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Abstract

This paper compares different GARCH models in terms of their ability to describe and forecast financial
time series’ volatility from one-day to one-month horizon. To take into account the excessive persistence
usually found in GARCH models that implies too smooth and too high volatility forecasts, Markov
Regime-Switching GARCH (MRS-GARCH) models, where the parameters are allowed to switch be-
tween a low and a high volatility regime, are analyzed. Both gaussian and fat-tailed conditional distribu-
tions for the residuals are assumed, and the degrees of freedom can be state-dependent to model possible
time-varying kurtosis. The empirical analysis demonstrates that Markov Regime-Switching GARCH
(MRS-GARCH) models do really outperform all standard GARCH models in forecasting volatility at
shorter horizons according to a broad set of statistical loss functions. At longer horizons standard asym-
metric GARCH models fare the best. Tests for equal predictive ability of the Diebold-Mariano type and
for superior predictive ability, such as White's Reality Check and Hansen’s SPA test, confirm these re-
sults rejecting the presence of better models than the MRS-GARCH with nhormal innovations. However,
according to a VaR-based loss function this model fares much worse than the others at all horizons. Also
we find that no model clearly outperforms the others at all horizon under this risk-management evalua-
tion criterion.
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1 Introduction

In the last few decades a growing number of scholars has focused attention on the analysis and forecasting
of volatility, due to its crucial role in financial markets. Portfolio managers, option traders and market
makers all are interested in the possibility of forecasting, with a reasonable level of accuracy, this important
magnitude, in order to get either higher profits or less risky positions.

So farin the literature, many models have been put forward, but those that seem to be the most successful
and popular are the GARCH (Generalized Autoregressive Conditional Heterscedasticity) models by Boller-
slev (1986) who generalizes the seminal idea on ARCH models by Engle (1982). Their incredible popularity
stems from their ability to capture, with a very flexible structure, some of the typical stylized facts of finan-
cial time series, such as volatility clustering, that is the tendency for volatility periods of similar magnitude
to cluster. Usually GARCH models can take into account the time-varying volatility phenomenon over a
long period (French et al., 1987, Franses and Van Dijk, 1996) and provide very good in-sample estimates.

Furthermore, as argued by Andersen and Bollerslev (1998), GARCH models do really provide good
volatility forecasts, even though it might be the case that researchers can get good in-sample fit, but very poor
forecasting performances. This poor predictive power in forecasting volatility could originate both from an
erroneous form of judgement, such as the practice of comparing the model forecasts to a lousy measure
for the ex-post volatility, and from an incorrect choice of the statistical loss function to be minimized. For
these reasons the authors put forward a new way to compare volatility forecasts, by means of the so-called
‘realized volatility’, calculated with intra-daily data.

One of the main goals of the present paper is to show that possible concerns about the forecasting ability
of GARCH models can arise because of the usually estimated excessive persistence of individual shocks on
volatility. Hamilton and Susmel (1994), for example, find that, for their stock return data, a shock on a given
week would produce non-negligible effects on the variance more than one year later. This can be one of the
main reasons why the GARCH volatility forecasts are sometimes too smooth and too high across periods
with different levels of turbulence.

Financial returns exhibit sudden jumps that are due not only to structural breaks in the real economy, but
also to changes in the operators’ expectations about the future, that can originate from different information
or dissimilar preferences. The real volatility is affected by millions of shocks, that anyway never persist
for a long time, rendering its behavior mean-reverting. It follows that a good volatility model should entalil
a different way of treating shocks, in order to give better forecasts. For such reasons in the present work
GARCH models are incorporated in a regime-switching framework, that allows, rather parsimoniously,
to take into account the existence of two different volatility regimes, characterized by a different level of
volatility. In both regimes volatility follows a GARCH-like pattern, in such a way to avoid the actual
variance to depend on the entire information set, as in Gray (1996) and Klaassen (2002).

Besides, some fat-tailed distributions, such as the Studeatid the GED, are adopted. In some cases,
the corresponding shape parameters can vary across different regimes, to model possible variations in the
conditional kurtosis in a way that generalizes Dueker (1997)’s Regime-Switching GARCH models, where



only few parameters are state-dependent.

GARCH models typically show high volatility persistence. Lamoureux and Lastrapes (1990) attribute
this persistence to the possible presence of structural breaks in the variance. They demonstrate that shifts
in the unconditional variance are likely to lead to wrong estimates of the GARCH parameters in a way that
implies persistence.

Cai (1994) and Hamilton and Susmel (1994) are the first to apply the seminal idea of regime-switching
parameters by Hamilton (1988, 1989 and 1990) into an ARCH specification in order to account for the
possible presence of structural breaks. They use an ARCH specification instead of a GARCH to avoid
problems of infinite path-dependence.

The property that makes Markov Regime-Switching GARCH (heretofore MRS-GARCH) and GARCH
models so different is given by their completely opposite representation of the concept of time-varying
volatility. Actually, while GARCH models describe volatility as an ARMA process, thus incorporating in-
novations directly, the MRS-GARCH models keep the same structure for the volatility, adding the possibility
of sudden jumps from the turbulent regime to the tranquil state and viceversa.

The main empirical results, using US stock market data, point out that MRS-GARCH models signif-
icantly outperform the usual GARCH models in forecasting volatility at shorter horizons according to a
broad set of statistical loss functions. The significance of the performance differentials among the compet-
ing models is worked out both through Diebold-Mariano-type of tests for equal predictive ability and tests
for superior predictive ability, such as the White’s (2000) Reality Check test and Hansen’s (2001) test for
Superior Predictive Ability. Overall these tests show that the MRS-GARCH model with normal innova-
tions does outperform all standard GARCH models in forecasting volatility at shorter horizons. At longer
horizons, standard GARCH models outperform the MRS-GARCH. The tests for superior predictive ability
display the predictive superiority of MRS-GARCH model with normal innovations and the results do not
change if we only compare MRS-GARCH models, without including single-regime GARCH models. Since
volatility is used as a key ingredient for VaR estimates a risk-management loss function is adopted to com-
pare the forecasting performances of the competing models. According to this loss function, MRS-GARCH
models seem to fare much worse than with standard statistical loss function also at shorter horizons (the
only exception is the MRS-GARCH model with GED innovations). However, as in previous studies such as
Brooks and Persand (2003) there is no clear answer about which model fares the best under this VaR-based
loss function.

The plan of this paper is as follows. Linear and non-linear GARCH models are presented in section
2. Section 3 is devoted to a detailed description of MRS-GARCH models. The stock market data (daily
and intra-daily) and the methodology are discussed in section 4, while in section 5 a digression on the
various tests used to evaluate the one-day, one-week, two-week and one-month ahead volatility forecasts
is presented. All the empirical results and the discussion are developed in section 6 and conclusions are
sketched in section 7.



2 GARCH Models

Let us consider a stock market indgxand its corresponding rate of retur defined as the continuously
compounded rate of return (in percent)

re = 100 [log (pt) — log (pe-1)] 1)
where the index denotes the daily closing observations @ande —R + 1,...,n. The sample period
consists of an estimation (or in-sample) period witlobservationst(= —R + 1, ..., 0), and an evaluation
(or out-of-sample) period with observationst(= 1, ..., n).

The GARCHY(1,1) model for the series of returpsan be written as

Tt:6+5t:5+nt\/h>t (2)

hi = ag + arer_ | + Bhi1 (3)

whereay > 0, a1 > 0 andf; > 0 to ensure a positive conditional variance, and the innovation is conve-
niently expressed as the product ofiam. process with zero mean and unit variangg {imes the square
root of the conditional variance.

In order to cope with the skewness often encountered in financial returns, Nelson (1991) introduces the
Exponential GARCH (EGARCH) model where the logarithm of the conditional variance is modeled as
Et—1 €t—1

—— |+ &+ Bilog (hi1) (4)

| hy) =
o () = ao +n hi—1 hi—1

with no parameter constraints.

Glosten, Jagannathan and Runkle (1993) put forward a modified GARCH model (GJR) to account for
the ‘leverage effect’. This is an asymmetric GARCH model that allows the conditional variance to respond
differently to shocks of either sign and is defined as follows

he = a0+ are; g [1— I, s0y] +&61- 11,1501 + Brhia (5)

wherely is the indicator function which is equal to one wheiis true and zero otherwise.

