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Abstract

Data with long–range dependency can be modelled with continuous–time fractional stochas-
tic processes. The process studied in this paper is an extension of the classical Ornstein–
Ulhenbeck process, containing an extra parameter related to the Hurst index. A semipara-
metric estimation procedure is posed and tested within. A continuous–time version of the
Gauss–Whittle contrast function, measures the discrepancy between the data periodogram
and its spectral density. As a special application, the proposed estimation procedure is applied
to a class of fractional stochastic volatility processes. In addition, the long–range dependency
of the returns for the S&P 500 and the T–Bill rate is studied.
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volatility.
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1. introduction

Since the publication of Merton (1969), continuous–time processes have been closely as-
sociated with finance. Thus, the variation of a security price is roughly calculated as the
sum of its multiple variations during the given time period. The main assumption of the
continuous–time theory is that these security price variations happen over infinitesimal inter-
vals of time. Perhaps the most popular application of this theory has been the contribution
to option pricing by Black and Scholes (1973) and Merton (1973), in which the option price
problem is reduced to finding the solution to a partial differential equation. In general,
any contingent claim that has an unpredictable outcome in the future can be modelled in

1



continuous–time by a Brownian motion process. Consider a stochastic differential equation
(SDE) of the form,

dX(t) = µ(X(t))dt + σ(X(t))dB(t), (1)

where µ(X(t)) is the drift function and σ(X(t)) is the volatility function of the process.
Analytical solutions to these models are not always available. This motivates the develop-
ment of numerical and estimation techniques. For instance, Platen (1999) and Kloeden and
Platen (1999) extend numerical methods used to find approximations of solutions of ordinary
differential equations to find approximations of solutions of SDEs. At the same time, there
has been an important development of estimation techniques for continuous–time models
which can be grouped into: maximum likelihood methods, generalised method of moments,
simulated method of moments, efficient method of moments, nonparametric approaches and
methods based on empirical characteristic functions (see Sundaresan 2000).

There is a vast list of references related to developments on the short–term interest rate
as a stochastic diffusion process. Vacisek (1977) proposes a model of type (1) with the
variance independent of the interest rate. Cox, Ingersoll and Ross (1985) extend this case to
a model where the variance is proportional to the interest rate. Such a model is termed as
the well–known CIR process. Hull and White (1987) amongst others, study the logarithm of
the stochastic volatility (SV) as an Ornstein–Uhlenbeck process. Andersen and Lund (1997)
extend the CIR model to associate the spot interest rate with stochastic volatility process
through estimating the parameters with the efficient method of moments. Other closely
related studies include Aı̈t–Sahalia (1996, 1999), Gao and King (2004), and Hong and Li
(2004).

In recent years, there have been both theoretical and applied studies for dealing with
cases where data may exhibit long–range dependence (LRD) (see Ding, Granger and Engle
1993; Robinson 1994, 1999; Baillie and King 1996; Comte and Renault 1996, 1998; Ding
and Granger 1996; Anh and Heyde 1999; Heyde 1999; Deo and Hurvich 2001; Gao, et
al. 2001; Gao, Anh and Heyde 2002; Gao 2004; and others). For the case of continuous–
time models, Comte and Renault (1996) prove that classical SDE models can be extended
to embrace LRD models. They also show that how this extension is more suitable in a
continuous–time framework than in a discrete time framework. The main characteristic of
these extended models is the substitution of the classical Brownian motion by the so-called

fractional Brownian motion of the form Bβ(t) =
∫ t
0

(t−s)β

Γ(1+β)
dB(s), where B(t) is the standard

Brownian motion and Γ(x) is the usual Γ function. A Hurst index, H, with values in the
interval (1

2
, 1) quantifies that the data exhibit LRD. The parameter β is related to the Hurst

index through the expression H = β + 1
2

(see Beran 1994, p.52–53), therefore β is defined
as the LRD parameter when 0 < β < 1

2
. For 0 < β < 1

2
(i.e., 1

2
< H < 1) the process

is said to have LRD, for d = 0 (i.e., H = 1
2
) the observations are uncorrelated, and for

−1
2

< d < 0 (i.e., 0 < H < 1
2
) the process is said to have short–range dependence (SRD).

In practice, Ding, Granger and Engle (1993) suggest that financial aggregate data, such as
the absolute return for Standard & Poor 500 Stock Price Index, may display LRD. That is,
transformations of the autocorrelation function for large lags have non–negligible values.

