are in fact  

ident ical .   We have extended the Jarrow Turnbul l  engine to accept coupon 

bonds, and s impl i f ied i t s  use by gett ing r id of  i t s  t rees.   A thorough proof of  the 

Hul l  White formula i s  g iven, which was miss ing in the founding art ic le and 

textbook.  Th is  reveals  that  the formula re l ies  extens ively on a st rong assumpt ion, 

which i s  that  the markets  are v iable, and that  the formula needs be adjusted 

Graph 4  
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with regards to i t s  or ig inal  vers ion.   These two models  are a major  breakthrough 

in f inance because they show that  the usual  way to pr ice corporate bonds, i .e.  

resort ing to a zero-coupon curve bootst rapped f rom market  benchmarks, i s  

incons is tent .   Indeed i t  impl ies di f ferent  defaul t  probabi l i t ies  for  di f ferent  

coupons.  These i ssues are st i l l  of  current  events  even i f  there i s  no new bus iness  

in the credit  markets .   Indeed the outstanding pos i t ions are t remendous and 

requi re carefu l  hedging.  Choosing the r ight  model  and fu l ly  understanding i t  

remains more than ever a compet i t ive advantage. 

VI)  ANNEX 1 

Here we show that  E[G j (t i ) ]  i s  equal  to  F j (t i ) .   Indeed 1)  G j  =  υ (t j )  in  the 

absence of  coupon, 2)  the c lass ica l  forward rates  compounding ensures  that  

υ (t j )  =  υ (t i )  υ (t i , t j ) ,  and 3)  apply ing the mart ingale property  y ie lds  

G j  =  υ (t i )  E [G j (t i ) ] .   Hence υ (t i )  E [G j (t i ) ]  =  υ (t i )  υ (t i , t j )  i .e .  E [G j (t i ) ]  =  υ (t i , t j ) .   Now 

υ (t i , t j )  i s  noth ing but  F j (t i )  s ince by def in i t ion F j (t i )  ≡  υ - 1 (t i )  G j  =  υ - 1 (t i )  υ (t j )  ≡  υ (t i , t j ) .  

VII)  ANNEX 2 

Fo l lowing the method sketched in  paragraph I I I .1 .1  we have:  

        B   =   E [υ (t 3 )B(t 3 ) ]  

          =  E [υ (t 3 )  RC(t 1 )  υ 1 (t 1 , t 3 ) - 1 ]  p 1  

          +  E [υ (t 3 )  RC(t 2 )  υ 2 (t 2 , t 3 ) - 1  +  υ (t 3 )  c  υ 1 (t 1 , t 2 ) - 1  υ 2 (t 2 , t 3 ) - 1 ]  p 2  

          +  E [υ (t 3 )  RC(t 3 )  +  υ (t 3 )  c  υ 1 (t 1 , t 2 ) - 1  υ 2 (t 2 , t 3 ) - 1  +  υ (t 3 )  c  υ 2 (t 2 , t 3 ) - 1 ]  p 3  

          +  E [υ (t 3 )  (1+c)  +  υ (t 3 )  c  υ 1 (t 1 , t 2 ) - 1  υ 2 (t 2 , t 3 ) - 1  +  υ (t 3 )  c  υ 2 (t 2 , t 3 ) - 1 ]  p 4  

 =  E[υ (t 1 )  RC(t 1 ) ]  p 1  (19)  

          +  E [υ (t 2 )  RC(t 2 ) ]  p 2  +  E [υ (t 1 )  c]  p 2  

          +  E [υ (t 3 )  RC(t 3 ) ]  p 3  +  E [υ (t 1 )  c]  p 3  +  E [υ (t 2 )  c]  p 3  

          +  E [υ (t 3 )  (1+c)]  p 4  +  E [υ (t 1 )  c]  p 4  +  E [υ (t 2 )  c]  p 4  

wi th  p 4  =  1–p 1 –p 2 –p 3  

Note that  to get  th i s  resu l t  we have appl ied twice the mart ingale  property  to 

the asset  ‘ ‘$1  lent  f rom t 2  to  t 3 ’ ’ :  

Cur rent  pr ice of  asset  =  E[υ (t 2 )  1 ]  =  E[υ (t 3 )  υ 2 (t 2 , t 3 ) - 1 ]  
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 and to the asset  ‘ ‘$1  lent  f rom t 1  to  t 3 ’ ’ :  

Cur rent  pr ice of  asset  =  E[υ (t 1 )  1 ]  =  E[υ (t 3 )  υ 1 (t 1 , t 2 ) - 1  υ 2 (t 2 , t 3 ) - 1 ]  

Now as  in  the prev ious  paragraph not ice that  

G = (∑=

=

3i

1i
p i  +  1–∑=

=

3i

1i
p i )  G 

and use the mart ingale property  again :  

 G =  E[υ (t 1 )  G(t 1 ) ]  

  =  E[υ (t 2 )  (G(t 2 )  +  cυ 1 (t 1 , t 2 ) - 1 ) ]  (20)  

