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Abstract

This paper explores whether factor based credit portfolio risk models are able to pre-
dict losses in severe economic downturns such as the recent Global Financial Crisis (GFC)
within standard confidence levels. The paper analyzes (i) the accuracy of default rate
forecasts, and (ii) whether forecast downturn percentiles (Value-at-Risk, VaR) are suf-
ficient to cover default rate outcomes over a quarterly and an annual forecast horizon.
Uninformative maximum likelihood and informative Bayesian techniques are compared as
they imply different degrees of uncertainty.

We find that quarterly VaR estimates are generally sufficient but annual VaR estim-
ates may be insufficient during economic downturns. In addition, the paper develops and
analyzes models based on auto-regressive adjustments of scores, which provide a higher
forecast accuracy. The consideration of parameter uncertainty and auto-regressive error
terms mitigates the shortfall.
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1 Introduction

1.1 Motivation

The recent Global Financial Crisis (GFC) had its origin in the realization of losses in relation to

sub-prime mortgage lending. Mortgage lending is traditionally one of the largest risk exposures

of commercial banks. Sophisticated scoring and forecasting techniques have been developed

to compute risk exposures for individual mortgages and mortgage portfolios. A key feature

in modern credit portfolio management is the modeling of credit losses under severe economic

downturns such as the worst outcome in 1,000 years.

Given the consideration of such remote economic shock scenarios, it is astonishing that

banks were apparently surprised by the magnitude of realized losses. We analyze (i) the

accuracy of default rate forecasts, and (ii) whether downturn percentiles (Value-at-Risk, VaR)

for the forecast default rate reflecting parameter uncertainty are sufficient to cover default

rate outcomes. Uninformative maximum likelihood and informative Bayesian techniques are

compared as they imply different degrees of model risk. The accuracy of mortgage portfolio

risk forecasts is analyzed prior to, and during the GFC.

An important aspect in this analysis is model risk in the form of parameter uncertainty.

Measures for the co-movement of individual risks are based on time series information of lim-

ited length and the respective parameters generally attract large standard errors. Bayesian

techniques with informative priors are often applied to reduce estimation risk. This is inter-

esting as the reduction of standard errors may create a false indication of certainty if the prior

information is representative with regard to the likelihood information but not representative

with regard to the validation information.

The contributions of this paper are as follows. Firstly, we compare realized sub-prime

mortgage losses with portfolio risk measures such as the forecast default rate and VaR. The

portfolio risk measures control for observable loan-level information, macro-economic variables

and unobservable systematic frailty. We find that the forecast default rate is lower than the

realized loss rate during the GFC and that VaR models based on quarterly forecasts are

sufficient under severe economic downturns. As a result, the stark increase of loss rates during
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the GFC were within standard confidence levels. However, annual forecasts are insufficient

under severe economic downturns.

Secondly, two common approaches to measuring credit portfolio risk are compared: unin-

formative maximum likelihood and informative Bayesian estimation. The informative Bayesian

approach is of great interest to mortgage lenders if data is available to form prior distributions

of model parameters. Bayesian models lead to similar parameter estimates but lower standard

errors and hence, lower VaRs after model risk is included relative to maximum likelihood es-

timation. The properties of informative priors given the business cycle and the origins of such

priors from selected stages of the business cycle have not been explored to date. We find that

model risk increases the VaR (for maximum likelihood estimation to a greater degree than for

Bayesian estimation). However, the inclusion of model risk does not change our findings for

the first contribution.

Thirdly, we extend our scoring model by an auto-regressive adjustment. Prior literature

has included frailty effects to control for omitted time variation. We build on this literature

and ‘utilize’ the auto-regressive process to improve the forecast accuracy considerably. The

resulting default rate forecasts are centered around the realized default rates of the prior period

and the resulting VaR forecasts are generally more likely to cover default rate realizations

before and during the GFC.

The analysis is based on US sub-prime mortgage loans securitized between 2000:Q2 and

2012:Q2. The data includes over 50 million quarterly loan observations and almost one million

individual loan foreclosure events. Training and validation samples are based on random draws

of mutually exclusive samples.

1.2 Literature

Credit portfolio risk scoring and forecasting techniques have enjoyed great interest in the oper-

ations research and finance literature. Various authors have analyzed corporate and consumer

lending portfolios. With regard to consumer credit risk, Bellotti and Crook (2013) provide

an overview of consumer credit risk models. Probabilities of default are modeled by logistic
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regression models (compare e.g., Crook et al., 2007; Crook and Bellotti, 2010; Leow and Mues,

2012; Lucas, 2006) and survival analysis (compare, e.g., Bellotti and Crook, 2008; Malik and

Thomas, 2009; Tong et al., 2012; Quigley and Van Order, 1991) for consumer loans. Generally

speaking, the literature has focused on the scoring of individual consumer loans (e.g., credit

card and other personal loans).

In addition, a variety of papers identify factors driving mortgage delinquency risk. Elul

et al. (2010) and Goodman et al. (2010) investigate the impact of negative equity, liquidity

and unemployment on mortgage default. Amromin and Paulson (2009) evaluate the relative

impact of borrower, loan and macroeconomic characteristics on mortgage defaults and identify

real estate prices as an important risk driver. Rajan et al. (2015) show that the deterioration

of the accuracy of the statistical default prediction model is triggered by the change in lender

behavior as the level of securitization increases. Crook and Banasik (2012) forecast time-series

default rates of mortgage loans and other consumer loans based on macroeconomic variables.

Our contribution relative to this literature is that we (i) compare the impact of different

estimation techniques given common control variables, (ii) are able to analyze the sufficiency

of economic Value-at-Risk (bank capital) models via the estimation of random frailty effects,

and (iii) include a novel auto-regressive term.

The introduction of the Basel II and Basel III capital regulation has triggered the interest

of banks in measuring the portfolio credit risk with measures such as VaR and Expected

Shortfall. McNeil and Wendin (2007); Bonollo et al. (2009); Duffie et al. (2009); Koopman

et al. (2011) and Rösch and Scheule (2014) model the joint exposure to latent systematic

risk processes in corporate credit portfolios. Default clustering in excess of observable risk

factors is modeled by unobservable random factors, which are also known as ‘frailty’. Our

contribution relative to this literature is the application of such econometric techniques to

residential mortgage loans.

Another stream in literature that is relevant to this paper focuses on estimation risk or

model risk. Model risk addresses the uncertainty with regard to estimated parameters. Ex-

amples are Jorion (1996) and Escanciano and Olmo (2010) for market risk and Loeffler (2003);
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Hamerle and Roesch (2005); Tarashev and Zhu (2008) and Heitfield (2009) for credit risk.

These papers explicitly take into account that models are based on parameters, which are

usually not observable and have to be estimated from samples. This induces a sampling or

estimation error for the parameters, as well as for model outcomes such as expected losses or

value-at-risk metrics. These papers measure the impact of parameter estimation errors and

provide evidence for the substantial impact of model risk. Our contribution relative to this

literature is the application of such econometric techniques to residential mortgage loans.

The remainder of this paper is organized as follows. Section 2 develops a two-stage frame-

work to measure mortgage portfolio risk and to estimate the model parameters. The mortgage

portfolio default model is a non-linear probit regression with both observable and unobservable

frailty effects. Observable co-variates, e.g., mortgage-specific and macroeconomic variables, are

common in scoring models for individual retail loans. Section 3 introduces the data set on US

sub-prime mortgage borrowers including loan-level and borrower-level characteristics, as well

as macroeconomic information analyzed in this paper. The data is decomposed into training

and validation samples, which are non-overlapping in the cross-section, i.e., relate to different

mortgage loans. The training sample relates to the period prior to the GFC and is split into

a prior sample for the informative Bayesian technique and a likelihood sample for both the

uninformative maximum likelihood and the informative Bayesian estimation. The validation

sample covers pre-crisis and crisis periods. The estimation results and empirical findings are

presented. Finally, Section 4 concludes and discusses implications for mortgage portfolio risk

models.