Throughout this paper, the models used are determined by the continuous–time fractional

2



stochastic differential equation of the form

dX(t) = −αX(t)dt + σdBβ(t), X(0) = 0, t ∈ (0,∞). (2)

The solutions to this diffusion equation are processes with a spectral density defined by

φ(ω) = φ(ω, θ) =
σ2

Γ2(1 + β)

1

|ω|2β

1

ω2 + α2
, (3)

where θ ∈ Θ =
{
θ = (α, β, σ) : α > 0,−1

2
< β < 1

2
, σ > 0

}
. In this equation, α is the drift

parameter, σ is the volatility parameter and Bβ(t) is as defined before. The well–known
short–term interest rate model proposed by Vasicek (1977) is a special case of model (2) with
β = 0. The spectral density described in equation (3) corresponds to that of an Ornstein–
Ulhenbeck process of the form (2) driven by fractional Brownian motion with Hurst index
H = β + 1

2
.

The solutions X(t) of (2) are given by

X(t) =
∫ t

0
A(t− s)dB(s) (4)

with A(x) = σ
Γ(1+β)

(
xβ − α

∫ x
0 e−α(x−u)uβdu

)
. It follows from equation (4) that X(t) belongs

to a family of non–stationary Gaussian processes. It is known though, that a stationary
version, Y (t), of X(t) can be found as follows:

Y (t) =
∫ t

−∞
A(t− s)dB(s). (5)

Comte and Renault (1998) were among the first to study the estimation of the LRD
parameter β involved in model (2). In their study, an approximation to the solution given
by equation (4) is found using a pathwise fractional integration method. As an application,
they use this method to estimate β as a parameter of a fractional stochastic volatility (FSV)
model of the form

d ln(S(t)) = v(t)dB(t), (6)

d ln(v(t)) = −α ln(v(t))dt + σdBβ(t), (7)

where the parameters and Brownian motion are defined as above.

As can be seen, models (2) and (7) are also determined by the drift parameter, α, and the
volatility parameter, σ. More recently, Gao (2004) proposes an estimation procedure for the

case where θ ∈ Θ1 =
{
θ = (α, β, σ) : α > 0, 0 < β < 1

2
, σ > 0

}
for model (2) and establishes

some asymptotic properties for the proposed estimation procedure.

To check whether the estimation procedure proposed in Gao (2004) remains applica-
ble to some well–known financial data, such as the S&P 500 Stock Price Index, we choose
several different sections of the data and then check whether all the chosen sections of
the data exhibit LRD. Our empirical studies show that the estimated values of β based
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on some sections of the data appear to be within the interval of
(
0, 1

2

)
while the result-

ing estimated values of β based on other sections of the data look negative. This mo-
tivates the extension of the proposed estimation procedure to the case where θ ∈ Θ ={
θ = (α, β, σ) : α > 0,−1

2
< β < 1

2
, σ > 0

}
.

The main contribution of the current paper thus includes: (i) methodologically, it pro-
poses a general estimation procedure to deal with cases where the process may display
possible LRD or SRD; (ii) our comprehensive simulation studies show that the proposed
estimation procedure works well numerically not only for the LRD parameter β, but also
for the drift parameter α and the volatility parameter σ; and (iii) empirically, the proposed
estimation procedure is applied to check whether the LRD or SRD property of two well–
known financial data sets: a) the S&P 500 Stock Price Index and b) the Treasury Bill rate.
In addition, the data simulation procedure proposed in this paper is worthy of note. A set of
values of the form (5) are generated. Comte and Renault (1998) generate values using form
(4), however, the stationarity of the random vector X(t) is not assured. Once the auto–
covariance function is known, the auto–covariance matrix can be generated as a symmetric
matrix. This property can be used to generate the required Gaussian random vector from a
standard Gaussian random vector. The main advantage of this method is its computational
efficiency and simplicity. The time spent in the generation of a random vector depends on
the length of the vector. On the other hand, a numerical approximation to solution (5)
depends on the vector length and the chosen step size. Often a small step size is needed
to obtain a good convergence of the numerical approximation which makes the numerical
approach slow and even impractical.

This paper is organised as follows. Section 2 proposes the estimation procedure and
then establishes the corresponding asymptotic theory. The numerical implementation of
the proposed estimation procedure is described in Section 2.2. A theoretical explanation of
the way this numerical procedure may be applied to the FSV process completes Section 2.
Results of the simulations that were carried out can be found in Section 3. The estimation
procedure is tested with simulated data and compared to the model proposed by Comte
and Renault (1998) to solve the FSV process. Then, the estimation procedure is applied to
real financial data. Our results support those obtained by Ding, Granger and Engle (1993).
Mathematical details are relegated to Appendix A. Appendix B contains all the tables and
figures. This paper finishes with a summary of the results.

2. estimation procedure

2.1 Continuous–time Estimation Procedure

The spectral density function φ(ω, θ) given in equation (3) is well–defined for all values
ω ∈ <. Thus for values of β ∈ (0, 1

2
), the spectral density behaves as a usual LRD spectral

density: decreasing to zero as |ω| → ∞ and increasing to ∞ as |ω| → 0. For values of
β ∈ (−1

2
, 0) the spectral density, φ(ω, θ), decreases to zero as |ω| → ∞ and |ω| → 0 and has
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the maximum at ω = α
√

−β
1+β

.