Another common finding in the GARCH literature is the leptokurtosis of the empirical distribution of
financial returns. To model such fat-tailed distributions researchers have adopted the Studetits
Generalized Error Distribution (GED). Therefore, in addition to the classic gaussian assumption, in what
follows the errorg; are also assumed to be distributed according to a Studemt'a GED distribution. If
a Student's distribution withr degrees of freedom is assumed, the probability density function (pdf) of
takes the form
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wherel (-) is the Gamma function and is the degree-of-freedom (or shape) parameter, constrained to

be greater than two so that the second moments exist. With a GED distribution instead, the pdf of the
innovations becomes
1
vexp |- (5)| ta] |

Fe)= hy 22021 (1) "
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with X = [(272/*T(1/v))/T(3/v)]*/2, wherel (-) is the Gamma functiory is the thickness-of-tail (or
shape) parameter, satisfying the conditiot v < co and indicating how thick the tails of the distribution
are, compared to the normal. When the shape parameter2, the GED becomes a standard normal
distribution, while forr < 2 andv > 2 the distribution has thicker and thinner tails than the normal
respectively.

3 Markov Regime-Switching GARCH Models

The main feature of regime-switching models is the possibility for some or all the parameters of the model
to switch across different regimes (@gatesof the world) according to a Markov process, which is governed

by a state variable, denotegd The logic behind this kind of modeling is having a mixture of distributions

with different characteristics, from which the model draws the current value of the variable, according to the
more likely (unobserved) state that could have determined such observation. The state variable is assumed
to evolve according to a first-order Markov chain, with transition probability

Pr (s = jlsi—1 = 1) = pyj (8)

that indicates the probability of switching from statd timet—1 into statej att. Usually these probabilities
are grouped together into the transition matrix

P= P11 p21]:[ p (1—Q)] (9)

P12 P22 (1-p) q

where for simplicity the existence of only two regimes has been considered. The ergodic probability (that is
the unconditional probability) of being in state = 1 is given byr; = (1 — p)/(2 —p — q).
The MRS-GARCH model in its most general form can be written as

IFor further details on regime-switching models, see Hamilton (1994).
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wheref (-) represents one of the possible conditional distributions that can be assumed, that is Normal (N),
Student’st or GED,Gt(i) denotes the vector of parameters inthh regime that characterize the distribution,

p1+ = Pr(s; = 1|¢;—1] is the ex ante probability an¢l_; denotes the information set at time- 1, that

is the o-algebra induced by all the variables that are observed-at. More specifically, the vector of
time-varying parameters can be decomposed into three components

o) = (000047 an
whereuf) = E (r|¢;—1) is the conditional mean (or location parametéaf)i,) = Var (r¢|(—1) is the
conditional variance (or scale parameter), aﬁa is the shape parameter of the conditional distribufion.
Hence, the family of density functions ef is a location-scale family with time-varying shape parameters
in the most general setting.

Therefore, the MRS-GARCH consists of four elements: the conditional mean, the conditional variance,

the regime process and the conditional distribution. The conditional mean equation, which is generally
modeled through a random walk with or without drift, here is simply modeled as

re=p +e =00 +e (12)

wherei = 1,2 ande; = n;v/h; andn, is a zero mean, unit variance process. The main reason for this choice
is given by our main focus on volatility forecasting.

The conditional variance of;, given the whole regime path (not observed by the econometrigjan)
(8¢, 8t-1,...), iS° hii) = V [ed|st, ¢t—1]. For this conditional variance the following GARCH(1,1)-like
expression is assumed

m = af) + el s + 87 b (13)

whereh;_1 is a state-independent average of past conditional variances. Actually, in a regime-switching
context a GARCH model with a state-dependent past conditional variance would be infeasible. The condi-
tional variance would in fact depend not only on the observable informgtignand on the current regime
s¢ which determines all the parameters, but also on all past sfatesThis would require the integration
over a number of (unobserved) regime paths that would grow exponentially with the sample size rendering
the model essentially intractable and impossible to estimate.

Therefore, a simplification is needed to avoid the conditional variance be a function of all past states.

2|n all formulas the superscrigi) denotes the regime in which the process is at time
3Here we are using Klaassen’s (2002) model simplifying his notation.



Cai (1994) and Hamilton and Susmel (1994) are the first to point out this difficulty by combining the regime-
switching approach with ARCH models only, thus eliminating the GARCH term in (13). However, both Cai
(1994) and Hamilton and Susmel (1994) realize that many lags are needed for such processes to be sensible.

To avoid the path-dependence problem, Gray (1996) suggests to integrate out the unobserved regime
paths;_; in the GARCH term in (13) by using the conditional expectation of the past variance. In particular,
Gray (1996) uses the information observable at ime to integrate out the unobserved regimes as follows

hi—1 = E¢ 2{h 1} P1i-1 [(Mgl_)l) +h(1)] (1—p1e-1) [(u?_)l) +h(2)]
2
- [pl,t_lugl,)l + (1 —p1i-1) u@l] (14)

wherej = 1, 2. The main drawback of this specification is its inconvenience in terms of volatility forecast-
ing, because multi-step-ahead volatility forecasts turn out to be rather complicated.

Dueker (1997) uses a collapsing procedure in the spirit of Kim's (1994) algorithm to overcome the
path-dependence problem, but he essentially adopts the same framework of Gray (1996).

All these models have been put into a unified framework by Lin (1998) who gives the following speci-
fication for the conditional standard deviation

of —1 — w ~y w Et—1
L =Wsy, + sy, (L>p O¢—1 ’f (Et—l)’ - )‘Stg Ot—1 ’f (Et—l)’ |5t—1| +
oy 1—1
m%@%[tj,} (15)

wherety, ta,t3 < t, 5 denotes the conditional expectationogf o, (L)p andﬁ‘glt3 (L)q represent polyno-
mials in the lag operatorl() of orderp andgq respectively, and (¢;) = ¢; — ~. Lin (1998) follows Gray’s
(1996) approach to avoid path-dependence.

Recently, Klaassen (2002) suggests to use the conditional expectation of the lagged conditional variance
with a broader information set than in Gray (1996). To integrate out the past regimes by also taking into
account the current one, Klaassen (2002) adopts the following expression for the conditional variance

W = al) +ale? | + BB (B |50} (16)

where the expectation is computed as

i _ i)\ 2 i . ) 2 j _ i _ H 12
Et—1{h§_)1|8t} = Diit—1 [(Mg_)l) + h,ﬁ_)l} + Pjit—1 [<M§]_)1> + h,ﬁ]_)l} - [pii,t—lﬂg_)l +pji,t—1/i£]_)1
17)
and the probabilities are calculated as



Pjit = Pr (st = jlst11 =14, (—1) = plg,f();it ; 5‘5:1)) = z;izfjlt (18)
with i, j = 1, 2.

Klaassen’s (2002) regime-switching GARCH has two main advantages over the other models. Within
the model, it allows higher flexibility in capturing the persistence of shocks to voldtilyrthermore, it
allows to have straightforward expressions for the multi-step ahead volatility forecasts that can be calculated
recursively as in standard GARCH models.

Since there is no serial correlation in the returns,/tretep ahead volatility forecast at tirfie— 1 can
be calculated as follows

h hoo2
hroen =Y hrrir =Y ) Pr(s; =il¢r 1) h%);mﬁ (19)
=1 =1 =1
whereﬁgﬂh denotes the tim& aggregated volatility forecast for the néxsteps, andAzgf)T - indicates
the r-step-ahead volatility forecast in regimenade at time” that can be calculated recursively

Bg,)TJrT = ozg) + (aﬁi) + ﬂy)> ET{hgf,)T+T—1|ST+T} (20)

Therefore, the multi-step-ahead volatility forecasts are computed as a weighted average of the multi-
step-ahead volatility forecasts in each regime, where the weights are the prediction probabilities. Each
regime volatility forecast is obtained with a GARCH-like formula where the expectation of the previous
period volatility is determined by weighting the previous regime volatilities with the probabilities in (18).

In general, to compute the volatility forecasts the filter probability aeriods ahea®r (s, = i|(;) =
pit+r = PTp; is needed.