2 Methodology

2.1 Model for mortgage level default

Following the credit risk literature, we estimate a probit model for the unconditional probab-

ility of default over τ -quarters as
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P (Yi,t = 1 |xt−τ , zt−τ ) = pi,t|t−τ |xt−τ , zt−τ = Φ
(
β0 +

∑qx
j=1 xi,j,t−τβ

x
j +

∑qz
k=1 zk,t−τβ

z
k

)
= Φ

(
hi,t|t−τ

)
,

(1)

Yi,t denotes the default indicator for mortgage i at time t, taking either the value of one

for default or the value of zero for non-default, i.e.,

Yi,t =

 1,

0,

if mortgage i in time t defaults

otherwise.
(2)

xi,j,t−τ denotes the j-th co-variate for mortgage i at time t− τ , zk,t−τ the k-th macroeconomic

variable at time t− τ for j = 1, 2, · · · , qx and k = 1, 2, · · · , qz, and hi,t|t−τ is a time t default

threshold predicted at time t − τ . We denote a vector of mortgage-specific co-variates as

xi,t−τ = (xi,1,t−τ , xi,2,t−τ , · · · , xi,qx,t−τ )′ and a vector of observable common factors as zt−τ =

(z1,t−τ , z2,t−τ , · · · , zqz ,t−τ )′ at time t−τ . The intercept is β0 and βxj and βzk are the sensitivities

of the respective co-variates. This paper is interested in the next four quarters of forecast

horizons, i.e., 1 ≤ τ ≤ 4, for testing the accuracy of mortgage portfolio risk forecasts. For

simplicity, we relate the following equations to a lag of one quarter (τ = 1) for the length of

forecast horizon hereafter unless specifically stated.1

Probit models are similar to survival models and logistic regression models. Note that

Allison (2010) shows that Cox Proportional Hazard models are similar to logistic regressions,

when data is tied, i.e., observed in discrete time intervals. This is the case for our data which

has quarterly frequencies. Hamerle et al. (2006) show that logistic and probit regressions

result in similar estimated probabilities of default. We chose a probit model rather than a

Cox Proportional Hazard model or a logistic model, as much of the current bank regulation on

credit risk modeling is based on the probit assumption due to the analytic form of percentiles

of risk forecasts (Value at Risk), which is the main focus of this paper.
1We provide further details for the forecasting over four quarters in Sections 3.3, 3.5, and 3.6.
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Mortgage-specific and common factors are time-lagged in Equation (1) as mortgages are

generally foreclosed2 after a certain period of borrower distress. Hence, mortgage-specific and

macroeconomic factors are expected to lead mortgage default in terms of time. This property is

of great practical importance, as it implies that mortgage default probabilities can be forecast

well given information that is available at the time of forecast. Thus, the first stage model in

Equation (1) is the unconditional probability of default with respect to the latent variable ft.3

In a second stage, we introduce a time-specific frailty effect ft, which controls for unob-

served systematic heterogeneity:4

pi,t|t−1 |xt−1, zt−1, ft = Φ

(
1√

1− ρ
hi,t|t−1 +

√
ρ

√
1− ρ

ft

)
= Φ

(
h∗i,t|t−1

)
. (3)

The re-parameterization follows from the non-linear probit link function and the variance

introduced by the random factor ft.

We assume that defaults of mortgages are independent given the observable (time-lagged)

variables and the non-observable (contemporary) latent factor at time t. We denote yi,t as

the default indicator for mortgage i at time t, taking either the value of one for default or the

value of zero for non-default. Then, the density of default indicator at time t is

P (yt |xt−1, zt−1, ft ) =

Nt∏
i=1

(
pi,t|t−1

)yi,t (1− pi,t|t−1

)1−yi,t , (4)

where pi,t|t−1 is given in Equation (3), yt = (y1,t, y2,t, · · · , yNt,t)
′, and Nt denotes a number of

mortgages at time t for t = 1, 2, · · · , T .
2Foreclosure is the default criterion in the empirical analysis.
3xt−1 and zt−1 are observable at time t.
4Idiosyncratic omitted information is generally diversified in large mortgage portfolios and has limited

relevance to our results as we analyze the accuracy of probability of default models over time and compare
the forecast default rate (the mean probability of default) and the Value-at-Risk (as the percentile of the
conditional probability of default) with the realized default rate for a given period.
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2.2 Parameter estimation

2.2.1 Maximum likelihood estimation

We assume that the latent factor follows the standard normal distribution regardless of time,

i.e., ft ∼ N (0, 1) for all t. The mixture of multiple time periods results in the right (heavy)

tailed distribution generally observed in financial markets. The maximum likelihood estimate

(MLE) is obtained by maximizing the likelihood function in Equation (4) by integrating out

the unobservable factor, i.e.,

max
θ

T∏
t=1

ˆ ∞
−∞

P (yt |xt−1, zt−1, ft )φ (ft) dft, (5)

where θ = (β0,β
x,βz, ρ)′ for βx =

(
βx1 , β

x
2 , · · · , βxqx

)′ and βz =
(
βz1 , β

z
2 , · · · , βzqz

)′ and φ (·) is

the standard normal density of ft. The conditional default probability P (yt |xt−1, zt−1, ft ) is

given in Equation (4). Further details for the maximum likelihood estimation of Equation (5)

are provided in Appendix A.

2.2.2 Bayesian estimation

Since every unknown is a parameter from a Bayesian perspective, the parameter vector for the

Bayesian estimation can be written as

Θ = (β0,β
x,βz, ρ,f)′ .

f = (f1, f2, · · · , fT )′ is a vector of the realizations of Ft.

Likelihood samples are identical for MLE and Bayesian models. However, Bayesian models

are based on additional prior information, which contributes to smaller standard errors. The

prior distribution may include additional information, which is available from other sources,

such as the subjective assessment of an expert system and pre-existing evidence from the

past to inform a current analysis. Examples are benchmark parameters or economic forecasts

provided by prudential regulators and economists, as well as bank external data provided by

data share consortia. Otherwise, uninformative priors assigning equal weights on all possibil-
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ities of the parameters may be assumed. We do not consider the use of uninformative priors

in the following analysis as these results are similar to maximum likelihood estimation. We

denote its prior distribution as P (Θ).

The posterior distribution is

P (Θ |y,x) = L (y |x,Θ)P (Θ) (6)

with the likelihood

L (y |x,Θ) =

T∏
t=1

P (yt |xt−1, zt−1, ft ) . (7)

Since the posterior distribution in Equation (6) is only obtainable in its functional form,

posterior samples are drawn using Markov Chain Monte Carlo (MCMC). The full conditional

posterior distributions for MCMC are provided in Appendix B.

For the maximum likelihood method, the likelihood in Equation (5) is found by marginal-

izing over the latent factor ft for t = 1, 2, · · · , T . In contrast to MLE, the Bayesian estimation

uses the joint posterior distribution of all parameters (including the realizations of the latent

variable ft) in Equation (6).

2.2.3 Two step estimation

The maximum likelihood estimation in Equation (5) and Bayesian estimation in Equation

(6) are generally optimal but computationally expensive for mortgage level data.5 Thus, we

estimate the parameters in two steps.

In the first step, the score model for mortgage i in period t in Equation (1) is estimated via

the maximum likelihood estimation. Let β̂0, β̂xj and β̂zk be the maximum likelihood estimates.

Then, the estimated score of mortgage i at time t is obtained as

ĥi,t|t−1 = β̂0 +

qx∑
j=1

xi,j,t−1β̂
x
j +

qz∑
k=1

zk,t−1β̂
z
k . (8)

5Our empirical data consists of approximately 50 million quarterly loan level observations, see Section 3.1.

10



In the second step, conditional on ĥi,t|t−1, the score model with the latent factor can be

written as

ĥ∗i,t|t−1 = δ0 + δ1ĥi,t|t−1 + δ2ft, (9)

by substituting δ0 = 0, δ1 = 1√
1−ρ , and δ2 =

√
ρ√

1−ρ . Note that Equation (9) is equivalent

to Equation (3) but conditional on the estimated parameters. Then the conditional PD for

mortgage i is given by

pi,t|t−1

∣∣∣ĥi,t|t−1, ft = Φ
(
ĥ∗i,t|t−1

)
. (10)

For the maximum likelihood estimation, the parameters δ0, δ1 and δ2 are estimated by

max
θδ

T∏
t=1

ˆ ∞
−∞

P
(
yt

∣∣∣ĥt|t−1, ft

)
φ (ft) dft,

where

P
(
yt

∣∣∣ĥt|t−1, ft

)
=

Nt∏
i=1

(
pi,t|t−1

)yi,t (1− pi,t|t−1

)1−yi,t , (11)

for pi,t|t−1 given in Equation (10), ĥt|t−1 =
(
ĥ1,t|t−1, ĥ2,t|t−1, · · · , ĥNt,t|t−1

)′
, and θδ = (δ0, δ1, δ2)′.

We apply adaptive Gauss-Hermite-quadrature to find the maximum of the likelihood (see e.g.,

Rabe-Hesketh et al. (2002)).

For Bayesian estimation, let the parameter vector be

Θδ = (δ0, δ1, δ2,f)′ .