Some detailed discussion about spectral analysis involving short–lange dependent sta-
tionary time series can be found in §10 of Brockwell and Davis (1991) and Priestly (1981).
For the LRD case, Gao, Anh and Heyde (2002) propose a continuous–time periodogram of
the form

IY
N (ω) =

1

2πN

∣∣∣∣∣
∫ N

0
e−iωtY (t)dt

∣∣∣∣∣
2

, (8)

where N > 0 is the upper bound of the interval [0, N ], on which each Y (t) is observed.

As in Gao (2004), this paper uses an extended continuous–time version of the discrete
Gauss–Whittle contrast function used by Dahlahaus (1989) of the form

LY
N(θ) =

1

4π

∫ ∞

−∞

{
log(φ(ω, θ)) +

IX
N (ω)

φ(ω, θ)

}
dω

1 + ω2
. (9)

We then define the minimum contrast estimtor of θ as

θ̄N = arg min
θ∈Θ0

LY
N(θ), (10)

where Θ0 is a compact subset of Θ.

As can be seen from Theorem 3.1 of Gao (2004), both the convergence in probabil-
ity and the asymptotic normality of θ̄N hold automatically for the case where θ ∈ Θ1 ={
θ = (α, β, σ) : α > 0, 0 < β < 1

2
, σ > 0

}
. The following theorem shows that such consis-

tency results also hold for the general case where θ ∈ Θ.

Theorem 1 (i) Let θ0 be the true value of θ. Then, as N →∞

P
(

lim
N→∞

θ̄N = θ0

)
= 1.

(ii) In addition, if the true value θ0 of θ is in the interior of Θ0, then, as N →∞
√

N(θ̄N − θ0) →D N
(
0, Σ−1(θ0)

)
,

where

Σ(θ) =
1

4π

∫ ∞

−∞

(
∂ log(φ(ω, θ))

∂θ

)(
∂ log(φ(ω, θ))

∂θ

)τ
1

(1 + ω2)2
dω,

in which ∂ log(φ(ω,θ))
∂θ

=
(
− 2α

ω2+α2 ,−2Γ′(1+β)
Γ(1+β)

− log(w2), 2
σ

)τ
.

The proof of the theorem is relegated to Appendix A below. In the following section,
we discuss how to realize the proposed continuous–time estimation procedure as well as to
illustrate the asymptotic consistency results in practice.
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2.2 Discrete Estimation Procedure

In many practical circumstances, observations on Y (t) are made at discrete intervals of time,
even though the underlying process may be continuous. In addition, it is computationally
easier to find a consistent estimate of θ based on a sequence of discrete observations on Y (t).
This section considers the following discrete process:

Zt = Y (t), t = 1, 2, . . . , T − 1 and T = [N ].

Such {Zt} is stationary and normally distributed with E[Zt] = 0 and auto-covariance func-
tion obtained as the inverse Fourier transform of its density function. As can be seen in
equation (2), φ(ω, θ) is symmetric with respect to ω and therefore the complex terms of the
transformation cancel out. Thus, the auto–covariance function is calculated as follows:

γ(τ) = 2
∫ ∞

0
φ(ω, θ) cos(ωτ)dω. (11)

Equivalently, φ(ω, θ) is the Fourier transform of the covariance function of the stationary
process {Zt} (see Priestly 1981) given by

φ(ω, θ) =
1

2π

∫ ∞

−∞
γ(τ)e−iτωdω.

It can be seen from Bloomfield (1976, §2.5) that the corresponding spectral density of
{Zt} is defined by

fZ(ω) = f(ω, θ) =
∞∑

k=−∞
φ(ω − 2kπ, θ). (12)

Given T observations Z1, . . . , ZT , we may estimate the spectral density function fZ(w, θ0)
by

IZ
T (ω) =

1

2πT

∣∣∣∣∣
T∑

t=1

e−iωtZt

∣∣∣∣∣
2

. (13)

As a discrete approximation to LY
N(θ) defined in Section 2, we use a discrete version of

the form

W (θ) = WT (θ) =
1

2T

T−1∑
s=1

{
log(f(ws, θ)) +

IZ
T (ws)

f(ws, θ)

}
(14)

with ws = 2πs
T

.