Typically, in the Markov regime-switching literature maximum likelihood estimation is adopted to esti-
mate the numerous parameters. An essential ingredient is the ex-ante propabikityPr [S; = 1|(;—1],
i.e. the probability of being in the first regime at timgiven the information at timeé — 1, whose specifi-
cation is

pre=Prlse =1|¢—1] = (1-q) [ f(realsi1=2) (1 - prei) }

fricilsi—1 =) pry—1+ f(ri—ilsi—1 =2) (1 — p1,i—1)
» [ f(ri—ilsi—1 = 1) p1i—1 ]
fricilsi—1 =) pry—1 + f(rezilsi—1 =2) (1 — p1,e—1)

N (21)

wherep andq are the transition probabilities in (9) arfd-) is the likelihood given in (10).
Thus, the log-likelihood function can be written as

“A shock can be followed by a volatile period not only because of GARCH effects but also because of a switch to the higher
variance regime. Having different parameters across regimes can capture the ‘pressure-relieving’ effect of some large shocks.
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C= Y loglpief (relse = 1)+ (1= pig) f (rilse = 2)] (22)
t=—R+w+1
wherew = 0,1,...,n, andf(:|s; = 7) is the conditional distribution given that regimeccurs at time.

4 Data and Methodology

The data set analyzed in this paper is the Standard & Poor 100 (S&P100) stock market daily closing price
index. The sample period is from January 1, 1988 to October 15, 2003 for a total of 4095 observations alll
obtained from Datastream. The sample is divided in two parts. The first 3985 observations (from January
1, 1988 to September 29, 2001) are used as the in-sample for estimation purposes, while the remaining
511 observations (from October 1, 2001 to October 15, 2003) are taken as the out-of-sample for forecast
evaluation purposes.

Table 1 shows some descriptive statistics of the S&P100 rate of return. The mean is quite small (about
0.5%) and the standard deviation is around unity. The kurtosis is significantly higher than the normal value
of 3 indicating that fat-tailed distributions are necessary to correctly desgtieonditional distribution.

The skewness is significant, small and negative, showing that the lower tail of the empirical distribution of
the returns is longer than the upper tail, that is negative returns are more likely to be far below the mean than
their counterparts.

[INSERT TABLE 1 HERE]

LM(12) is the Lagrange Multiplier test for ARCH effects in the OLS residuals from the regression of the
returns on a constant, whitg?(12) is the corresponding Ljung-Box statistic on the squared standardized
residuals. Both these statistics are highly significant suggesting the presence of ARCH effects in the S&P100
returns up to the twelfth order.

The group of competing GARCH models with or without state-dependent parameters are estimated
using quasi-maximum likelihood. Both the conditional mean and the conditional variances are estimated
jointly by maximizing the log-likelihood function which is computed as the logarithm of the product of the
conditional densities of the prediction errors as shown in (22).

The ML estimates are obtained by maximizing the log-likelihood with the Broyden, Fletcher, Gold-
farb, and Shanno (BFGS) quasi-Newton optimization algorithm in the MATLAB numerical optimization
routines.

The “true volatility” would be needed to evaluate the forecasting performances of competing GARCH
models both in-sample and out-of-sample. So far in the literature many researchers have used either the
ex-ante or the ex-post squared returns in order to proxy the realized volatility. However, the squared returns
represent a very noisy estimate of the unobserved volatility. As a matter of fact it can lead to wrong and

5Some of the iterative procedures have been written in C/C++ in order to enhance speed and to improve capabilities which are
not directly available in MATLAB.



unfair assessments about the real ability of various GARCH models in forecasting volatility. As highlighted
in Andersen and Bollerslev (1998) one possibility to avoid such bad conclusions about the relatively poor
out-of-sample performances of GARCH models is using a more precise measure of volatility, obtained
with intra-daily data. This measure is called ‘realized volatility’ and is based on the cumulative squared
intra-daily returns over different time intervals either of few minutes or of few hours.

In this paper we adopt three different measures of the acutal volatility deﬁ@t?'gl. The first one is
the realized volatility computed as the sum of 5-minute returns over each day. Intra-daily returns on the
S&P100 are obtained from www.disktrading.com. These data are also used by Hol and Koopman (2005).
To calculate the volatility ak-step ahead we sum the daily realized volatility overihdays. The second
measure is the more classical squared return for the daily volatility, which is summed over the relevant days
for horizons greater than 1-day. The third measure is given by the squared return of the forecasting horizon.
Thus, if for example we are forecasting volatility at 1-week, we use the square of the log difference of
closing price at time andt + 5.

We denote thé-step ahead volatility forecast a§h|t which is computed as the aggregated sum of the
forecasts for the next steps made at timg i.e. hHh‘t = ZJ 1 htmt We compute volatility forecasts at
1-day, 5-, 10- and 22-days by aggregating the volatility forecast over the next 1, 5, 10 and 22 days. Actually
practitioners and risk managers are not interested in the multi-step ahead one-day volatility forecasts, such
as the volatility at time + 22 made at.

5 Evaluation of Volatility Forecasts

5.1 Standard Statistical Loss Functions

Forecast evaluation is a key step in any forecasting exercise. A popular metric to evaluate different forecast
models is given by the minimization of a particular statistical loss function. However, the evaluation of
the quality of competing volatility models can be very difficult because, as remarked by both Bollersleyv,
Engle and Nelson (1994) and Lopez (2001), there does not exist a unique criterion capable of selecting
the best model. Many researchers have highlighted the importance of evaluating volatility forecasts by
means of the real loss function faced by the final user. For example, Egle, Hong, Kane and Noh (1993) and
West, Edison, and Cho (1993) suggest profit-based and utility-based criteria for evaluating the accuracy of
volatility forecasts. Unfortunately, it is not possible to exactly know such loss function, because it depends
on the unknown and unobservable economic agents’ preferences. Thus, even though rather criticizable, so
far most of the literature has focused on a particular statistical loss function, the Mean Squared Error (MSE).

In the present work, instead of choosing a particular statistical loss function as the best and unique
criterion, we adopt seven different loss functions, that can have different interpretations and can lead to a
more complete forecast evaluation of the competing models. These statistical loss functions are:

n

MSE ="' (Gi1 - ﬁtlfw)z (23)
t=1
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MSEy;=n"'>" (8,?+1 — ﬁt+1|t)2 (24)

t=1

QLIKE =n "> (loghyyuy + 53ahy )y, ) (25)
t=1
" ~ 2
R2LOG = 0" [log (520 ), )| (26)
t=1
RN ~1/2
MADy = 0" [Gea = 13| 27)
t=1
MADy =n~" Z ‘8t2+1 - Tlt+1|t‘ (28)
t=1
T - 2
HMSE =T~ (2.0, 1) (29)
t=1

The criteria in (23) and (24) are the typical mean squared error metrics. The criteria in (24) and (26)
are exactly equivalent to using tH&? metric in the Mincer-Zarnowitz regressions @, , on a constant
andﬁtﬂ‘t and oflog (8t2+1) on a constant antbg (ﬁtﬂu), respectively, provided that the forecasts are
unbiased. Moreover thB2LOG loss function has the particular feature of penalizing volatility forecasts
asymmetrically in low volatility and high volatility periods, as pointed out by Pagan and Schwert (1990)
who put forward (26), calling it logarithmic loss function. The loss function in (25) corresponds to the
loss implied by a gaussian likelihood and is suggested by Bollerslev, Engle and Nelson (1994). The Mean
Absolute Deviation (MAD) criteria in (27) and (28) are useful because they are generally more robust to
the possible presence of outliers than the MSE criteria, but they impose the same penalty on over- and
under-predictions and are not invariant to scale transformations. Bollerslev and Ghysels (1996) propose the
heteroscedasticity-adjusted MSE in (29).

When comparing different volatility forecasts it can also be useful to measure the number of times a
given model correctly predicts the directions of chéhgkthe actual volatility. Such directional accuracy
of volatility forecasts can be of great importance because the direction of predicted volatility change can be
used to construct particular trading strategies such as straddles (Engle, Hong, Kane and Noh, 1993).

Some tests of directional predictive ability have been proposed in the literature. In the present paper we
use the so-called Success Ratio (SR) and the Directional Accuracy (DA) test of Pesaran and Timmermann
(1992) .

Let@,4; be the proxy for the actual volatility after subtracting its non-zero mean arﬁJgHFl be
the demeaned volatility forecaétsThe SR is simply the fraction of the volatility forecasts that have the

®Wwe talk about direction of change, because volatility is always positive.
"The author acknowledges that because of the Jensen’s inequg(i?) > [E(X)]?, such a procedure can give results
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same direction of change as the corresponding realizations and is given by

1 o
SR=m Z I{5t+jht+j\z+j—1}>0 (30)
i=1

wherel; ., is the indicator function, that i;,~o, = 1if g is positive and zero otherwise. Thus the SR
measures the number of times the volatility forecast correctly predicts the direction of the true volatility
process.