Then the posterior distribution is

P
(
Θδ

∣∣∣y, ĥ) = L
(
y
∣∣∣ĥ,Θδ

)
P (Θδ) (12)

with the likelihood
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L
(
y
∣∣∣ĥ,Θδ

)
=

T∏
t=1

P
(
yt

∣∣∣ĥt|t−1, ft

)
. (13)

The prior distribution is given by

P (Θδ) = φ3 (δ0, δ1, δ2;µδ,Ωδ) ·
T∏
t=1

φ (ft) , (14)

where µδ and Ωδ are the mean and covariance of δ = (δ0, δ1, δ2)′, respectively.

The parameters of coefficients (δ) are generally assumed to be independent from co-

variates (x, z, and f). In extensions, one may consider specifying all the possible dependen-

cies between the regression coefficients and the realized values of unknown co-variates using

hyper-parameters. We did not follow this path as the results would be less robust due to

computational challenges. Hence, we assume the independence between δ and f for the prior

distribution in Equation (14).

Bayesian estimates are obtained as the mean of posterior samples from the posterior dis-

tribution in Equation (12) after the convergence test using the Raftery-Lewis diagnostics and

Geweke’s χ2 test. We tested whether the MCMC samples after burning and thinning follow

a normal distribution using the Jarque-Bera test. These tests show that the MCMC samples

follow a normal distribution. Thus, there is no significant difference whether we use the mean

or the median as a Bayesian estimate.

We have confirmed consistency for this two-step estimation approach through a Monte-

Carlo simulation study in which we simulated default events based on the probabilities of

default for given parameters and random realizations for co-variates (data generating pro-

cess) for a number of borrowers and time periods. The results of this two-step process are

asymptotically consistent with the data generating parameters.
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3 Empirical Analysis

3.1 Data

The paper uses loan-level data of US securitized non-agency sub-prime mortgage loans collec-

ted from monthly loan-level reports for residential mortgage-backed securities by International

Financial Research. The data set matches the one analyzed by Rajan et al. (2015) who show

that up to 90% of all US sub-prime mortgage loans are securitized.

After aggregating monthly defaults to quarterly defaults, the data set comprises a total of

4,978,076 first lien loans observed on a quarterly basis from 2000:Q3 to 2013:Q1. We record

959,587 loan foreclosure events (many during the GFC in 2007 and thereafter). The total

number of loan-quarter observations is 50,014,994. We define the default event in our study

as a foreclosure event.

Mortgage information at origination

Mortgage-specific information at loan origination includes an indicator for adjustable rate

mortgages (ARM), FICO score, original balance, original appraisal value of the collateral/

property (OAV), original loan-to-value ratio (OLTV), owner occupancy type (OOT), and

dwelling type (DWT).6

Table 1 summarizes the number of observations per observation year. The number of

mortgages shows that mortgage origination and securitization increased from 2004 to 2007

and subsided thereafter. Mortgage defaults were at low levels and stable before the GFC and

increased to 3.4% during the GFC. Over time, the average default rate is 1.92%.

[Insert Table 1 here.]

Table 2 and Table 3 describe mortgage-specific variables at origination for default and

non-default observations.

[Insert Table 2 here.]
6The increase of credit risk in mortgage lending during the Global Financial Crisis has been attributed to

a great degree to the decline of house prices, which we include through the computation of the current loan
to value ratio (CLTV). Note that the literature has identified a number of additional risk drivers for which we
control in our first-stage model.
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[Insert Table 3 here.]

A FICO score measures the creditworthiness of a borrower using information from credit

files and is computed by the popular scorecard model provided by Fair Isaac and Company.

A higher FICO score implies a higher credit quality. The average FICO score of default

mortgages is 35 points lower than for non-defaulted mortgages.

The average original balance is $13,000 lower for defaulted than for non-defaulted mort-

gages. The mean appraisal values of the collateral (i.e., the financed real estate) is $60,000

less for defaulted mortgages than for non-defaulted mortgage. The mean of original LTV ratio

is 5% greater for defaulted than for non-defaulted mortgages.

The ARM indicator denotes whether or not a mortgage rate may be adjusted after it is

issued. We assign a code of 1 to adjustable rate mortgages (ARMs) and a code of 0 to fixed

rate mortgages (FRMs). The default rate of ARMs is 1.33% higher than for FRMs in Table

3.

Owner occupancy is classified into three types: residence (code = 1), investment (code = 2),

and others (code = 0). Residence includes both primary and secondary residence. Mortgages

for residences and investments are 0.57% and 0.77% less risky in terms of the default rate than

mortgages for other purposes.

Dwelling type includes single family homes (code = 1), planned urban developments (code

= 2), condominiums (code = 3), and others (code = 0). Mortgages for single family homes,

planned urban developments, and condominiums are 0.05%, 0.11% and 0.1% riskier than for

other purposes in terms of the default rate.

Mortgage information at observation time

Mortgage-level variables at observation time t are current balance (CB) and current loan-

to-value ratio (CLTV). In contrast to the original balance, the current balance of defaulted

mortgages is on average $3,000 larger than for non-defaulted mortgages.

The current loan-to-value ratio (CLTV) of mortgages is calculated using the Case-Shiller

Index for 20 major metropolitan statistical areas in the US. We first compute the physical
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distance of individual mortgage properties to the 20 US cities for which a Case-Shiller home

price index is available via a mortgage’s property postcode. We use the postcode of the largest

city in the state of the property in terms of population for mortgages with missing postcodes.

Then, we map the closest Case-Shiller index for a mortgage property and approximate the

current loan-to-value ratio at observation time t as

CLTVi,t =
CBi,t
CAVi,t

. (15)

The current appraisal value (CAV) is approximated by

CAVi,t = OAVi ·
CSIi,t
CSIi,t0

, (16)

where CSIi,t0 and CSIi,t denote the Case-Shiller Index at the origination time t0 and the

observation time t, respectively. We use the 10-city composite Case-Shiller Index (CSI) in

Figure 1 for mortgages where the property postcode and state are unavailable.7 The CSI

shows the spectacular decline during the GFC. On average, CLTV is 21% higher for defaulted

mortgages than for non-defaulted mortgages in Table 2.

Macro-economic information

We use a quarterly country-level debt-to-income ratio (DTI) as in Amromin and Paulson

(2009), the quarterly real GDP growth rate (GDP) from the OECD data service as in Jimenez

and Mencia (2009) as macro-economic risk factor. Figure 1 (a) displays the historical default

rate of the total portfolio calculated by

Rt =
1

Nt

Nt∑
i=1

Yi,t. (17)

[Insert Figure 1 here.]

Figure 1 (b) and Figure 1 (d) show that the CSI and GDP growth co-move with each

other, and move in opposite ways to the default rate in Figure 1 (a). Figure 1 (c) shows that
7We use the 10-city composite Case-Shiller Index rather than the 20-city composite Case-Shiller Index as

the latter is only available for years after 2000, which would imply a restriction to loans originated after 2000.
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the quarterly reported country-level DTI co-moves with the level of default rate in Figure 1

(a).

We did not consider a lender’s foreclosure strategy as a control variable as this information

is unknown prior to default and not available for the construction of forecast models. Further-

more, Adelino et al. (2013) document that US banks and mortgage servicers are reluctant to

renegotiate mortgages and that less than 3 percent of loans were modified during the GFC.

Figure 2 visualizes the data sampling design of this paper.

[Insert Figure 2 here.]

We randomly draw three data sets from the extensive data set: (i) a prior sample, (ii) a

likelihood sample and (iii) a validation sample. Every data set includes 10% of the mortgage

loans and is mutually exclusive:

1. Prior sample: covers pre-GFC periods (i.e., from 2000:Q3 to 2007:Q2). The parameters

are estimated using uninformative maximum likelihood. The prior distributions of para-

meters are approximated by the multivariate normal distribution where the mean is the

vector of MLEs and covariance matrix is the Hessian matrix of MLEs.

2. Likelihood sample: covers pre-GFC periods (i.e., from 2000:Q3 to 2007:Q2). Both the

uninformative maximum likelihood and the informative Bayesian estimation are applied

to this data. The informative Bayesian method estimates the posterior distribution given

the prior distribution from the prior sample (i).

3. Validation sample: covers pre-GFC and GFC periods (i.e., from 2000:Q3 to 2013:Q1).

We apply the estimated models from the likelihood sample to assess the out-of-sample

and in-time performance prior to the GFC, and out-of-sample and out-of-time perform-

ance during the GFC.

We chose to work with smaller random samples drawn from the complete data set for two

reasons. Firstly, we would like to assess the performance of the informed Bayesian approach,

where the prior information is representative with regard to the likelihood information and

pre-GFC validation information (i.e., pre-GFC periods) and not representative with the GFC
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validation information (i.e., GFC periods). Secondly, we are keen to increase the computational

efficiency without losing accuracy.