Thus, the (discrete) minimum contrast estimator of θ can be defined by

θ̂T = arg min
θ∈Θ0

W (θ), (15)

which approximates θ̄N for large enough N , i.e. it can be shown that

lim
N→∞

P (|θ̂T − θ̄N | ≥ ε) = 0

for any given small ε > 0. Thus, we may approximate θ̄N by θ̂T in Section 3 below.
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3. simulations and applications

3.1 Data Simulation

To validate the results of the estimation procedure, sample paths with predetermined pa-
rameters and distribution are generated. The aim of this simulation is to estimate these
parameters as accurately as possible to prove that the estimation procedure is reliable in
practice.

The solution described by equation (5) is stationary and normally distributed. A discrete
sample path, {Zt : t = 1, . . . , T}, is generated in the following manner:

• generate CT , a T ×T auto-covariance matrix, using the auto-covariance function given
by equation (11) with τ = 1. CT is a symmetric non-negative definite matrix with
spectral decomposition CT = V ΛV >, where Λ = diag {λ1, . . . , λT} is the diagonal
matrix of the eigenvalues and V is the orthogonal matrix of the eigenvectors such that
V >V = I with V > being the matrix transpose of V ;

• generate a sample G = (g1, g2, . . . , gT )> of independent realisations of a multivariate
Gaussian random vector with the zero vector as the mean and the identity matrix as
the covariance matrix; and

• generate (z1, . . . , zT ) = V Λ1/2V >G as the realisation of a multivariate Gaussian random
vector with the zero vector as the mean and CT as the covariance matrix.

The sample path generated with the initial parameter values θ0 = (α, β, σ) = (1.5, 0.1, 0.01)
is illustrated in Figure 1. The periodogram and the spectral density of the simulated data
set are illustrated in Figure 2.

Figures 1 and 2 near here

3.2 Estimation of θ

Samples for different parameters, θ0, and different lengths, T, were generated. The discrete
estimation procedure explained in Section 2.2 was applied to these samples to obtain estima-
tors of θ0. The aim was to show that the estimation procedure was reliable for any sample
path that follows a model of the form (2).

Tables 1, 2, 3 and 4 near here
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The results in Tables 1, 2, 3 and 4 show the empirical means, the empirical standard
deviations and the empirical mean square errors. When the number of points generated
increases the empirical mean gets closer to the value of the real parameter and its standard
error reduces. This shows that there is an asymptotic convergence of the estimates to
the real parameters. The estimates obtained with 100 and 1000 simulations do not differ
strongly from each other. This may show that the method is also robust for small numbers
of simulations. The tables show that the parameter β may be estimated quite accurately. In
addition, the simulations have been carried out for values of β ∈ (−1

2
, 1

2
) including the case

with β = 0 that is shown separately in Table 5. The results confirm that this procedure can
be used to estimate the parameters of financial data with possible LRD or SRD.

Table 5

The parameter β is restricted to the interval (−1
2
, 1

2
), whereas α and σ can take any

positive value. Large values of α and σ need larger data sets for some good estimation. For
instance in the simulation for θ = (1,−0.2, 0.05), there were 15 outliers out of 1000 estimates.
This is less than 2% of the number of estimates but these have a large effect on the empirical
mean. As the size of the data increases, the occurrence of these outliers decreases. Table 6
displays the estimates for two parameters with large α and σ values.

Table 6

In summary, the proposed estimation procedure works well numerically.

3.3 Estimation of β for the FSV Model with Two Procedures

Given a financial time series, one of the questions that arises is whether the data exhibit LRD.
The most common way to quantify LRD is by assessing the Hurst index and in particular,
estimating the β parameter. The comparison of two procedures to estimate β involved in the
FSV model (7) is discussed in this Section. Procedure A refers to the estimation procedure
described in Section 2.2 and procedure B refers to the estimation procedure presented by
Comte and Renault (1998).

One hundred discrete sample paths, {Zt}, of length 400 with parameter θ0 = (3, 0.3, 1)
are generated as described in Section 3.1. Two simulation approaches are compared: i)
the estimation of β involved in the stochastic logarithm volatility process, ln(v(t)), where
the estimation procedure is applied over the sample path {Zt} and ii) the estimation of β
involved in the stochastic volatility process, v(t), where the proposed estimation procedure
is applied over the sample path {exp(Zt)}. The results with procedure A and procedure B
(results for procedure B are taken from Section 6.4 of Comte and Renault 1998) are displayed
in Table 7.
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Table 7 near here

The main difference between the two procedures is the way in which the data is simulated.
Procedure B generates discrete sample paths of the process (4) (see Section 3.3 of Comte
and Renault 1998). The convergence of this procedure as well as the speed depends on the
step size, h. Procedure A generates stationary sample paths as Gaussian random vectors
with mean vector zero and auto–covariance function (11). The other important difference
between the two procedures is that procedure B uses the log-periodogram as the discrete
density estimate of Zt while procedure A uses the periodogram as introduced above.