The DA test is instead given by

(SR — SRI)

ba= J/Var(SR) — Var(SRI)

(31)

whereSRI = PP+ (1—P)(1—P) andP represents the fraction of times that, ; > 0, while P is the pro-
portion of demeaned volatility forecasts that are positiver(SR) andVar(SRI) are the corresponding
variances. The Directional Accuracy test is asymptotically distributed as a standard normal.

5.2 Tests of Equal and Superior Predictive Ability

Forecasts from competing models are usually compared either with a pairwise test or with a joint test. When
one compares the predictive ability of pairs of competing models, the usual test employed is the Diebold-
Mariano Test or one of its modifications. However, it is far more sensible to compare the predictive ability of
competing forecasts altogether, because with a pairwise comparison one can only test two different models
and decide which one is better. The test that we can adopt in this case is the Reality Check of White (2000)
or the Superior Predictive Ability test of Hansen (2001).

Diebold and Mariano (DM) (1995) propose a test of equal predictive ability (EPA heretofore) of two
competing models. Such a test is based on the null hypothesis of no difference in the accuracy of the two
competing forecasts.

Assuming that the parameters of the system are set a priori and do not require estimation, the DM test
statistic is designed as follows: I€t; ;}7, and{7;,};-, denote two sequences of forecasts of the series
{r:}}=, generated by two competing modeland; and let{e;,};~, and{e;:}}_, be the corresponding
forecast errors. Assuming that the loss functdr) can be written as a function of only the forecast errors,
we can define the loss differential between the two competing forecagts=asg (e; ) — g (e;¢)]. Then,
assuming that the sequenfé } , is covariance stationary and has a short memory, Diebold and Mari-
ano (1995) showed that the asymptotic distribution of the sample mean loss diﬁeﬁemi%l doiqdeis
v (d—p) % N (0,V (d)). An estimate of the asymptotic variancéigd) = n~! (Jo + 2 3°0_, wi),
whereq = h — 1, wr, = 1 — k/(¢ + 1) is the lag window and; is an estimate of théth order autocovari-
ance of the seried; } that can be estimated gs = 2> .| (di —d) (dy—p — d) fork = 1,...,¢%

that might be partially misleading. However, both the average%?cﬂndﬁt can be overestimated, and particularly the former.
Therefore, the results for the sign tests should be only partially underestimated.
8Because for optimat-step ahead forecasts the sequence of forecast errors follows a MA ofordér ¢ has been chosen so
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The DM test statistic for testing the null hypothesis of equal forecast accuracy is then giveiby-

8/\/17 (8) ~ N (0,1), i.e. under the null hypothesis of equal forecast accuracy the DM test statistic has

a standard normal distribution asymptotically. Harvey, Leybourne and Newbold (1997) argued that the
DM test can be quite over-sized in small samples and this problem becomes even more dramatic as the
forecast horizon increases. They thus suggest a Modified DM (MDM) test, wh&feis multiplied by
Vn~t[n+1—2h+n"1h(h—1)], whereh is the forecast horizon and is the length of the evaluation
period?

Instead of testing for EPA, as in Diebold and Mariano (1995) or in West (1996), the Reality Check (RC)
for data snooping of White (2000) is a test for superior predictive aBflitPA).

The RC is constructed in a way to test whether a particular forecasting model is significantly outper-
formed by a set of alternative models, where the performance of each forecasting model may be defined
according to a pre-specified loss function.

White (2000) comparelk+ 1 forecasting models. Modélis the benchmark and the null hypothesis is
that none of the models= 1, ..., [ outperform the benchmark in terms of the specific loss function chosen.
The best forecast model is that one which produces the smallest expected ldsg, IzeL(&f,ﬁkvt) denote
the losd! if one makes the predictioﬁtvk with k-th model when the realized volatility turns out to &g
The performance of modélrelative to the benchmark model (at tinje can be defined as

fk,t:Lt,O_Lt,k’ kzl,,l tzl,...,n (32)

Assuming stationarity fof;, ; we can define the expected relative performance of modalhtive to the
benchmark ag, = E[fy,] for k = 1,...,1. If modelw outperforms the benchmark, then the valug.f
will be positive. Therefore, we can analyze whether any of the competing models significantly outperform
the benchmark, testing the null hypothesis that< 0, for k = 1,...,1. Consequently the null hypothesis
that none of the models are better than the benchmark (that is no predictive superiority over the benchmark
itself) can be equivalently formulated as

Ho: pimax = max py, <0 (33)

against the alternative that the best model is superior to the benchmark.

By the law of large numbers one can consistently estimatgith the sample averag%m =n Y0 fr
and then obtain the test statistic

thatqg = [4 * (n/100)%/°].
Harvey, Leybourne and Newbold (1997) suggest to compare the statistic with the critical values from the Stdideritation
with n — 1 degrees of freedom rather than from the normal distribution as with the DM test.
1% economics, testing for SPA is certainly more relevant than testing for EPA, because we are more interested in the possibility
of the existence of the best forecasting model rather than in the probable existence of a better model between two pairs.
"The functionL(-) can be anyone of the loss functions given before. For example it c&np be- (57 — Et,k)Z if we consider
the loss function in (24).
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Tn = k:la,d.)f,l nl/z?k,n (34)

If we reject the null hypothesis, we have evidence that among the competing models, at least one is
significantly better than the benchmark.

The most difficult problem is to derive the distribution of the statifticunder 4y, because the dis-
tribution is not unique. Hansen (2001) emphasizes that the Reality Check test applies a supremum over
the non-standardized performandsand, more dangerously, a conservative asymptotic distribution that
makes the RC very sensitive to the inclusion of poor models. Hansen (2001) argues that since the distribution
of the statistic is not unique under the null hypothesis, it is necessary to obtain a consistent estimate of the
p-value, as well as a lower and an upper bound. Hansen (2001) applies a supremum over the standardized
performances and tests the null hypothesis

Ho: ppax = max B <o (35)
oty Jvar(nt2fy )
using the statistic
nl/2F
TS = max St (36)

var(n'/2fy, )

wherewvar(n!/2f; ,,) is an estimate of the variance of/2f, , obtained via the bootstrap. Therefore,
Hansen (2001) suggests additional refinements to the RC test and some modifications of the asymptotic
distribution that result in tests less sensitive to the inclusion of poor models and with a better power. He
argues as well that the-values of the RC are generally inconsistent (that is too large) and the test can be
asymptotically biased. To overcome these drawbacks, Hansen (2001) shows that it is possible to derive a
consistent estimate of thevalue together with an upper and a lower bound. Such a test is called Superior
Predictive Ability (SPA) test and it includes the RC as a special case. The upper b®fmd,) is the

p-value of a conservative test (that is, it has the same asymptotic distribution as the RC test) where it is
implicitly assumed that all the competing modéls= 1,...,[) are as good as the benchmark in terms

of expected loss. Hence, the upper bownehlue coincides with th&(C' testp-value. The lower bound
(SP4;) is the p-value of the liberal test where the null hypothesis assumes that the models with worse
performance than the benchmark are poor models in the limit. Witlythd test it is possible to assess
which models are worse than the benchmark and asymptotically we can prevent them from affecting the
distribution of the test statistic. The conservative test (and thus the Reality Check test) is quite sensitive to
the inclusion of poor and irrelevant models in the comparison, while the consisteat.) and the liberal

test are ndf.

12For a detailed description of how to implement the RC and SPA test, see White (2000) and Hansen (2001).
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5.3 Risk Management Loss Functions

Since one of the typical use of volatility forecasts is as an input to financial risk management, we also
employ a risk management loss function, which is based upon the calculation of the Value at Risk (VaR).
An institution’s VaR is a measure of the market risk of a portfolio which quantifies in monetary terms the
likely losses which could arise from market fluctuations. Brooks and Persand (2003) suggest to use VaR-
based loss functions and also Sarma, Thomas and Shah (2002).

The VaR at time of modeli at a% significance level is calculated as follows

VCLR% [n> a] = M%—i—n + P (Oé) \/ h%—&—n (37)

where®() is a cumulative distribution functiom, is the investment horizom(= 1, 5, 10, 20 days),a =1%
or 5%, ui ., is the conditional mean at+ n andh{,, is the volatility forecast at + n of model.

We thus employ three methods to determine the adequacy of the volatility forecasts used as an input for
the VaR.