We check the robustness of our samples in Figure 3. Figure 3 (a) shows that the default

rates are almost identical for the three samples and the complete data set. Figures 3 (b) to

(d) show the default rate of the total portfolio Rt and the 95% confidence intervals for sample

default rate rt based on the normal approximation of the binomial distribution for a given

period (i.e., a given economic state):

rt − 1.96

√
rt(1− rt)

nt
, rt + 1.96

√
rt(1− rt)

nt

 , (18)

nt is the number of observations of the respective sample.8

[Insert Figure 3 here.]

As shown in Figure 3 (b), (c) and (d), the respective 95% confidence intervals include most

of the quarterly default rates of the total portfolio irrespective of the sample periods. For the

prior sample in Figure 3 (b), the total portfolio default rates are outside the 95% confidence

interval for 2004:Q4. The average width of the confidence interval is 0.25%. For the likelihood

sample in Figure 3 (c), the total portfolio default rate is beyond the 95% confidence interval

in 2003:Q1. These are reasonable under the 95% confidence interval, since the percentage of

quarters outside the confidence interval to the number of quarters in the prior and likelihood

sample is 3.45% (one out of 29 quarters), which is close to 5%. The average width of the

confidence intervals for the likelihood sample is 0.24%. For the validation sample in Figure 3

(d), the total portfolio default rate is beyond the 95% confidence interval in the three quarters

2005:Q2, 2006:Q4 and 2009:Q1. The percentage of quarters outside the confidence interval

is 5.88% (three out of 51 quarters), which is again close to 5%. For the validation sample,

the average widths of the confidence intervals is 0.25% before the GFC and 0.15% during the

GFC. The comparison of default rates and narrow confidence intervals imply that all three

random samples are representative with regard to the population. These results validate the

representativeness of our data samples.
8We have omitted the index for the sample for simplicity.
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3.2 Unconditional PD (score) models

The mortgage-specific variables and common factors described in Table 2 and Table 3 are

included in the probit model of the first stage regressions for four different forecast horizons

(one quarter to four quarters). The score model in Equation (1) is estimated for both the prior

sample and the likelihood sample using the maximum likelihood method. We use the terms

score and probability of default (PD) interchangeably throughout this paper. The estimated

unconditional PDs and scores based on the prior sample and the likelihood sample data are

used for the conditional PD models in Section 3.4.

Table 4 shows the maximum likelihood estimates of parameters for the prior sample and

the likelihood sample models according to the four forecast horizons. Note that a higher score

represents a higher probability of default.

[Insert Table 4 here.]

Panel A of Table 4 shows that the mortgage-specific variables are consistently significant for

both the prior and the likelihood samples across all forecast horizons. As expected, the score

of a mortgage increases as the FICO score decreases. The higher the CLTV, the higher the

score. On average, an ARM has a higher score than a FRM. The estimated score varies with

dwelling and owner occupancy types. For dwelling types, planned urban developments and

condominiums are less risky than others. For owner occupancy types, investment mortgages

are riskier than residential mortgages. The effect of DTI and GDP are also highly significant.

The higher the DTI, the higher the score. The higher the GDP (growth), the lower the

score. The sensitivity to the DTI is consistent regardless of the forecast horizons, whereas the

sensitivity to GDP decreases for the longer forecast horizons. The reason for this is that we

use the level of DTI, which is less volatile over time but the growth rate of GDP, which is

more volatile over time for the score models.

Panel B of Table 4 shows the goodness-of-fit of the probit model for the prior sample

and the likelihood sample. The measure AUROC is based on the area under the receiver

operating characteristic curve which is a common performance measure for ordinal rating

systems. AUROC is approximately 80% and the Pseudo R2 is approximately 11% for both
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the prior sample and the likelihood sample. The measures slightly increase with a longer

forecast horizon (see Panel B of Table 4) as the loans for the longer forecast horizons are more

homogenous due to survival and a smaller population size as a reflection of default, maturity,

and refinance.

3.3 Annualization of default and unconditional PD

Since the probability of default is usually specified over a one-year risk horizon in the determ-

ination of regulatory capital requirements, it is useful to measure default risk over one year in

accordance with the Basel framework.

For a one year forecast horizon between t and t + 4 but exclusive of t, i.e., (t, t + 4], let

r̃(t,t+4] be the annual default rate of mortgages that existed at time t and calculated as

r̃(t,t+4] =
1

nt

 4∑
τ=1

ñt+τ∑
i=1

Yi,t+τ

 , (19)

where ñt+τ denotes the number of loans that have survived at time t+ τ from nt loans at time

t.9

For forecasting the annual default rate in Equation (19), we firstly obtain the τ -quarter

ahead unconditional PD using Equation (1), where the estimates of β0, βxj ’s, and βzk ’s are

included in Panel A of Table 4 for τ = 1, 2, 3, and 4. The one-year ahead unconditional PD

applied to time interval (t, t+ 4] is

p̃i,(t,t+4]|t = pi,t+1|t +
(
1− pi,t+1|t

)
pi,t+2|t

+

[
2∏

τ=1

(
1− pi,t+τ |t

)]
pi,t+3|t +

[
3∏

τ=1

(
1− pi,t+τ |t

)]
pi,t+4|t, (20)

and its corresponding default threshold becomes
9Note that newly issued loans at time t+ 1, t+ 2, and t+ 4 are excluded in Equation (19). The reasons for

this are as follows: firstly, we are interested in modeling the default of existing loans rather than new issuance
of loans in this paper. Secondly, time-lagged mortgage-specific information is not available for these loans.
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h̃i,(t,t+4]|t = Φ−1
(
p̃i,(t,t+4]|t

)
. (21)

In Equation (20), each term on the right-hand side refers to the probability that mortgage

i defaults within four quarters and thus, their sum becomes the unconditional PD over a

one-year default horizon.

We compute the AUROC for the probit model, where the annual defaults of the prior

and likelihood samples are explained by the one-year ahead unconditional PD. The AUROC

measure is 78.55% for the prior sample and 79.09% for the likelihood sample. The pseudo

r-square is 12.75% for the prior sample and 13.31% for the likelihood sample. These measures

are consistent with those for the unconditional PD model on a quarterly basis in Panel B of

Table 4.

3.4 Conditional PD models

Uninformative maximum likelihood and informative Bayesian estimates are compared for the

likelihood sample in terms of forecast performance of PDs and sufficiency of VaRs. Table

5 shows the maximum likelihood estimates and Bayesian estimates of the conditional PD

model for a quarterly default rate rt over a one quarter forecast horizon in Panel A and an

annualized default rate r̃t over a one-year forecast horizon in Panel B, respectively. Similar

to the conditional PD model for a one-quarter forecast horizon in Equation (9) and Equation

(10), the corresponding unconditional default threshold over a one year forecasting horizon is

given by

h̃∗i,(t,t+4]|t = δ0 + δ1h̃i,(t,t+4]|t + δ2f̃(t,t+4], (22)

where f̃(t,t+4] ∼ N (0, 1) is an unobservable risk factor affecting mortgage defaults over a period

of one year, and thus, the corresponding conditional PD on a yearly basis is obtained as

p̃i,(t,t+4]|t

∣∣∣h̃i,(t,t+4]|t, f̃(t,t+4] = Φ
(
h̃∗i,(t,t+4]|t

)
. (23)
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Given the estimated scores in Panel A of Table 4, the conditional PD models of Equa-

tion (10) and Equation (23) are estimated for the prior sample and the likelihood sample by

maximum likelihood. Maximum likelihood estimates for the prior sample data are used to

approximate the prior distributions of parameters for the Bayesian estimation with the like-

lihood sample. The covariances between parameters are estimated from the Hessian matrix.

Posterior samples of δ0, δ1 and δ2 are drawn based on the likelihood sample data given the prior

information using the conditional posterior distributions by the Monte Carlo Markov Chain

method in Appendix B and their convergences are tested by the Raftery-Lewis diagnostics

and Geweke’s χ2 test. A multivariate normal distribution where parameters are taken from

the columns ‘Bayesian (prior)’ in Table 5 is assumed for the prior distribution of δ0, δ1 and

δ2.

Since we use a two-step approach for estimation, δ0 and δ1 are respectively expected to

be zero and one, if the unconditional PD estimated from the previous period captures the

underlying source of default well and there is not much effect of the unobservable risk factor.

In summary, MLEs and Bayesian estimates are comparable in Table 5.

[Insert Table 5 here.]

However, the standard errors of the informative Bayesian estimates (posterior) are much

smaller than for the uninformative maximum likelihood due to the prior information.