  =  E[υ (t 3 )  (1+c +  cυ 1 (t 1 , t 2 ) - 1  υ 2 (t 2 , t 3 ) - 1  +  cυ 2 (t 2 , t 3 ) - 1 ) ]  

then G can be rewr i t ten as :  

G =  E[υ (t 1 )  G(t 1 ) ]  p 1  

       +  E [υ (t 2 )  G(t 2 ) ]  p 2  +  E [υ (t 2 )cυ 1 (t 1 , t 2 ) - 1 ) ]  p 2  

       +  E [υ (t 3 )  (1+c)]  p 3  +  E [υ (t 3 )cυ 1 (t 1 , t 2 ) - 1υ 2 (t 2 , t 3 ) - 1 ]  p 3  +  E [υ (t 3 )cυ 2 (t 2 , t 3 ) - 1 ) ]  p 3  

       +  E [υ (t 3 ) (1+c)]  p 4  +  E [υ (t 3 )cυ 1 (t 1 , t 2 ) - 1υ 2 (t 2 , t 3 ) - 1 ]  p 4  +  E [υ (t 3 )cυ 2 (t 2 , t 3 ) - 1 ) ]  p 4  

       =  E [υ (t 1 )  G(t 1 ) ]  p 1  

       +  E [υ (t 2 )  G(t 2 ) ]  p 2  +  E [υ (t 1 )  c]  p 2  

       +  E [υ (t 3 )  (1+c)]  p 3  +  E [υ (t 1 )  c]  p 3  +  E [υ (t 2 )  c]  p 3  

 +  E [υ (t 3 )  (1+c)]  p 4  +  E [υ (t 1 )  c]  p 4  +  E [υ (t 2 )  c]  p 4  (21)  

wi th  p 4  =  1–p 1 –p 2 –p 3  

Col lect ing a l l  te rms  in  B  and G we f ind:  (22)  

G –  B  =  E[υ (t 1 )  (G(t 1 )  –  RC(t 1 ) ) ]  p 1  +  E [υ (t 2 )  (G(t 2 )  –  RC(t 2 ) ) ]  p 2  +  E [υ (t 3 )  (1  –  RC(t 3 ) ) ]  p 3  

Tak ing out  the d i scount  factors  prov ides :   (22’)  

G –  B  =  υ (t 1 ) (E [G(t 1 ) ]  –  RE[C(t 1 ) ] )p 1  +  υ (t 2 ) (E [G(t 2 ) ]  –  RE[C(t 2 ) ] )p 2  +  υ (t 3 ) (1  –  RE[C(t 3 ) ] )p 3  

To get  the adjus ted Hu l l  Whi te  pr ic ing formula one needs  to check whether  

the expected pr ice of  the government  bond i s  equal  to  i t s  forward pr ice.   Th i s  

equal i ty  i s  not  ensured by the v iable  market s  hypothes i s  as  the bond pays  of f  

coupons .  

Accord ing to the mart ingale equal i t ies  (20)  we have:  

E [G(t 1 ) ]  =  υ (t 1 ) - 1  G 

E[G(t 2 ) ]  =  υ (t 2 ) - 1  G –  c  E[υ 1 (t 1 , t 2 ) - 1 ]  (20’ )  

E [G(t 3 ) ]  =  υ (t 3 ) - 1  G –  c  E[υ 1 (t 1 , t 2 ) - 1υ 2 (t 2 , t 3 ) - 1 ]  –  c  E [υ 2 (t 2 , t 3 ) - 1 ]  
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The forward pr ices  of  the government  bond are by def in i t ion:  

F (t 1 )  =  υ (t 1 ) - 1  G 

F(t 2 )  =  υ (t 2 ) - 1  G –  c  υ (t 1 , t 2 ) - 1  

F (t 3 )  =  υ (t 3 ) - 1  G –  c  υ (t 1 , t 3 ) - 1  –  c  υ (t 2 , t 3 ) - 1  

where υ (t i , t i + 1 )  i s  the forward pr ice of  the zero-coupon one-per iod government  

bond.   Note that  the coupon at  date t i  i s  inc luded in  the d i r ty  pr ice G(t i )  and 

then must  not  show up in  F(t i )  computat ion.  

As  shown ear l ie r  (5) :  

E [υ (t 1 )  1 ]  =  E[υ (t 2 )  υ 1 (t 1 , t 2 ) - 1 ]  

E [υ (t 2 )  1 ]  =  E[υ (t 3 )  υ 2 (t 2 , t 3 ) - 1 ]  (5 ’ )  

E [υ (t 1 )  1 ]  =  E[υ (t 3 )  υ 1 (t 1 , t 2 ) - 1  υ 2 (t 2 , t 3 ) - 1 ]  

Tak ing out  the spot  d i scount  factors  f rom the expectat ion operator  y ie lds :  

E [υ 1 (t 1 , t 2 ) - 1 ]  =  υ (t 2 ) - 1  υ (t 1 )   

E [υ 2 (t 2 , t 3 ) - 1 ]  =  υ (t 3 ) - 1  υ (t 2 )  (5”)  

E [υ (t 3 )  υ 1 (t 1 , t 2 ) - 1  υ 2 (t 2 , t 3 ) - 1 ]  =  υ (t 3 ) - 1  υ (t 1 )  

The r ight  hand s ide terms are noth ing but  the forward capi ta l i zat ion factors :  

υ (t 2 ) - 1  υ (t 1 )  =  υ (t 1 , t 2 ) - 1  

υ (t 3 ) - 1  υ (t 2 )  =  υ (t 2 , t 3 ) - 1  

υ (t 3 ) - 1  υ (t 1 )  =  υ (t 1 , t 3 ) - 1  

Hence E[G(t j ) ]  =  F(t j )  for  j  =  1 ,  2  and 3 .   In  the specia l  case of  j  =  3  we have 

E[G(t 3 ) ]  =  F(t 3 )  =  1 .  