The TUFF test is based on the number of observations before the first exception. The relevant null is,
once againfy : a = ag and the corresponding LR test is

_ T-1
LRrypr(T,a) = —2log{a (1 —a)' '} + 2log{% (1 - %) } (38)

whereT denotes the number of observations before the first excepfidty 1 is also asymptotically
distributed as(?(1). Kupiec (1995) notices that this test has limited power to distinguish among alternative
hypotheses because all observations after the first failure are ignored, resulting in a test which is over-sized.
A correctly specified VaR model should generate the pre-specified failure rate conditionally at every
point in time. This property is known as “conditional coverage” of the VaR. Christoffersen (1998) develops
a framework for interval forecast evaluation. The VaR is interpreted as a forecast that the portfolio return will
lie in (—oo, VaR;) with a pre-specified probability. Christoffersen emphasizes the importance of testing
for conditional coverage due to the well known stylized fact in financial time series of volatility clustering.
Good interval forecasts should be narrow in tranquil periods and wide in volatile times, so that observations
falling outside a forecasted interval should be spread over the entire sample and not concentrated in clusters.
A poor interval forecast may produce correct unconditional coverage, but it may fail to account for higher-
order dynamics. In such case the symptom that could be observed is a clustering of failures.
Consider a sequence of one-period-ahead VaR fore@agrgsl}f:l, estimated at a significance level
1—p. These forecasts are intended to be one-sided interval for¢eastsv, ;] with coverage probability
p. Given the realizations of the return serigand the ex-ante VaR forecasts, the following indicator variable
can be calculated

1, <y
I = .
0, otherwise
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The stochastic procedd; } is called ‘failure process’. The VaR forecasts are said to be efficient if they
display “correct conditional coverage”, i.e.Af [Iﬂt_l] = p, Vt or, equivalently, if{ I, } isiid with meanp.

Christoffersen (1998) develops a three step testing procedure to test for correct conditional coverage: (i)
a test for correct unconditional coverage, (ii) a test for independence and (iii) a test for correct conditional
coverage.

In the test for correct unconditional coverage the null hypothesis of the failure probabiditiested
against the alternative hypothesis that the failure probability is differentframder the assumption of and
independently distributed failure process. In the test for independence, the hypothesis of an independently
distributed failure process is tested against the alternative hypothesis of a first order Markov failure process.
Finally, the test of correct conditional coverage is done by testing the null hypothesis of an independent
failure process with failure probabilify against the alternative of a first order Markov failure process.

All the three tests are carried out in the likelihood ratio (LR) framework. The likelihood ratio for each
is as follows:

1. LR statistic for the test of unconditional coverage:
(1 —p)" 2

wherep is the tolerance level at which VaR measures are estimated (i.e. 1 org ¥)the number
of 1's in the indicator seriesy is the number of 0’s in the indicator series, ane- n,/(ng + n1) is
the MLE estimate op.

2. LR statistic for the test of independence:

LR;,q = —2log (1— %Q)MOHMO) (1-— %2)(%1“”1)

(1— %Ol)noo 7?6?1 (1— %11)7110 %?111 ~ X(1)

wheren;; is the number ofi values followed by & value in thel; series {,j = 0,1), m;; =
Pr{l; = ill_1 = j} (4,7 = 0,1), To1 = no1/(noo + no1), T11 = na1/(n1o + n11), T2 =
(no1 +n11) / (noo + no1 + nio + na).

3. LR statistic for the test of correct conditional coverage:

(1—p)™p™ 2
LR.. = —21 = iy
“T TR =R Ry (- ARy @

If we condition on the first observation, then these LR test statistics are related by the iddttity
LRuc + LRznd
In the VaR-based forecast evaluation we will use all these tests. For the interpretation of the results,

models are ranked in this way. As in Brooks and Persand (2003) we assume that any model which has
a percentage failures in the rolling hold-out sample which is greater than the nominal threshold should
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be rejected as inadequate. Thus, the lowest ranking models (the worst) are those which have the highest
percentage of failures greater than the nominal value. When these models have been exhausted, we assume
that any model that generates a number of failures which is far less than the expected number should be less
desirable than those models which present a number of failures closer to the nominal level. Hence, the best
models under this loss function are those which generate a coverage rate which is less than the nominal one,
but as close as possible to it. Then we check for correct unconditional and conditional coverage. If a model
can also pass these tests is considered adequate for risk-management purposes.

6 Empirical Results and Discussion

The whole sample consists of the S&P100 closing prices from January 1, 1988 to October 15, 2003, for
a total of 4096 observations. The return series is calculated by taking the log difference of price indices
and then multiplying by 100. The estimation is carried out on a moving (or rolling) window of 3085
observations. In the present section we present the empirical estimates of single-regime GARCH and MRS-
GARCH models, together with the in-sample statistics and the out-of-sample forecast evaluation.

6.1 Single-regime GARCH

The parameter estimates for the different state-independent GARCH(1,1) models are presented in Table 2.
For each model three different distributions for the innovations are considered: the Normal, the Student’s
t and the GED. The in-sample period is from January 1, 1988 through September 28, 2001. The 511
observations from October 1, 2001 through September 15, 2003 are reserved for the evaluation of the out-
of-sample performances. The standard errors are the asymptotic standard errors. Regarding the conditional
mean, all the parameters for the various GARCH models are significant. The conditional variance estimates
show that almost all the parameters are highly significant, except fordisein the GARCH and GJR
models. Hence GARCH models perform quite well at least in-sample. In addition, for the Student’s
distribution, the degrees of freedom are always greater than 6, suggesting that all the conditional moments
up to the sixth order exist. In particular the conditional kurtosis for the Studedigribution is given by

3(v —2)/(v — 4). Consequently, in the GARCH, EGARCH and GJR model, the value for the conditional
kurtosis is 5.538, 5.003 and 5.009 respectively, confirming the typical fat-tailed behavior of financial returns.

[TABLE 2 HERE]

Moreover, for the models with GED innovations, the estimates clearly suggest that the conditional dis-
tribution has fatter tails than the gaussian, since all the shape parameters have values that significantly lie
between 1 and 2. The same conclusion arises with the conditional kurtosis that for this distribution is given
by (I'(1/v)T (5/v))/ (L (1/v))?*) whereI'() is the gamma function. For the GARCH, EGARCH and
GJR model the kurtosis is 4.149, 4.026 and 4.044 respectively, confirming that the estimated conditional
distribution of S&P100 returns is indeed fat-tailed.
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6.2 MRS-GARCH

The parameter estimates for MRS-GARCH models are presented in Table 3. Both the models with constant
degrees of freedom and the one where the degrees-of-freedom parameters are allowed to switch between the
two regimes show highly significant in-sample estimates. The conditional mean estimates are all significant,
whereas for almost half of the conditional variance parameters, especially the co&é’%ts,nwe fail to reject

the null of a zero value. The estimates confirm the existence of two states: the first regime is characterized
by a low volatility and almost nil persistence of the shocks in the conditional volatility, whereas the second
one reveals high volatility and a higher persistence. The transition probabilities are all significant but in the
normal case that is rather far away from unity, showing that almost all regimes are particularly persistent.

[TABLE 3 HERE]

Table 3 also reports the unconditional probabilities and the expected durations for each MRS-GARCH
model. The unconditional probability; of being in the first regime, which is characterized overall by a
lower volatility than in the second one, ranges between 2% for the model with gaussian innovations and 61%
for the model with GED innovations. The expected duration for this low-volatility regime ranges between
53 and 8771 trading days. On the other hand, the unconditional probability of being in the high-volatility
regime (the second one) ranges between 39% for the GED model and 98% for the model with Normal
innovations. The expected duration of the high-volatility state is roughly between one day and 7519 days.
For the Student’s version of the MRS-GARCH with constant degrees of freedom across regimes, the shape
parameter is below four, indicating the existence of conditional moments up to the third. This means that
by allowing state-dependent parameters it is possible to model most of the leptokurtosis in the data. In the
GED case the parameter is below the threshold value of 2, showing that the distribution has thicker tails
than the normal. The conditional kurtosis for the GED case is 5.134.