Hence, the accuracy of the estimated unconditional PD for a one-year forecast horizon is

worse relative to a quarterly horizon. This leads δ0 and δ1 to be different from zero and one

as shown in Panel B of Table 5. The effect of the unobservable risk factor becomes stronger

for the longer forecast horizon as the uncertainty increases from a quarter to a year forecast

horizon.
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3.5 Risk forecasting

3.5.1 Quarterly risk forecasting

Given the parameter estimates and the information up to time t, the quarterly expected

conditional probability of default (ECPD) for mortgage i at time t+ 1 is given by

E
(
pi,t+1|t

∣∣∣ĥi,t+1|t, Ft+1

)
= E

[
Φ
(
δ̂0 + δ̂1ĥi,t+1|t + δ̂2Ft+1

)]
= Φ

 δ̂0 + δ̂1ĥi,t+1|t√
1 + δ̂2

2

 . (24)

The latent factor Ft+1 is assumed to be standard normally distributed.10 Furthermore, the

quarterly ECPD in Equation (24) is expected to be the unconditional probability of default

Φ
(
ĥi,t+1|t

)
by recovering the substitution with regard to Equation (9).

The quarterly conditional PD in Equation (3) is monotone with respect to ft+1. Thus, the

α% Value-at-Risk (VaR) of the default probability for mortgage i at time t+ 1 conditional on

the α percentile of Ft+1 is given as

V aR
(
pi,t+1|t

∣∣∣ĥi,t+1|t ;α
)

= Φ
(
δ̂0 + δ̂1ĥi,t+1|t + δ̂2Φ−1 (α)

)
. (25)

Φ (·) is the cumulative density function of the standard normal distribution and Φ−1 (·) is its

inverse. We refer to the VaR in Equation (25) as the VaR without model risk.

Observable and unobservable common factors are important to credit portfolio risks. An

important aspect in this analysis is model risk as these parameter estimates are subject to

time series limitations and parameter estimates have large standard errors. The percentile of

the default rate is approximated by the mean VaR over all mortgage loans for a given period.

Gordy (2000) shows that this requires the assumption of an infinitely granular portfolio. The

infinite granularity is a reasonable assumption for mortgage portfolios with many credits of

limited exposure value. Therefore, the inclusion of a time specific random effect has the benefit

10For X ∼ N (0, 1), E [Φ (aX + b)] = Φ

(
b√

1+a2

)
.
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of analytically deriving the VaR given the parameters δ, δ1, and δ2.

In order to analyze model risk, we simulate the parameters using a standard Monte Carlo

simulation with 100,000 iterations given the multivariate normal distribution with the mean

vector δ̂ =
(
δ̂0, δ̂1, δ̂2

)′
and the covariance matrix Ω̂3×3 obtained from uninformative maximum

likelihood or informative Bayesian estimation. We then calculate V aRs
(
pi,t+1|t

∣∣∣ĥi,t+1|t ;α
)

as the quarterly α% VaR of the default probability for the simulated δ̃s of iterations s =

1, 2, · · · , S. Note δ̃s =
(
δ̃0,s, δ̃1,s, δ̃2,s

)′
is the s-th simulated vector of parameters. We obtain

a vector of S VaR values and select the α% percentile of these values as the α% VaR under

model uncertainty.

We chose a reference likelihood of 99.9% throughout this paper in line with the Basel

regulation, i.e., α = 99.9%. Banks may choose more conservative levels for economic capital

models.

On a quarterly basis, Figure 4 shows the default rate, the mean ECPD from Equation (24)

as the forecast default rates, mean 99.9% VaR, as well as the mean 99.9% VaR with model

uncertainty for the validation sample given the MLEs and Bayesian estimates in Panel A of

Table 5.

[Insert Figure 4 here.]

The mean ECPD forecast fits the default rate well for the pre-GFC validation sample (i.e.,

in-time) for the MLE in Figure 4 (a) and the Bayesian estimation in Figure 4 (b). Note the

validation sample is out-of-sample as it relates to a different set of mortgages. However, the

model underestimates the default rate during the GFC (i.e., out-of time). The gap between

the observed default rate and mean ECPD persists over multiple periods with the exception

of the quarters 2009:Q2 and 2013:Q1.

Figure 4 (c) compares the mean 99.9% VaR given MLE and Bayesian estimates without

model risk which are similar to each other due to the closeness of parameter estimates (compare

Panels A and B of Table 5). The mean 99.9% VaR is generally sufficient to cover realized

default rates with the exception of the period 2008:Q2. In 2008:Q2, the realized default rate

is 3.28% and its corresponding VaR is 3.10% and 3.12% for MLEs and Bayesian estimates,
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respectively. This result leads us to conclude that VaR based on quarterly forecasting is

generally sufficient.

Figure 4 (d) compares the mean 99.9% VaR with model risk based on MLE and Bayesian

estimation. Both VaRs are sufficient to cover default rate realizations during the GFC. The

Bayesian VaR with model uncertainty is generally smaller than the MLE VaR due to the

smaller standard errors of parameter estimates (compare Panels A and B of Table 5).

Panel A of Table 6 summarizes the forecast error and VaR sufficiency for the validation

sample in relation to (i) pre-GFC, GFC and total sample period, and (ii) MLE and Bayesian

estimation for a quarterly default forecasting. The forecasting error is measured by the Mean

Absolute Deviation (MAD) given as

MAD =
1

T

T∑
t=1

|rt − r̂t| , (26)

where rt is the realized default rate and r̂t is the mean ECPD as in Equation (24) at time t

of the validation sample. MAD measures the deviation of the mean ECPD from the realized

default rate. A lower MAD signals a greater forecast accuracy.

In addition, we calculate the sufficiency of VaR by the Average VaR Buffer (AVB):

AV B =
1

T

T∑
t=1

(V aRt(99.9%)− rt) , (27)

where V aRt(99.9%) is the 99.9% value-at-risk at time t. The higher AVB, the higher the VaR

exceedence of the realized default rate.

[Insert Table 6 here]

In Panel A of Table 6, the GFC period results in a higher MAD than the pre-GFC period

due to large deviations of the forecast from the realized default rate during the GFC. The

reason for this is the severity of the economic downturn reflected in the latent systematic

variable ft, which results in an increase of the default rate, which the mean ECPD is unable

to forecast.

The AVBs with regard to the 99.9% VaR increase as a reflection of the stark increase of
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default rates and the non-linearity of the normal cumulative density function Φ (·) with respect

to the default rate for both MLE and Bayes during the GFC.11

3.5.2 Annual risk forecasting

For annual risk forecasting, let ˆ̃
hi,(t,t+4]|t be the estimate of h̃i,(t,t+4]|t. Then the ECPD on a

yearly basis for mortgage i over a period (t, t+ 4] is given by

E
(
p̃i,(t,t+4]

∣∣∣ˆ̃hi,(t,t+4]|t, F̃(t,t+4]

)
= E

[
Φ
(
δ̂0 + δ̂1

ˆ̃
hi,(t,t+4] + δ̂2F̃(t,t+4]

)]
= Φ

 δ̂0 + δ̂1
ˆ̃
hi,(t,t+4]|t√

1 + δ̂2
2

 , (28)

and the α% annual VaR of the PD for mortgage i over a period (t, t+ 4] is given as

V aR
(
p̃i,(t,t+4]

∣∣∣ˆ̃hi,(t,t+4]|t ;α
)

= Φ
(
δ̂0 + δ̂1

ˆ̃
hi,(t,t+4]|t + δ̂2Φ−1 (α)

)
. (29)

On a yearly basis, Figure 5 shows the default rate, the mean ECPD from Equation (28)

as the forecast default rate, mean 99.9% VaR, as well as the mean 99.9% VaR with model

uncertainty for the validation sample given the MLEs and Bayesian estimates in Panel B of

Table 5.

[Insert Figure 5 here.]

Similar to the quarterly forecasting shown in Figures 4 (a) and (b), the annualized mean

ECPD forecast fits the annualized default rate well for the pre-GFC validation sample for the

MLE in Figure 5 (a) and the Bayesian estimation in Figure 5 (b). However, the forecasting

error in terms of MAD increases from 0.1556% (MLE) and 0.1567% (Bayes) for a quarterly

forecasting to 0.5852% (MLE) and 0.5824% (Bayes) for an annual forecasting as the forecast

horizon becomes longer (compare Panels A and B of Table 6). Moreover, the annual forecasting
11For example, let r1 = Φ (h1) and r2 = Φ (h2) be two default rates such that r1 < r2. It then follows for

dh > 0, Φ (h2 + dh)− Φ (h1 + dh) > r2 − r1.
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model responds to the sudden rise of default rate with four quarters lag, and thus, more

seriously underestimates the default rate during the GFC for the longer forecast horizon in

Figure 5 (a) and (b) which confirms our expectation. In Figure 5 (c), the mean 99.9% VaR is

less sufficient to cover realized default rates during the GFC compared to the quarterly case in

Figure 4 (c). In addition, the mean 99.9% VaR with model risk based on MLE and Bayesian

estimation is not sufficient to cover default rate realizations during the GFC in Figure 5 (d).