The pr ic ing formula now becomes:  (12’)  

G –  B  =  υ (t 1 ) (F(t 1 )  –  RE[C(t 1 ) ] )  p 1  +  υ (t 2 ) (F(t 2 )  –  RE[C(t 2 ) ] )  p 2  +  υ (t 3 ) (F(t 3 )  –  RE[C(t 3 ) ] )  p 3  

VIII)    ANNEX 3 

Suppose that  for  T  >  1  we have  p T  =[1–λ (0) ]  [1–λ (1) ]…[1–λ (T–2)]  λ (T–1) .  

In  the Hu l l -Whi te  engine,  g iven that  F T + 1 (t i )  =  G T + 1  /  G T + 1 – i  ,  the recurs ive 

pat tern of  G T + 1  –  B T + 1  unve i led in  the two-per iod case i s  obv ious  and leads  to:  

 R1
1

G
BG
1T

1T1T
−

−

+

++  =  p 1  +  p 2  +  … +  p T + 1  (23)  

But  i t  i s  very  tedious  to d i sentangle the Jar row-Turnbu l l  p r ic ing formula to 

reach the fo l lowing equal i ty :  
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 R1
1

G
BG
1T

1T1T
−

−

+

++  = λ(0) + [1–λ(0)]λ(1) + … + [1–λ(0)][1–λ(1)]…[1–λ(T–1)]λ(T) (24) 

However  not ic ing that  by assumpt ion a l l  the paths  to matur i ty  are  mutual l y  

independent ,  and that  the in teres t  rate  lat t ice doesn’ t  p lay any ro le  as  s t ressed 

in  sect ion I I I .2 ,  i t  su f f ices  to model  a two-per iod credi t  lat t ice wi th  T+1  

independent  paths :  

t0 = 0    υ(0,T+1) 
r(0,T+1) 

   

        

        

  λ(0) [1–λ(0)]λ(1)          …    

        

        

T+1 υ(T+1,T+1)=R υ(T+1,T+1)=R … … … υ(T+1,T+1)=R υ(T+1,T+1)=1 

       Diagram 3 

The mart ingale equal i ty  between t  =  0  and t  =  T+1 g ives :   1-
0

1T
G
B +  =  E[ 1-

1T

1T
G

1)(TB

+

+ +
] and 

by developing the expectation: (23’) 

1T

1T
G
B

+

+ = { λ(0) + [1–λ(0)]λ(1) + … + [1–λ(0)][1–λ(1)]…[1–λ(T–1)]λ(T) } R + [1–λ(0)][1–λ(1)]…[1–λ(T–1)][1–λ(T)] 

Bes ides  the probabi l i t ies  of  the T+1 paths  sum to un i ty :  

1 = λ(0) + [1–λ(0)]λ(1) + … + [1–λ(0)][1–λ(1)]…[1–λ(T–1)]λ(T) + [1–λ(0)][1–λ(1)]…[1–λ(T–1)][1–λ(T)] 

Subt ract ing the las t  two equat ions  y ie lds :  

 1  –  
1T

1T
G
B

+

+  = { λ(0) + [1–λ(0)]λ(1) + … + [1–λ(0)][1–λ(1)]…[1–λ(T–1)]λ(T) } (1–R) (23”) 

and, af ter  rear ranging, the Jar row-Turnbul l  fo rmula looked af ter :  

 R1
1

G
BG
1T

1T1T
−

−

+

++  = λ(0) + [1–λ(0)]λ(1) + … + [1–λ(0)][1–λ(1)]…[1–λ(T–1)]λ(T) (23”’)  

When th i s  fo rmula i s  para l le led wi th  Hu l l -Whi te’s  

R1
1

G
BG
1T

1T1T
−

−

+

++  =  p 1  +  p 2  +  … +  p T + 1  

and as  p T  =[1–λ (0) ]  [1–λ (1) ]…[1–λ (T–2)]  λ (T–1)  i t  fo l lows  that :  

 p T + 1  =[1–λ (0) ]  [1–λ (1) ]…[1–λ (T–1)]  λ (T )  (18””)  

As  a conclus ion,  i f  the two model s  ho ld then they share the same defau l t  

probabi l i t ies .  

[1–λ(0)][1–λ(1)]…[1–λ(T–1)][1–λ(T)] 

[1–λ(0)][1–λ(1)]…[1–λ(T–1)]λ(T) 
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