The MRS-GARCH model with Studentisinnovations is presented in the version in which the degrees
of freedom are allowed to switch, implying a time-varying kurtosis as in Hansen (1994) and Dueker (1997).
There is a main difference between those papers and the present work. While Hansen suggests a model
in which the Student’s degrees-of-freedom parameter is allowed to vary over time according to a logistic
function of variables included in the information set up to time 1, and Dueker allows only such a
parameter to be state-dependent, in the present paper the degrees-of-freedom parameter is allowed to switch
across regimes together with all the other parameters. Since both regimes show an estimated number of
degrees of freedom greater than 4, we can argue that in both regimes we have fatter tails than the normal.

6.3 In-Sample statistics

A big problem arises when one attempts to compare single-regime with regime-switching GARCH models.
Standard econometric tests for model specification may not be appropriate because some parameters are
unidentified under the ndfi. Since the main focus is on the predictive ability, we only present some statistics

135ee Hansen (1992 and 1996) who proposes simulation-based tests that can avoid this problem.
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in Table 4, without doing any formal test.
[TABLE 4 HERE]

In Table 4 some in-sample goodness-of-fit statistics are reported. These statistics are used as model
selection criteria. The largest log-likelihood among the state-independent GARCH models is given by the
EGARCH model with GED innovations, while for the MRS-GARCH models, and overall, the best result is
reached with the MRS-GARCH with Student'glistribution, where the degrees of freedom are allowed to
switch.

The Akaike Information Criterion (AIC) and the Schwarz Criterion (BIC) both indicate that the best
model among the constant-parameter GARCH and overall is the EGARCH:#ith errors, while among
the MRS-GARCH models is the MRS-GARCH(1,1)-t2 that fits the best. Another property of MRS-GARCH
models that emerges from Table 4 is the high persistence of the shocks in the conditional variance which
is not so tiny as expected. Only in one regime the persistence is slightly smaller than in standard GARCH
models. Table 4 also shows that according to all the statistical loss functions considered in the present work
but for HMSE the best model in-sample is the MRS-GARCH with gaussian innovations, while among the
standard GARCH models the best one is the EGARCH with normal innovations.

6.4 Out-of-Sample forecast evaluation

One possible way to overcome the problems highlighted in the previous section is to compare the models
through their out-of-sample forecasting performances. An out-of-sample test has the ability to control either
possible over-fitting or over-parametrization problems, and gives a more powerful framework to evaluate

the performances of competing models.

Since most models only represent simple approximations of the true data generating process, often
having good in-sample fit does imply neither a necessary nor a sufficient condition for accurate and reliable
forecasts. Furthermore, researchers and practitioners are particularly interested in having good volatility
forecasts rather than good in-sample fits that might be much more likely with highly parameterized models
such as MRG-GARCH.

Table 5 reports the out-of-sample evaluation of one- and five-step ahead volatility forecasts, according to
the statistical loss functions in Section 5. Table 6 displays the out-of-sample evaluation of ten- and twenty-
two-step ahead volatility forecasts. For both tables the true volatility is given by the realized volatility.

[TABLES 5 AND 6 HERE]

All models exhibit a high SR (more than 60% and an average of 80%) and highly significant DA test at
all forecast horizons.

At one-step ahead, the best model is the MRS-GARCH-N and the second best model is the GJR-N. At
five-step ahead, the best model is again the MRS-GARCH-N, while the second best is the EGARCH-N.
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At two-week horizon, the best model is the EGARCH-N and the MRS-GARCH-N is just the best model
among the MRS-GARCH. At one-month horizon, the best model is the EGARCH-GED, while the MRS-
GARCH-N is only the best among the MRS-GAREH

From previous results it is quite evident that MRS-GARCH fare better at shorter forecast horizons, while
at longer ones (more than a week) EGARCH and GJR models with non-normal innovations are the best.
This is confirmed by the DM test for EPA of which, for the sake of brevity, we only present the tables when
the benchmark is the MRS-GARCH-N at one-day horizon and the EGARCH-N at two-week horizon.

Table 7 report the DM test when the benchmark is the best model for one-day horizon (MRS-GARCH-
N) which is compared to each one of the other models. The comparison is carried out by taking into account
all the statistical loss functions introduced in section 5. From the table it is evident that the MRS-GARCH-
N (the benchmark) significantly outperforms every standard GARCH model at any usual confidence level.
Remarkably, the sign of the DM statistic, when the benchmark is compared to standard GARCH models, is
always negative, implying that the benchmark’s loss is lower than the loss implied by these models. When
we consider the pairwise comparisons with the other MRS-GARCH models, we always reject the null of
equal forecast accuracy. Only with the HMSE loss function we have some models for which we cannot
reject the null hypothesis.

[TABLE 7 HERE]

Table 8, instead, presents the DM test when the benchmark model is the best at two-week horizon
(EGARCH-N). Here for all statistical loss functions and for all models but the MRS-GARCH-N we reject
the null of EPA, suggesting that the benchmark fares the best. When the benchmark is compared to the
second best (MRS-GARCH-N) we fail to reject the null of equal forecast accuracy for all loss functions but
HMSE.

[TABLE 8 HERE]

The results for all other models and forecast horizessiow that when the benchmark is a GARCH
model, tests of EPA are rejected for all MRS-GARCH but that one with normal innovations. In other words,
the benchmark outperforms all MRS-GARCH but the MRS-GARCH-N which, in particular at shorter hori-
zons, always implies a lower loss than the benchmark. In addition, EGARCH-N and EGARCH-GED also
outperforms the benchmark at horizon longer than one-day. When the benchmark is the EGARCH model,

4When the proxy for the volatility is thé-day squared return, at all one-day, one-, two-, four-week horizon the best model is
the EGARCH-t while the second best is the MRS-GARCH-N. When the volatility proxy is given by the sum of the daily squared
returns, at one-day horizon the best model is the GJR-N and the best among the MRS-GARCH (MRS-GARCH-N) is just the sixth.
At one-week horizon the best model is the GJR-t whereas the best among the MRS-GARCH (MRS-GARCH-t2) is the eighth.
At two-week horizon, the best model is the GJR-t, while the best among the MRS-GARCH (MRS-GARCH-GED) is sixth). At
one-month horizon the best model is the GJR-t and the best among the MRS-GARCH (MRS-GARCH-GED) is fourth. All the
corresponding tables are available upon request from the author.

5For the all forecast horizons we have also computed the MDM statistics of Harvery, Leybourne and Newbold (1997). The
overall results are only slightly different from the DM test and lead to exactly the same conclusions. This is due to the fact that
the multiplicative factor,/n=1 [n + 1 — 2h + n—1h(h — 1)] is .95, .98, .99, .99 for one-, five-, ten- and twenty-two step ahead
horizon respectively. These results are also available upon request.
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it outperforms almost all MRS-GARCH and some other standard GARCH. In particular, at shorter horizons
(until one-week) the MRS-GARCH-N always fares better than the benchmark, whereas the other EGARCH
models seem to outperform at longer horizons. Only EGARCH-t fails to reject the null of EPA with almost
all other competing models. If GJR is the benchmark, it outperforms all MRS-GARCH but the MRS-
GARCH-N and fares better than many other standard GARCH. The MRS-GARCH-N model outperforms
at shorter horizons, while the EGARCH-N and EGARCH-GED outperform at longer ones (more than one-
day). Furthermore, at all horizons, the GJR-N fares better than the same models with fat-tailed distributions.
When the benchmark is the MRS-GARCH-N model, it outperforms all other models till the one-week hori-
zon, whereas it is beaten by the EGARCH-N and EGARCH-GED at longer horizons. However, it fares
the best if compared to the other MRS-GARCH models. If the benchmark is the MRS-GARCH-t2, it only
outperforms the MRS-GARCH-t and MRS-GARCH-GED, but it is beaten by almost all the other models
which imply a smaller loss. When the benchmark is the MRS-GARCH-t, all other models outperform at
all horizons since they significantly display a smaller loss than the benchmark. The same is true for the
MRS-GARCH-GED which only beats the MRS-GARCH-t.

Therefore, we have seen that at shorter horizons MRS-GARCH-N fares the best, but at longer ones also
other standard GARCH models, such as the EGARCH-N, EGARCH-GED or GJR-N, tend to be superior.
Another striking feature of all this pairwise analysis is that the other MRS-GARCH models with fat-tailed
distributions are outperformed by almost all standard GARCH models. These results do not hold when the
more general forecast evaluation for SPA is undertaken.

Table 9 reports the Reality Check test for superior predictive ability for each model against all the others
at one-day forecast horizon. The table presents for each benchmark model in the row and each loss function
threep-values: theRC is the Reality Checlp-value, whileSPA? and SPAY are the Hansen’s (2001)
consistent and lower-values, respectivel{.