These insufficiency of 99.9% annual VaR with/without model risk is due to the inaccuracy of

default forecasting using more outdated (four quarters old) information, which result in the

decreases of AVBs with/without model risk in Panel B of Table 6.

3.6 Risk forecasting with auto-regressive adjustment

3.6.1 Quarterly risk forecasting

The paper proposes a simple auto-regressive adjustment, which is based on the difference of

the past estimated and observed default rate. Note that auto-regressive factors can be applied

to single and multiple period forecasts, and that the variance of the forecasts increases with

the forecast horizon (see, Rösch and Scheule (2007)).

A first order auto-regressive adjustment of default rate Φ−1 (r̂t−1 − rt−1) is added to the

linear predictor of the quarterly conditional PD model. This adjustment calibrates the prob-

ability of default to the default rate, which is observed in the prior quarter:

pi,t+1|t

∣∣∣ĥi,t+1|t, ft+1 = Φ
(
δ0 + δ1ĥi,t+1|t + Φ−1 (r̂t − rt) + δ2ft+1

)
, (30)

where rt is the default rate and r̂t is the mean of forecast unconditional default probabilities,

i.e., r̂t =
∑nt

i=1 Φ
(
ĥi,t|t−1

)
, at time t.12

Panel A of Table 7 presents the maximum likelihood and Bayesian estimates of the

quarterly conditional PD model with an auto-regressive adjustment as described in Equation

(30).
12In an extension, we have parametrized the sensitivity of the auto-regressive adjustment, which resulted in

a lower out-of time forecast performance.
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[Insert Table 7 here.]

For a quarterly forecasting, the ECPD and the α% VaR with auto-regressive adjustment

are

E
(
pi,t+1|t

∣∣∣ĥi,t+1|t, Ft+1

)
= Φ

 δ̂0 + δ̂1ĥi,t+1|t + Φ−1 (r̂t − rt)√
1 + δ̂2

2

 . (31)

and

V aR
(
pi,t+1|t

∣∣∣ĥi,t+1|t ;α
)

= Φ
(
δ̂0 + δ̂1ĥi,t+1|t + Φ−1 (r̂t − rt) + δ̂2Φ−1 (α)

)
, (32)

respectively.

Figure 6 shows the default rate, the mean ECPD of Equation (31) as the forecast default

rate, mean 99.9% VaR, as well as the mean 99.9% VaR with model uncertainty for the valid-

ation sample given MLE and Bayesian estimates with auto-regressive adjustment (see Table

7) on a quarterly basis.

[Insert Figure 6 here.]

The auto-regressive adjustment considerably improves the forecasting performance of the

quarterly conditional PD model during the GFC and thereafter in both the maximum likeli-

hood estimation (see Figure 6 (a)) and the Bayesian estimation (see Figure 6 (b)). The mean

99.9% VaRs (see Figure 6 (c)) and the mean 99.9% VaR with model uncertainty (see Figure

6 (d)) are consistently sufficient prior to, and during the GFC. Similar to Figure 4 (d), the

Bayesian VaR with model uncertainty is smaller than the corresponding MLE VaR due to

smaller standard errors of the parameter estimates in Figure 6 (d).

For a quarterly forecasting, Panel A of Table 8 summarizes the mean absolute deviation

(MAD, see Equation (26)) and the average VaR buffer (AVB, see Equation (27)) for the

validation sample in relation to (i) Pre-GFC, GFC and total sample period, and (ii) MLE and

Bayesian estimation for the PD model with auto-regressive adjustment.

[Insert Table 8 here.]

The MADs for the quarterly PD model with auto-regressive adjustment are much smaller
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than the ones of the quarterly PD model without auto-regressive adjustment (compare Panel

A of Table 6), irrespective of the data period and estimation method. This confirms that the

auto-regressive adjustment provides a much better forecast accuracy as it is able to better

explain the increase of the default rate during the GFC. Similar to Panel A of Table 6, the

MAD increases during the GFC, albeit at smaller increments.

The AVBs for 99.9% VaR with and without model risk increase during the GFC. The

non-linear incremental effect of the default rate by VaR is higher than the actual increase of

the default rate during the GFC.

3.6.2 Annual risk forecasting

In a similar way to the quarterly default forecasting with auto-regressive adjustment in the

previous section, the linear predictor of the conditional PD model on a yearly basis can be

expressed as

p̃i,(t,t+4]|t

∣∣∣ˆ̃hi,(t,t+4]|t, f(t,t+4] = Φ
(
δ0 + δ1

ˆ̃
hi,(t,t+4]|t + Φ−1

(
ˆ̃r(t−4,t] − r̃(t−4,t]

)
+ δ2f(t,t+4]

)
,

(33)

where r̃(t−4,t] is the annualized default rate in Equation (19) and ˆ̃r(t−4,t] is the mean of forecast

unconditional default probabilities over one year between time t − 4 and t but exclusive of

time t− 4 as in Equation (20).

Panel B of Table 7 presents the maximum likelihood and Bayesian estimates of the yearly

PD model with an auto-regressive adjustment of Equation (33). As in the quarterly risk

forecasting case, the coefficient estimates of the score (δ1) are similar to the ones in Panel

B of Table 5, and the estimates of sensitivity to the latent variable (δ2) are smaller as the

adjustment absorbs some of the time variation of the latent variable f(t,t+4] (compare to Panel

B of Table 5). The role of the latent factor becomes less important by including the auto-

regressive adjustment, which is more outdated relative to quarterly forecasting.

Based on the yearly conditional PD model in Equation (33), the annual ECPD and α%

VaR with auto-regressive adjustment are obtained as
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E
(
p̃i,(t,t+4]

∣∣∣ˆ̃hi,(t,t+4]|t, Ft

)
= Φ

 δ̂0 + δ̂1
ˆ̃
hi,(t,t+4]|t + Φ−1

(
ˆ̃rt − r̃t

)
√

1 + δ̂2
2

 . (34)

and

V aR
(
p̃i,(t,t+4]

∣∣∣ˆ̃hi,(t,t+4]|t ;α
)

= Φ
(
δ̂0 + δ̂1

ˆ̃
hi,(t,t+4]|t + Φ−1 (r̂t − rt) + δ̂2Φ−1 (α)

)
, (35)

respectively.

Figure 7 shows the default rate, the mean ECPD from Equation (34) as the forecast default

rates, the mean 99.9% VaR, as well as the mean 99.9% VaR with model uncertainty for the

validation sample given MLE and Bayesian estimates with an auto-regressive adjustment (see

Panel B of Table 7) on a yearly basis.

[Insert Figure 7 here.]

The results are consistent with quarterly forecasting: for yearly default forecasting, the

auto-regressive adjustment improves the forecasting performance of the PD model during the

GFC and thereafter in both the maximum likelihood estimation (see Figure 7 (a)) and the

Bayesian estimation (see Figure 7 (b)), but the improvement effect is weaker (see Figures 6

(a) and (b)) as the yearly default forecasts lag four quarters behind the annual default rates.

In Figures 7 (c) and (d), the mean 99.9% VaR and the mean 99.9% VaR with model

uncertainty are still insufficient during the GFC after consideration of the auto-regressive

adjustment. Thus, during the GFC, the AVBs for 99.9% VaR with/without model uncertainty

for a yearly forecasting in Panel B of Table 8 do not increase as much as those for a quarterly

forecasting in Panel A of Table 8. This implies that more conservative forecast downturn

percentiles should be considered as the risk horizon becomes longer to cover extreme economic

downturns such as the GFC.

Finally, in Figures 4, 5, 6 and 7, the difference between VaRs for MLE and Bayes in Figure

(c) are due to the prior information, and the difference between VaRs with model uncertainty

for MLE and Bayes in Figure (d) are due to the lower standard errors of Bayesian parameter
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estimates given the prior information. Thus, the mean 99.9% VaR for Bayes may be higher

than the one for MLE, but the increment of 99.9% VaR due to model uncertainty given the

99.9% VaR without model uncertainty is always less for the Bayesian estimation than for the

ML estimation.

4 Findings and implications for mortgage portfolio risk models

This paper has analyzed the role of estimation of probability of default models using MLE and

Bayesian techniques, model risk and forecast horizons for bank capital (VaR) sufficiency to

cover future loss realizations in mortgage portfolios during economic downturns. In particular,

Bayesian techniques and model risk have been recognized by the Basel Committee on Banking

Supervision (see Basel Committee Basel Committee on Banking Supervision (2011)), which

calls for the ability of banks to cover model risks.