It can be seen in Table 7 that for sets of 400 records procedure A performs better than
procedure B for simulations of the process ln(v(t)). The standard deviation of procedure A
decreases when the size of the sample increases as can be seen from Table 8, which shows
the estimators of β improves drastically without a very high computational cost.

Table 8 near here

In summary, procedure A is a good choice to estimate β for the FSV model (7). It
obtains good results and is computationally cheap. The latter is discussed in more detail in
the following subsection.

3.4 Computational Performance Comparison

The essential advantage of the data simulation with procedure A for the estimation of β
is its computational efficiency. The generation of 100 samples of length 400 of the process
v(t) with procedure A takes approximately half an hour (CPU user time). However, the
generation of 100 samples of length 400 using procedure B and step size h = 1/20 has been
estimated to take more than two days (CPU user time) which makes procedure B unfeasible
for large sample paths. Although computer power nowadays has improved greatly, this task
can make the estimation algorithm very slow and impractical. Therefore a feasible and
efficient numerical approach is desirable.

Simulations to compare the performance between the two procedures were carried out on
a Pentium 4 (2.4 GHz), using the R programming language. Sample paths, {Zt : t = 1, . . . , T}
for different lengths, T , were generated with procedure A and procedure B. The performance
of the generation process of both procedures are shown in Table 9 and Figure 3. These show
the CPU user time as a function of the number of points generated.

Table 9 and Figure 3 near here

The efficiency of procedure A permits large sample paths to be generated to ensure a
good parameter estimation.

9



3.5 Financial Data

A good estimation procedure must be able to solve some real data problems if it is to be of
any practical value. To test whether the proposed estimation procedure works adequately
for real data, two data sets have been studied:

i) the daily values of the S&P 500 Stock Price Index from January 1928 to December
1987 and,

ii) the monthly values of the three–month Treasury Bill rate from January 1963 to De-
cember 1998.

The first step is to prepare the data under study such that a set of stationary Gaussian
data can be obtained. In this Section, two transformations to produce stationary data are
considered:

• The first difference of the original data set is defined as follows

Vt = Zt − Zt−1 for t = 1 . . . T. (16)

• The compounded return of {Zt} is the first difference of the natural logarithm of the
original data set, given by

Wt = ln

(
Zt

Zt−1

)
for t = 2 . . . T. (17)

In some of the cases studied in this paper, once the stationarity was assured, the data
needed to be slightly truncated to ensure Gaussianity.

3.5.1 S&P 500

For the first financial example, a section of the S&P 500 Stock Price Index from January
1928 to December 1987 is considered and four subsets taken: the whole set with 16,128 daily
values; a set of 10,000 daily values from the 21st of September 1948; a set of 2,000 daily
values from the 4th of February 1980; and a set of 500 daily values from the 10th of January
1986. The trajectory of the S&P 500 Stock Price Index is illustrated in Figure 4.

Figure 4 near here

The initial data set, X(t), is transformed to obtain a stationary set using equation (17).
Afterwards, the new data set is truncated by the 1% and 99% quantiles to assure normality.
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Next, equations (12) to (14) are applied to the transformed set. The estimates of the
parameters involved in the density function (3) of the S&P 500 Stock Price Index are found.
These are shown in Table 10. The estimate of the spectral density is shown in Figure 5.

Table 10 and Figure 5 near here

The β estimates that correspond to the two large data sets within the interval (0, 1
2
)

suggest that these sets may display LRD. However, the β estimates corresponding to the
two smaller sections of the data set are negative therefore, the smaller sets do not display
LRD. For the two larger sections of the data, moreover, our findings are consistent with
those results obtained by Ding, et al. (1993). They analyse the autocorrelation function
(ACF) of the compounded return, Wt, |Wt| and W 2

t for a large section of the S&P 500 Stock
Price Index, from January 1928 to August 1991. Their analysis is repeated in this paper
for different sections of the S&P 500 Stock price Index compounded return. The results are
shown in Figures 6 and 7 and Table 11. In these figures, the ACF dies off for the smaller
sets, but it is still important for large lags for the larger sets.

Table 11 near here

Figures 6 and 7 near here

In summary, our studies show that there is some weak evidence of LRD for large sections
of the S&P 500 Stock Index Price, while small sections of the data exhibit SRD.

3.5.2 T–Bill rate

The T–Bill rate, shown in Figure 8, are monthly observations over the period from January
1963 to December 1998. An initial look at the data suggests that this set does not exhibit
stationarity. This can be achieved with the appropriate transformation. The two trans-
formations described by equations (16) and (17) were applied to this data. In some cases
truncations were needed to ensure Gaussianity.