[TABLE 9 HERE]

The p-values reported in Table 9 for the RC and SPA tests distinctly show how all the tests reject the
null hypothesis of SPA when the benchmark is one of the standard GARCH models. This means that there
is a competing model, among those considered, which is significantly better than the benchmark. This
happens for all the single-regime GARCH models and for every loss function except for HMSE, for which
EGARCH-N and EGARCH-GED are not beaten by another competing model. These apparently striking
results are not new in the literature. Hansen and Lunde (2001) obtain similar results with stock market data,
finding that the GARCH(1,1) specification is not the best model (in term of SPA) when compared to other
single-regime specifications. Table 9 also presents the RC and SRAv&EsEes when the benchmark is one
of the MRS-GARCH models and the comparison is still carried out against all the other models. Itis evident
that the MRS-GARCH-N model significantly outperforms all the other models at the usual significance level

185uchp-values are calculated adopting the stationary bootstrap by Politis and Romano (1994) as in White (2000) and in Hansen
and Lunde (2001). The number of bootstrap re-samplds 3000 and the block lengthis 0.33. However we have done the
same calculations wittlB = (1000, 3000) and a different set of values far(0.10, 0.20 and 0.33). The results do not change
considerably. Therefore we choose to report the table ®ith 3000 andg = 0.33. The other tables are available upon request.
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of 5%. As a matter of fact for all the loss functions Biif\/ S E we fail to reject the null of no availability of

a superior model. According to this loss function EGARCH-N, EGARCH-GED, MRS-GARCH-t and MRS-
GARCH-GED are the only model for which we cannot reject the null of SPA. Similar results are obtained
for all the other forecast horizons and different block length. In general, MRS-GARCH-N is always the
best model according to all loss functions but HMSE, for which many other models fare the best. For some
of the other loss functions and with shorter block lengths we also find a few standard GARCH models that
outperform all the competing models in terms of SPA.

[TABLE 10 HERE]

Table 10 reports the same RC and SPA pegilues when the comparison is done only among the MRS-
GARCH models’ two-week ahead volatility forecasts. This table can thus help us understand the possible
implications of including poor models for these tests. The results are quite different to the previous ones.
Now, the MRS-GARCH-t significantly outperforms all the other MRS-GARCH, while the MRS-GARCH-
GED fares the best according dSFE> andQLIK E loss functions. We obtain quite similar results for
different forecast horizons and shorter block lengths. The MRS-GARCH-t still outperforms all other MRS-
GARCH for every loss but HMSE and the MRS-GARCH-GED also fares the best according to some loss
functions.

These and the previous results must also be compared to a VaR-based evaluation criterion. Since one of
the main purpose of volatility forecasting is to have an input for successive VaR estimation, it is necessary
to see how competing models do fare in terms of a risk-management loss function. This is closely related to
the results of Dacco and Satchell (1999) who demonstrate that the evaluation of forecasts from non-linear
models such as Regime-Switching models using statistical measures might be misleading. The authors
propose to adopt alternative economic loss functions. Their approach is followed by Brooks and Persand
(2003) who use both statistical and risk-management loss functions to evaluate a set of models in terms of
their ability to predict volatility. As already discussed in section 5 we go a little bit further with respect to
Brooks and Persand (2003) by comparing the models in terms of unconditional and conditional coverage of
the corresponding VaR estimates. Sarma, Thomas and Shah (2003) go even further by adopting a second
stage selection criterion of their VaR models using subjective loss functions that should incorporate the
risk manager’s preferences. This loss functions take into account the magnitude of the failure in the VaR
forecast, penalizing more the bigger ones.

Table 11 reports the risk-management out-of-sample evaluation of our competing GARCH models for
the 1-day, 1-week, 2-week and 1-month horizons.

Five statistics are presented for each forecast horizon: the TUFF, the proportion of failures (PF), the test
of correct unconditional coveragé R pr) which checks if PF is significantly higher than the nominal rate,
the LR;,,q which tests independence and th&.. which tests the correct conditional coverage.

The rank for each forecast horizon gives the order according to the percentage PF. Models which present
a PF greater than the coverage probability (5 and 1%) are judged as inadequate. The theoretical TUFF at
5 and 1% should be 20 and 100, respectively. We can thus see that only for 99% VaR at one-day ahead
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there are values under the theoretical ones except for the MRS-GARCH-t2 and MRS-GARCH-t. At all
the other forecast horizons the TUFF is greater than 100. In addition, if the objective is to cover either
the 99% or the 95% of future losses, then many models seem inadequate, especially at the shortest and
longest forecast horizons. The last three LR tests reject almost all models at longer horizons. Itis noticeable
that at all horizons and for both coverage probabilities the best model according to the statistical forecast
evaluation criteria - i.e. the MRS-GARCH-N - is always rejected for a too high PF. The other MRS-GARCH
models fare better according to this loss function, even though only the MRS-GARCH-GED model is not
rejected by all three LR tests at 1-day horizon. At this horizon, however, other standard GARCH models also
fail to reject the three LR tests showing good out-of-sample performances under the risk-management loss
function. Nevertheless, it is not really clear which model among these fares the best. At longer horizons,
no model can really pass all tests. Therefore, a few models seem to provide reasonable and accurate VaR
estimates at 1-day horizon, with a coverage rate close to the nominal level. Actually, there is not a uniformly
most accurate model according to the risk-management loss functions. This result is not new, since also
Brooks and Persand (2003) find a no clear answer for most of the series they examine. Somehow, our results
confirm Dacco and Satchell’s (1999) arguments that the choice of the correct loss function is fundamental
for the accuracy of volatility forecasts from non-linear models.

[FIGURES 2 and 3 HERE]

Figures 2 and 3 depict the excessive losses of 95% VaR and 99% VaR from GRJ-t and MRS-GARCH-t2
models. It is not clear the differences in the performance of the two models. The MRS-GARCH-t2 model
seems worse than the GJR-t to capture quickly the changes in volatility of the returns.

Figure 1 illustrates the volatility forecasts at 1-day, 1-week, 2-week and 1-month horizons from the best
models according the statistical out-of-sample evaluation when the proxy for volatility is the the realized
volatility. Every sub-figure depicts the comparison between the forecasts of the best standard GARCH
model and the best MRS-GARCH. From the plots it is quite evident at the shorter horizons that standard
GARCH model’s volatility forecasts tend to have higher spikes than those of the MRS-GARCH, while the
reverse is true at longer forecast horizons. Thus the model which fares the best usually gives much smoother
forecasts than the other.

[FIGURE 1 HERE]

In sum, no model seems to outperform all the others in forecasting volatility according to the different
out-of-sample evaluation criteria adopted. Therefore accounting for regime shifts in all the parameters
of the first two moments of the conditional distribution of US stock returns, together with the inclusion
of GARCH effects and fat-tailed-ness gives a better in-sample fit, and outstanding out-of-sample results
according to the usual statistical loss functions. However, when a more realistic loss function is used, such
as a risk-management loss function, the results confirm the Dacco and Satchell’'s (1999) theoretical findings
that although most non-linear techniques give good in-sample fit, they are usually outperformed in out-
of-sample forecasting by simpler models using an economic loss function. They argue that such a typical
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finding may be due to possible over-fitting and to the mean squared error metric that might be inappropriate
for non-linear models. Therefore, the practical relevance of regime-switching models in predicting the
volatility turns out to be dubious. Further research is needed to evaluate these highly non-linear models
according to loss functions that should capture what is really relevant for the final use of the volatility
forecast.

7 Conclusions

In this paper we compare a set of standard GARCH models and Markov Regime-Switching GARCH in
terms of their ability to forecast US stock market volatility. The standard GARCH models considered are
the GARCH(1,1), EGARCH(1,1) and GJR(1,1) in addition to some MRS-GARCH models, where each
parameter of the first two conditional moments is allowed to switch between two regimes, one characterized
by a lower volatility than the other. In addition, all models are estimated assuming both gaussian innovations
and fat-tailed distributions, such as the Studenéiad the GED. Further, to model time-varying conditional
kurtosis, the degrees-of-freedom parameter in the Studedtsribution is allowed to switch across the

two different regimes in a completely different setting than the one considered by Hansen (1994) or Dueker
(1997).

The main goal is to evaluate the performance of different GARCH models in terms of their ability to
characterize and predict out-of-sample the volatility of S&P100. Such out-of-sample comparison is carried
out by comparing the one-day, one-week, two-week and one-month ahead volatility forecasts.