The key findings and implications of this paper are as follows: firstly, we find that quarterly

VaR models based on point estimates are generally sufficient to cover realized default rates

under severe economic downturns. We observe only one minor exception in 2008:Q2. As a

result, the stark increase of loss rates during the GFC were within standard confidence levels.

However, banks may not apply quarterly models or update models in quarterly intervals (as

in the instance of the proposed auto-regressive correction). The estimation of annual models

has shown that VaR models may be insufficient to cover realized default rates under severe

economic downturns. Banks should take this into account when selecting the appropriate

bank-internal confidence level (i.e., select a higher confidence level) or model horizons (i.e.,

select shorter forecast horizons). In addition, bank regulators may adjust the standards for

regulatory capital and stress-testing.

Secondly, model risk increases VaR. We find that informative Bayesian models using prior

information obtained from a training sample lead to similar parameter estimates for similar

prior and posterior distributions but lower standard errors and lower VaR forecasts relative

to MLE. However, this result has a limited impact on the VaR sufficiency during the GFC. In

addition, the VaR shortfall is generally lower when model risk is included.
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Thirdly, we find that the auto-correlation of the systematic random risk factors may be

utilized to considerably improve the accuracy of our forecast models. The adjustment is based

on the gap between the past realized and forecast default rate. We confirm the superior

forecast accuracy out-of-sample and out-of-time. We also find that the resulting VaR forecasts

are more likely to cover realized default rates. The adjustment is practical and useful for

single-period as well as multi-period models. Hence, banks should focus on the identification

of past under-assessments and over-assessments of estimated default probabilities relative to

the realization of risk and make a periodic adjustment to the default probability models.

Estimation techniques, model risk and auto-regressive processes are likely to be important

for other risk parameters. Important areas are loss rates given default models (compare

Leow and Mues 2012 and Lucas (2006)) or financial products such as corporate loans, credit

derivatives and securitization. We would like to encourage the discipline to analyze these

important issues in credit risk to complete our understanding.
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Appendix

A. Maximum likelihood estimation

Maximum likelihood estimates are obtained by maximizing the likelihood function in Equation

(4) by integrating out the unobservable factors for t = 1, 2, · · · , T , i.e.,

max
θ

ˆ
· · ·
ˆ

P (yt |xt−1, zt−1, f1, · · · , fT )φT
(
f1, · · · , fT ;µf ,Ωf

)
df1 · · · , dfT , (36)

where φT
(
·;µf ,Ωf

)
is a T -dimensional normal density with mean µf and covariance Ωf

and θ = (β0,β
x,βz, ρ)′ for βx =

(
βx1 , β

x
2 , · · · , βxqx

)′ and βz =
(
βz1 , β

z
2 , · · · , βzqz

)′. The latent

variable ft is assumed to independently and identically follow the standard normal distribution

regardless of time. Thus, the likelihood in Equation (36) is simplified as

max
θ

ˆ
· · ·
ˆ

P (yt |xt−1, zt−1, f1, · · · , fT )φT (f1, · · · , fT ; 0T , IT×T ) df1 · · · , dfT

= max
θ

ˆ
· · ·
ˆ

P (yt |xt−1, zt−1, f1, · · · , fT )φ (f1) · · ·φ (f2) df1 · · · , dfT , (37)

where 0T is a T -dimensional vector of zeros, IT×T is a T × T identity matrix, and φ (·) is the

standard normal density. Since the default indicators yt are conditionally independent from

each other given all risk factors, the maximum likelihood estimator in Equation (37) is equal

to

max
θ

T∏
t=1

ˆ
P (yt |xt−1, zt−1, ft )φ (ft) dft.
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B. Conditional distributions for MCMC

This appendix presents the full conditional distributions of parameters to implement MCMC.

Given the other parameters, the conditional posterior of δ = (δ0, δ1, δ2) is simplified as

P
(
δ
∣∣∣y, ĥ,Θ−δ ) ∝ T∏

t=1

Nt∏
i=1

[
pi,t|t−1

(
ĥi,t|t−1, ft

)]yi,t [
1− pi,t|t−1

(
ĥi,t|t−1, ft

)]1−yi,t

× exp

{
−1

2
(δ − µδ)

′Ω−1
δ (δ − µδ)

}
, (38)

and for all t the conditional posterior of ft is

P
(
ft

∣∣∣y, ĥ,Θ−ft ) ∝ Nt∏
i=1

[
pi,t|t−1

(
ĥi,t|t−1, ft

)]yi,t [
1− pi,t|t−1

(
ĥi,t|t−1, ft

)]1−yi,t
·exp

{
−1

2
f2
t

}
,

(39)

where Θ−δ and Θ−ft denote the parameter vector Θ without δ and ft, respectively. Note that

the posterior distribution of ft in Equation (39) only depends on defaults at time t. Thus, the

conditional posterior distributions in Equation (38) and in Equation (39) facilitate MCMC

and save computing time.
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Table 1: Number of observations, number of defaults and default rate, per obser-
vation year

This table shows the number of mortgage observations (N), the number of defaults (D) and the default rate (D/N) per
observation year.
Year N D D/N

2000 66,231 690 0.0104

2001 571,394 5,213 0.0091

2002 656,307 5,307 0.0081

2003 805,643 7,249 0.0090

2004 1,609,211 10,665 0.0066

2005 3,568,886 24,879 0.0070

2006 6,289,680 55,773 0.0089

2007 8,755,827 143,408 0.0164

2008 8,429,161 260,374 0.0309

2009 6,437,165 219,081 0.0340

2010 4,868,763 105,375 0.0216

2011 3,952,917 69,623 0.0176

2012 3,312,150 49,541 0.0150

2013 691,659 2,409 0.0035

Total 50,014,994 959,587 0.0192
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Table 5: Parameter estimates of the conditional PD model without auto-regressive
adjustment, second stage regression

This table presents the parameter estimates of the conditional PD model and their correlations for mortgage default
given as

P
(
εi,t ≤ ĥ∗i,t|t−1

)
= Φ

(
δ0 + δ1ĥi,t|t−1 + δ2ft

)
for a one quarter forecast horizon in Panel A, and

P
(
εi,t+4 ≤ ˆ̃

h∗i,(t,t+4]|t

)
= Φ

(
δ0 + δ1

ˆ̃
hi,(t,t+4]|t + δ2f̃(t,t+4]

)
for a four quarter forecast horizon in Panel B, where ĥi,t|t−1 and ˆ̃

hi,(t,t+4]|t are the estimated scores from the score
models in Table 4. The maximum likelihood estimates are obtained for the likelihood sample. The parameter estimates of
the prior distribution are approximated by maximum likelihood estimates for the prior sample. The posterior estimates
are given by the mean and standard deviation of MCMC samples from the posterior distribution for the likelihood sample
with the prior distributions. The pair-wise correlations between parameters in Panel B are obtained by the inverse of
the Hessian matrix.

Panel A: One quarter
(a) Parameter Estimates

MLE Bayesian (prior) Bayesian (posterior)

Parameter Estimate Std. Err. Estimate Std. Err. Estimate Std. Err.

δ0 0.0127 (0.0263) 0.0159 (0.0265) 0.0170 (0.0161)

δ1 0.9935 (0.0082) 0.9938 (0.0084) 0.9946 (0.0055)

δ2 0.0964 (0.0136) 0.0953 (0.0138) 0.0969 (0.0093)

(b) Estimated parameter correlations

MLE Bayesian (prior) Bayesian (posterior)

Parameter δ0 δ1 δ2 δ0 δ1 δ2 δ0 δ1 δ2

δ0 1.0000 0.6892 0.0227 1.0000 0.7009 0.0352 1.0000 0.6598 0.0499

δ1 0.6892 1.0000 0.0034 0.7009 1.0000 0.0080 0.6598 1.0000 -0.0300

δ2 0.0227 0.0034 1.0000 0.0352 0.0080 1.0000 0.0499 -0.0300 1.0000

Panel B: Four quarters
(a) Parameter estimates

MLE Bayesian (prior) Bayesian (posterior)

Parameter Estimate Std. Err. Estimate Std. Err. Estimate Std. Err.