Figure 8 near here

The parameters α, β and σ are then estimated applying equations (12) to (14) as before.
The resulting estimates are shown in Table 12. The density function estimate is shown in
Figure 9. For each of the transformations, the estimate of β is negative and therefore does
not suggest that the data set may display LRD.
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Table 12 and Figure 9 near here

The ACF of Vt and Wt, as well as their absolute values and the square values of the trans-
formed data are examined. The functions are displayed in Figure 10 for the first difference
and in Figure 11 for the compounded return. As can be seen from Table 13, the autocorre-
lation values die off for long lags, i.e. the data does not display LRD as was acknowledged
by the results obtained with the estimation procedure discussed above.

Figures 10 and 11 near here

Table 13 near here

4. Discussion

Recently, several methods and models have been proposed to model data with LRD property.
This paper has extended one of the models proposed in Gao (2004) to accommodate cases
where some sections of the data may exhibit LRD while other sections may not exhibit LRD.
Such an extension has then been applied to examine both the S&P 500 index and the T-Bill
rate. For the the S&P 500 index, our studies have indicated that there is some kind of weak
evidence of LRD for the data values recorded before 1950. In addition, our research provides
a kind of answer to the question of whether or not the T–Bill rate should be treated as
long–range dependent time series. We conclude that the T-Bill rate does not exhibit LRD.
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A. Proof of Theorem 1

In order to prove Theorem 1, we need to introduce the following assumption and then a
lemma.

Assumption A.1 (i) Assume that φ(ω, θ) satisfies∫ ∞

−∞
φ(ω, θ) dω < ∞

for all θ ∈ Θ =
{
0 < α < ∞,−1

2
< β < 1

2
, 0 < σ < ∞

}
.

(ii) Let θ0 be the true value of θ, and θ0 be in the interior of Θ0, a compact subset of Θ.
For any small ε > 0, if ε < ||θ − θ0|| < 1

4
then∫ ∞

−∞

φ(ω, θ0)

φ(ω, θ)

1

1 + ω2
dω < ∞,

where || · || denotes the Euclidean norm.

(iii) For any real function h(·) ∈ L2(−∞,∞),∫ ∞

−∞

h2(ω, θ0)

(1 + ω2)2

(
∂ log(φ(ω, θ))

∂θ

)τ (
∂ log(φ(ω, θ))

∂θ

)
|θ=θ0 dω < ∞,

where ∂ log(φ(ω,θ))
∂θ

=
(

∂ log(φ(ω,θ))
∂α

, ∂ log(φ(ω,θ))
∂β

, ∂ log(φ(ω,θ))
∂σ

)τ
.
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(iv) For θ ∈ Θ,

Σ(θ) =
1

4π

∫ ∞

−∞

(
∂ log(φ(ω, θ))

∂θ

)(
∂ log(φ(ω, θ))

∂θ

)τ
1

(1 + ω2)2
dω < ∞.

(v) The inverse matrix, Σ−1(θ0), of Σ(θ0) exists.

Assumption A.1 is a set of modified versions of Conditions 2.1–2.3 of Gao, Anh and Heyde
(2002). In order to ensure that possible cases of short–range dependence can be included,
the parameter space Θ has been expanded to cover the case where −1

2
< β ≤ 0. Under

Assumption A.1, we have the following lemma.

Lemma A.1. Assume that Assumption A.1 holds. Let θ0 be the true value of θ. Then, as
N →∞

P
(

lim
N→∞

θ̄N = θ0

)
= 1.

In addition, if the true value θ0 of θ is in the interior of Θ0, then, as N →∞
√

N(θ̄N − θ0) →D N
(
0, Σ−1(θ0)

)
,

where Σ(θ) is as defined in Assumption A.1(iv).

The proof of Lemma A.1 is similar to that of Theorem 2.4 of Gao, Anh and Heyde (2002).
As may be seen from the detailed proof of the Theorem 2.4, all the derivations remain true
under Assumption A.1.

Proof of Theorem 1. It follows from Lemma A.1 that in order to prove Theorem 1, it
suffices to verify Assumption A.1 in detail.

To verify Assumption A.1, we need only to consider the case where

θ ∈ Θ2 =
{
α > 0,−1

2
< β ≤ 0, σ > 0

}
,

since the verification for the case where θ ∈ Θ1 =
{
α > 0, 0 < β < 1

2
, σ > 0

}
can be done

similarly.

For the case where −1
2

< β ≤ 0, let γ = −β. Then 0 ≤ γ < 1
2
. We now rewrite the

spectral density function φ(ω, θ) as

φ(ω) = φ(ω, θ) =
σ2

Γ2(1− γ)

|ω|2γ

ω2 + α2
, ω ∈ (−∞,∞). (18)

Thus, for 0 < γ < 1
2

we have∫ ∞

−∞
φ(ω, θ)dω =

∫ ∞

−∞

σ2

Γ2(1− γ)

|ω|2γ

ω2 + α2
dω =

σ2

Γ2(1− γ)

∫ ∞

−∞

|ω|2γ

ω2 + α2
dω < ∞ (19)
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using ω2γ

ω2+α2 ≈ |ω|2γ as ω → 0 with
∫ c2
c1
|ω|2γ dω < ∞ for any given small c1 < c2, and

ω2γ

ω2+α2 ≈ 1
ω2(1−γ) as ω → ∞ with

∫∞
C

1
ω2(1−γ) dω < ∞ for any given C > 0. This implies that

Assumption A.1(i) holds.