The proxy for the true volatility is given by the realized volatility calculated by aggregating five-minute
returns. The forecasting performances of each model are measured using both statistical and VaR-based loss
functions.

Overall, the empirical results show that MRS-GARCH models significantly outperform standard GARCH
models in forecasting volatility at shorter horizons according to a broad set of statistical loss functions. This
strong conclusion is drawn considering whether the difference in the performances is significant or not. In
order to test that, we apply the pairwise test for equal predictive ability of the Diebold-Mariano type. We also
apply the more general Reality Check for superior predictive ability of White (2000) and the test for Supe-
rior Predictive Ability of Hansen (2001). According to these tests the MRS-GARCH-N model outperforms
all other competing models.

Since volatility forecasting is mainly used as an input for successive VaR estimation, we also evaluate
the competing models out-of-sample according to a VaR-based loss function. A few models seem to provide
reasonable and accurate VaR estimates at 1-day horizon, with a coverage rate close to the nominal level, but
there is not a uniformly most accurate model according to the risk-management loss functions. This result
is not new, since also Brooks and Persand (2003) find a no clear answer for most of the series they examine.
Somehow, our results also confirm Dacco and Satchell's (1999) arguments that the choice of the correct loss
function is fundamental for the accuracy of volatility forecasts from non-linear models.

In sum, no model seems to outperform all the others in forecasting volatility according to the different
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out-of-sample evaluation criteria adopted. Therefore accounting for regime shifts in all the parameters
of the first two moments of the conditional distribution of US stock returns, together with the inclusion
of GARCH effects and fat-tailed-ness gives a better in-sample fit, and outstanding out-of-sample results
according to the usual statistical loss functions. However, when a more realistic loss function is used, such
as a risk-management loss function, the results confirm the Dacco and Satchell’s (1999) theoretical findings
that although most non-linear techniques give good in-sample fit, they are usually outperformed in out-
of-sample forecasting by simpler models using an economic loss function. They argue that such a typical
finding may be due to possible over-fitting and to the mean squared error metric that might be inappropriate
for non-linear models. Therefore, the practical relevance of regime-switching models in predicting the
volatility turns out to be dubious. Further research is needed to evaluate these highly non-linear models
according to loss functions that should capture what is really relevant for the final user of the volatility
forecast.
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Table 1: Descriptive Statistics of

Standard Normality
Mean Deviation Min Max  Skewness Kurtosis Test LM(12) Q*(12)

0.0359 1.0887 -7.6445 5.6901 -0.1972 7.3103  3214.44404.99 863.69

Note: The sample period is January 1, 1988 through October 15, 2003. The Normality Test is the Jarque-Bera test
which has g2 distribution with 2 degrees of freedom under the null hypothesis of normally distributed errors. The
5% critical value is, therefore, 5.99. THel/(12) statistic is the ARCH LM test up to the twelfth lag and under

the null hypothesis of no ARCH effects it hag@(q) distribution, where; is the number of lags. Th@?(12)

statistic is the Ljung-Box test on the squared residuals of the conditional mean regression up to the twelfth order.
Under the null hypothesis of no serial correlation, the test is also distributegt 3% B whereq is the number of

lags. Thus, for both tests the 5% critical value is 21.03. At a confidence level of 5% both skewness and kurtosis

are significant, since the standard errors under the null of normality/@&’ = 0.038 and/24/T = 0.076
respectively.
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Table 3: Maximum Likelihood Estimates of MRS-GARCH Models with different

conditional distributions.

MRS-GARCH-N MRS-GARCH-t2 MRS-GARCH-{ MRS-GARCH-GED
6™ 0.0592 0.0571 0.0487 0.0715
(0.0140) (0.0140) (0.0130) (0.0210)
6@ -1.6623 0.0558 0.0792 0.0252
(0.2090) (0.0310) (0.0290) (0.0120)
ol 0.0062 0.0026 0.0359 0.0923
(0.0040) (0.0010) (0.0090) (0.0180)
al? 0.5961 0.1132 0.1130 0.0341
(0.1420) (0.0310) (0.0210) (0.0100)
ol 0.0230 0.0137 0.0413 0.0560
(0.0070) (0.0050) (0.0120) (0.0140)
al? 0.0225 0.0754 0.0565 0.0388
(0.1170) (0.0190) (0.0160) (0.0150)
i 0.9093 0.9805 0.8473 0.8952
(0.0090) (0.0060) (0.0330) (0.0200)
@ 0.9633 0.8569 0.8924 0.8533
(0.1810) (0.0290) (0.0210) (0.0370)
p 0.9811 0.9987 0.9998 0.9999
(0.0040) (0.0010) (0.0001) (0.0001)
q 0.1533 0.9988 0.9999 0.9998
(0.0850) (0.0010) (0.0001) (0.0002)
v - 4.7318 5.3826 1.2212
(0.5370) (0.4440) (0.0350)
v@ - 7.1652 - -
(1.3270)
Log(L) | -4698.6929 -4632.0178 -4631.4338| -4630.9573
N. of Par. | 10 12 11 | 11
) \ 0.02 0.52 061 | 0.33
o | 0.98 0.48 039 | 0.67
d \ 53.01 765.70 4901.96 | 8771.93
da \ 1.18 842.46 7518.80 | 4291.85

Note: Each MRS-GARCH model has been estimated with different conditional distributions (see
Section 3). The in-sample data consist of S&P100 returns from 1/1/1988 to 10/28/2001. The
superscripts indicate the regime; is the unconditional probability of being in regirmiewhile d;

is the half-life or expected duration of theth state. Asymptotic standard errors are in parentheses.
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Table 7:Diebold-Mariano Test. (Benchmark: MRS-GARCH-N, 1-step-ahead)

Model MSE, MSE2 (QLIKE R2LOG MAD2 MAD1 HMSE
GARCH-N -3.12** -2.48* -3.81** -3.49** -3.18** -3.61** -1.94
p-values 0.00 0.01 0.00 0.00 0.00 0.00 0.05
GARCH-t -2.95** -2.41* -3.59** -3.23** -3.01** -3.39** -1.88
p-values 0.00 0.02 0.00 0.00 0.00 0.00 0.06
GARCH-GED -2.96** -2.42* -3.60** -3.23** -3.02** -3.40** -1.87
p-values 0.00 0.02 0.00 0.00 0.00 0.00 0.06
EGARCH-N -5.80**  -3.78*  -6.54** -6.83** -5.78** -7.08**  -3.10**
p-values 0.00 0.00 0.00 0.00 0.00 0.00 0.00
EGARCH-t -3.76**  -3.14*  -4.00** -4.24%* -4.19** -4.45%  -2.90**
p-values 0.00 0.00 0.00 0.00 0.00 0.00 0.00
EGARCH-GED -6.16**  -3.99**  -7.71** -7.92%* -6.18** -7.83**  -4.23*
p-values 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GJR-N -3.79**  -2.63*  -4.30* -4.90** -3.87** -4.53** -1.18
p-values 0.00 0.01 0.00 0.00 0.00 0.00 0.24
GJIR-t -4.04**  -2.80*  -4.83* -5.37** -4.13** -4.92%* -1.56
p-values 0.00 0.01 0.00 0.00 0.00 0.00 0.12
GJR-GED -3.92%  -2.74* -4 57* -5.12** -4.01** -4.74%* -1.36
p-values 0.00 0.01 0.00 0.00 0.00 0.00 0.17
MRS-GARCH-t2 -7.44%  -3.92%  -8.23* -8.18** -8.10** -9.81**  -5.76**
p-values 0.00 0.00 0.00 0.00 0.00 0.00 0.00
MRS-GARCH-t -10.16** -6.20**  -0.38** -9.20*  -10.47*  -11.29**  -7.10**
p-values 0.00 0.00 0.00 0.00 0.00 0.00 0.00

MRS-GARCH-GED  -8.64**  -4.68**  -9.22** -9.09** -8.85**  -10.77**  -6.53**
p-values 0.00 0.00 0.00 0.00 0.00 0.00 0.00

Note: * and ** represent the DM statistics for which one can reject the null hypothesis of equal predictive
accuracy at 5% and 1% respectiveljand {frepresent the DM statistics for which one can reject the null

at 5% and 1% respectively, but the sign of the statistics is positive, indicating that the benchmark implies a
bigger loss.
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Table 8:