δ0 -0.6790 (0.0238) -0.7101 (0.0222) -0.6942 (0.0156)

δ1 0.5783 (0.0048) 0.5652 (0.0050) 0.5718 (0.0034)

δ2 0.1052 (0.0157) 0.0959 (0.0143) 0.1028 (0.0105)

(b) Estimated parameter correlations

MLE Bayesian (prior) Bayesian (posterior)

Parameter δ0 δ1 δ2 δ0 δ1 δ2 δ0 δ1 δ2

δ0 1.0000 0.3909 0.0152 1.0000 0.4319 0.0255 1.0000 0.4034 -0.0410

δ1 0.3909 1.0000 0.0027 0.4319 1.0000 0.0053 0.4034 1.0000 -0.0295

δ2 0.0152 0.0027 1.0000 0.0255 0.0053 1.0000 -0.0410 -0.0295 1.0000
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Table 7: Parameter estimates of the conditional PD model with auto-regressive
adjustment, second stage regression

This table presents the parameter estimates of the conditional PD model with auto-regressive adjustment for mortgage
default given as

P
(
εi,t ≤ ĥ∗i,t−1

)
= Φ

(
δ0 + δ1ĥi,t−1 + Φ−1 (r̂t−1 − rt−1) + δ2ft

)
for one quarter forecast horizon in Panel A, and

P
(
εi,t+4 ≤ ˆ̃

h∗i,(t,t+4]|t

)
= Φ

(
δ0 + δ1

ˆ̃
hi,(t,t+4]|t + Φ−1

(
ˆ̃r(t−4,t] − r̃(t−4,t]

)
+ δ2f(t,t+4]

)
for a four quarter forecast horizon in Panel B, where ĥi,t−1 and ˆ̃

hi,(t,t+4]|t are the estimated scores from the score model
in Table 4 and rt−1 and r̃(t−4,t] are the total default rate on a quarterly and yearly basis at time t − 1, respectively.
Panel A shows the parameter estimates. The maximum likelihood estimates are obtained for the likelihood sample. The
parameter estimates of the prior distribution are approximated by maximum likelihood estimates for the prior sample.
The posterior estimates are given by the mean and standard deviation of MCMC samples from the posterior distribution
for the likelihood sample with the prior distributions. The pair-wise correlations between parameters in Panel B are
obtained by the inverse of the Hessian matrix.

Panel A: One quarter
(a) Parameter estimates

MLE Bayesian (prior) Bayesian (posterior)

Parameter Estimate Std. Err. Estimate Std. Err. Estimate Std. Err.

δ0 -0.0034 (0.0260) -0.0058 (0.0265) 0.0063 (0.0195)

δ1 0.9940 (0.0082) 0.9940 (0.0084) 0.9950 (0.0062)

δ2 0.0933 (0.0142) 0.0952 (0.0144) 0.0983 (0.0094)

(a) Estimated parameter correlations

MLE Bayesian (prior) Bayesian (posterior)

Parameter δ0 δ1 δ2 δ0 δ1 δ2 δ0 δ1 δ2

δ0 1.0000 0.6933 0.0236 1.0000 0.6943 0.0175 1.0000 0.6894 0.0564

δ1 0.6933 1.0000 0.0319 0.6943 1.0000 0.0324 0.6894 1.0000 0.1041

δ2 0.0236 0.0319 1.0000 0.0175 0.0324 1.0000 0.0564 0.1041 1.0000

Panel B: Four quarters
(a) Parameter estimates

MLE Bayesian (prior) Bayesian (posterior)

Parameter Estimate Std. Err. Estimate Std. Err. Estimate Std. Err.

δ0 -0.7182 (0.0217) -0.7477 (0.0225) -0.7192 (0.0163)

δ1 0.5836 (0.0050) 0.5703 (0.0051) 0.5772 (0.0036)

δ2 0.0861 (0.0141) 0.0893 (0.0146) 0.0956 (0.0104)

(b) Estimated parameter correlations

MLE Bayesian (prior) Bayesian

Parameter δ0 δ1 δ2 δ0 δ1 δ2 δ0 δ1 δ2

δ0 1.0000 0.4283 0.0195 1.0000 0.4283 0.0195 1.0000 0.3897 -0.0872

δ1 0.4283 1.0000 0.0174 0.4283 1.0000 0.0174 0.3897 1.0000 0.0315

δ2 0.0195 0.0174 1.0000 0.0195 0.0174 1.0000 -0.0872 0.0315 1.0000
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Figure 1: Default rate and macro-economic variables

Figure (a) plots the quarterly default rate of the aggregate portfolio as per Equation (17). Figure (b) shows the
historical US 10-city composite Case-Shiller Index, Figure (c) shows the country-level debt-to-income ratio from the
Federal Reserve Bank. Figure (d) shows the quarterly real GDP growth rate from the OECD data service. The gray
bars indicate economic downturns as defined by the National Bureau of Economic Research.

(a) Default rate (b) 10-city composite Case-Shiller Index (CSI)

(c) Country-level debt-to-income ratio (DTI) (d) Real GDP growth rate (GDP)
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Figure 2: Data splitting

This figure visualizes the splitting of the data set into a prior sample, likelihood sample and validation sample. All data
samples relate to 10% of the mortgage loans and are mutually exclusive.
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Figure 3: Robustness check for random samples

Figure (a) plots the total default rate of the population in Equation (17) and the default rate for the prior sample, the
likelihood sample and validation-sample on a quarterly basis. Figure (b), (c) and (d) show the sample default rates
and the 95% confidence intervals in Equation (18) for the prior sample, the likelihood sample and validation-sample,
respectively. The gray bars indicate economic downturns as defined by the National Bureau of Economic Research.

(a) Overall and sample default rates (b) Prior sample

(c) Likelihood sample (d) Validation sample
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Figure 4: One quarter risk forecasting, PD model without auto-regressive adjust-
ment, validation sample

Figure (a) and (b) plot the realized default rate and the forecast default rate on a quarterly basis for the validation sample
given the maximum likelihood estimates in Panel A and the Bayesian estimates in Panel B of Table 5, respectively. The
forecast default rate is given by the mean ECPD in Equation (24). Figure (c) and (d) compare the mean 99.9% VaR
and the mean 99.9% VaR with model risk for the validation sample given the maximum likelihood estimates in Panel A
and the Bayes estimates in Panel B of Table 5, respectively. The VaR with model risk is based on 100,000 Monte Carlo
iterations. The gray bars indicate economic downturns as defined by the National Bureau of Economic Research.

(a) Mean ECPD - MLE (b) Mean ECPD - Bayes

(c) Mean VaRs - MLE vs Bayes (d) Mean VaRs with model risk - MLE vs Bayes
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Figure 5: Four quarters risk forecasting, PD model without auto-regressive ad-
justment, validation sample

Figure (a) and (b) plot the realized default rate and the forecast default rate on an yearly basis for the validation sample
given the maximum likelihood estimates in Panel A and the Bayesian estimates in Panel B of Table 5, respectively. The
forecast default rate is given by the mean ECPD in Equation (28). Figure (c) and (d) compare the mean 99.9% VaR
and the mean 99.9% VaR with model risk for the validation sample given the maximum likelihood estimates in Panel A
and the Bayes estimates in Panel B of Table 5, respectively. The VaR with model risk is based on 100,000 Monte Carlo
iterations. The gray bars indicate economic downturns as defined by the National Bureau of Economic Research.

(a) Mean ECPD - MLE (b) Mean ECPD - Bayes

(c) Mean VaRs - MLE vs Bayes (d) Mean VaRs with model risk - MLE vs Bayes
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Figure 6: One quarter risk forecasting, PD model with auto-regressive adjustment,
validation sample

Figure (a) and (b) plot the realized default rate and the forecast default rate on a quarterly basis for the validation sample
given the maximum likelihood estimates in Panel A and the Bayesian estimates in Panel B of Table 7, respectively. The
forecast default rate is given by the mean ECPD in Equation (31). Figure (c) and (d) compare the mean 99.9% VaR
and the mean 99.9% VaR with model risk for the validation sample given the maximum likelihood estimates in Panel A
and the Bayes estimates in Panel B of Table 7, respectively. The VaR with model risk is based on 100,000 Monte Carlo
iterations. The gray bars indicate economic downturns as defined by the National Bureau of Economic Research.

(a) Mean ECPD - MLE (b) Mean ECPD - Bayes

(c) Mean VaRs - MLE vs Bayes (d) Mean VaRs with model risk - MLE vs Bayes
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Figure 7: Four quarters risk forecasting, PD model with auto-regressive adjust-
ment, validation sample

Figure (a) and (b) plot the realized default rate and the forecast default rate on an yearly basis for the validation sample
given the maximum likelihood estimates in Panel A and the Bayesian estimates in Panel B of Table 7, respectively. The
forecast default rate is given by the mean ECPD in Equation (34). Figure (c) and (d) compare the mean 99.9% VaR
and the mean 99.9% VaR with model risk for the validation sample given the maximum likelihood estimates in Panel A
and the Bayes estimates in Panel B of Table 7, respectively. The VaR with model risk is based on 100,000 Monte Carlo
iterations. The gray bars indicate economic downturns as defined by the National Bureau of Economic Research.

(a) Mean ECPD - MLE (b) Mean ECPD - Bayes

(c) Mean VaRs - MLE vs Bayes (d) Mean VaRs with model risk - MLE vs Bayes
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