Similarly, we may verify that Assumption A.1(ii) also holds using the fact that |β−β0| =
|γ − γ0| when γ = −β and γ0 = −β0 are used.

Assumption A.1(iii) follows from the assumption that h(·) ∈ L2(−∞,∞) and(
∂ log(φ(ω, θ))

∂θ

)τ (
∂ log(φ(ω, θ))

∂θ

)
|θ=θ0

=
4

σ2
0

+
4α2

0

(ω2 + α2
0)

2
+

(
2
Γ′(1− γ0)

Γ(1− γ0)
+ log(w2)

)2

using
∂ log(φ(ω, θ))

∂θ
=

(
− 2α

ω2 + α2
,−2

Γ′(1 + β)

Γ(1 + β)
− log(w2),

2

σ

)τ

. (20)

The verification of Assumption A.1(iv)(v) can be done similarly using (20). We thus
finish the verification of Assumption A.1. The proof of Theorem 1 is therefore finished.
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B. Figures and Tables
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Figure 1: Sample path for data generated with θ = (α, β, σ) = (0.1, 0.1, 0.1) and τ = 1.
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Figure 2: The periodogram and the spectral density for θ = (α, β, σ) = (0.1, 0.1, 0.1) and

τ = 1.
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Figure 4: A Section of the S&P 500 Index from Jan. 1928 to Dec. 1987.
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Figure 5: Estimate of the spectral density function referring to the truncated compounded

return of sections of the S&P 500 Index: a) (α̂, β̂, σ̂) = (2.4566, -0.0444, 0.0188), b) (α̂, β̂, σ̂)

= (2.4165, 0.0120, 0.0197).
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Figure 6: ACF for Wt, |Wt| and W 2
t of the: a) S&P 500 referring to Jan. 1986 to Dec. 1987,

b) S&P 500 referring to Feb. 1980 to Dec. 1987.
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Figure 7: ACF for Wt, |Wt| and W 2
t of the: a) S&P 500 referring to Sep. 1948 to Dec. 1987,

b) S&P 500 referring to Jan. 1928 to Dec. 1987.
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Figure 9: Estimate of the spectral density function with (α̂, β̂, σ̂) = (0.5322,−0.1440, 0.4846).
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Figure 10: ACF for Vt, |Vt| and V 2
t of the first difference of the T-Bill rate: a) truncated by

the 1% and 99% quantiles, b) truncated by the 2% and 98% quantiles.
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Figure 11: ACF for Wt, |Wt| and W 2
t of the compounded return of the T-Bill rate: a) without

truncation, b) truncated by the 1% and 99% quantiles.
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T = 1000 T = 2500 T = 5000

θ0 = (1.5, 0.3, 1)

Empirical mean

Empirical std.dev.

Empirical MSE

α̂ β̂ σ̂

1.4765 0.2857 0.7022

0.3407 0.0693 0.0863

0.1166 0.0050 0.0961

α̂ β̂ σ̂

1.4796 0.2927 0.7048

0.1892 0.0345 0.0495

0.0362 0.0012 0.0896

α̂ β̂ σ̂

1.4965 0.2981 0.7068

0.1251 0.0227 0.0319

0.0157 0.0005 0.0870

θ0 = (3, 0.3, 1)

Empirical mean

Empirical std.dev.

Empirical MSE

α̂ β̂ σ̂

3.1806 0.2951 0.7362

1.1813 0.0502 0.1991

1.4281 0.0025 0.1092

α̂ β̂ σ̂

3.0025 0.2953 0.7098

0.4922 0.0283 0.0841

0.2423 0.0008 0.0913

α̂ β̂ σ̂

3.0287 0.2991 0.7121

0.3222 0.0199 0.0535

0.1046 0.0004 0.0857

Table 6: 100 samples generated.

ln(v(t)) v(t)

Empirical mean
Empirical std.dev.
Empirical MSE

procedure A procedure B
0.2951 0.2877
0.0502 0.0629
0.0025 0.0041

procedure A procedure B
0.2834 0.2568
0.1063 0.0823
0.0116 0.0086

Table 7: Estimation β with procedure A and procedure B for θ0 = (3, 0.3, 1). over sets of

400 records.

T = 1000 T = 2500

Empirical mean
Empirical std.dev.
Empirical MSE

ln(v(t)) v(t)
0.2951 0.2669
0.0502 0.0588
0.0025 0.0045

ln(v(t)) v(t)
0.2953 0.2693
0.0283 0.0394
0.0008 0.0025

Table 8: Estimates of β with procedure A for processes ln(v(t)) and v(t).

T 20 40 60 80 100 400 1000
procedure A 0.84 1.63 2.33 3.46 4.16 19.65 77.32
procedure B (h = 1

20 ) 3.37 12.29 28.24 51.88 83.6 1755.34 13283.93
procedure B (h = 1

100 ) 16.75 61.78 141.59 260.64 423.22 8813.54 66147.45

Table 9: Comparison of user CPU time (in seconds) between data simulation with procedure

A and procedure B.
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T α̂ β̂ σ̂

500 1.810 -0.0979 0.0195

2000 2.4566 -0.0444 0.0188

10000 1.8824 0.0053 0.0131

16128 2.4165 0.0120 0.0197

Table 10: Estimation of S&P 500 Stock Index parameters.

data lag1 2 5 10 20 40 70 100

T = 500
Wt 0.0734 -0.0458 0.0250 0.0559 -0.0320 -0.0255 0.0047 0.0215
|Wt|1/2 -0.0004 0.1165 0.1307 0.0844 0.0605 -0.0128 0.0430 -0.0052
|Wt| 0.0325 0.1671 0.1575 0.1293 0.092 -0.0141 0.0061 -0.0004
|Wt|2 0.0784 0.2433 0.1699 0.1573 0.1117 -0.0094 -0.0283 0.0225

T = 2000
Wt 0.0494 -0.0057 -0.0090 0.0142 0.0012 -0.0209 0.0263 0.0177
|Wt|1/2 -0.0214 -0.0072 0.0826 0.0222 0.0280 -0.0040 0.0359 0.0001
|Wt| -0.0029 0.0187 0.0997 0.0258 0.0505 0.0036 0.0422 -0.0020
|Wt|2 0.0401 0.0562 0.1153 0.0275 0.0668 0.0018 0.0376 -0.0045

T = 10000
Wt 0.1580 -0.0224 0.0122 0.0125 0.0036 0.0079 0.0028 0.0071
|Wt|1/2 0.1161 0.0813 0.1196 0.0867 0.0789 0.0601 0.0775 0.0550
|Wt| 0.1223 0.0986 0.1326 0.0989 0.0944 0.0702 0.0879 0.0622
|Wt|2 0.1065 0.1044 0.1281 0.0937 0.0988 0.0698 0.0847 0.0559

T = 16127
Wt 0.0971 -0.0362 0.0054 0.0180 0.0036 0.0222 -0.0061 0.0041
|Wt|1/2 0.1783 0.1674 0.1879 0.1581 0.1567 0.1371 0.1252 0.1293
|Wt| 0.2044 0.2012 0.2215 0.1831 0.1835 0.1596 0.1439 0.1464
|Wt|2 0.1864 0.2018 0.2220 0.1684 0.1709 0.1510 0.1303 0.1321

Table 11: Autocorrelation of Wt, |W |d for d = 1/2, 1, 2 for the S&P 500.

Transformation α̂ β̂ σ̂

Vt (truncated by the 1% and 99% quantiles) 0.5322 -0.1440 0.4846

Vt (truncated by the 2% and 98% quantiles) 0.2336 -0.3199 0.3737

Wt (without truncation) 0.7019 -0.0359 0.0774

Wt (truncated by the 1% and 99% quantiles) 0.7091 -0.0342 0.0648

Table 12: Estimation of the T-Bill rate Parameters.
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data lag1 2 5 10 20 40 70 100

Vt 0.4014 0.1789 0.0285 0.1389 0.1759 0.1377 0.0419 0.0193
|Vt|1/2 0.4244 0.3385 0.3012 0.2279 0.2377 0.2010 0.1882 -0.0626
|Vt| 0.3999 0.3593 0.2698 0.2622 0.2125 0.1696 0.1636 -0.0691
|Vt|2 0.2423 0.2551 0.1626 0.2476 0.1089 0.0890 0.0899 -0.0570

Wt 0.446 0.1961 0.003 0.1212 0.128 0.1306 0.062 -0.0598
|Wt|1/2 0.2893 0.1589 0.1781 0.1028 0.1381 0.1143 0.1174 0.0165
|Wt| 0.2803 0.1654 0.1654 0.1525 0.1306 0.1235 0.1250 0.0278
|Wt|2 0.2108 0.1395 0.1020 0.1861 0.1146 0.1102 0.1314 0.0722

Table 13: Autocorrelation of Vt, |Vt|d, Wt and |Wt|d for d = 1/1, 1, 2 for the T–Bill rate.
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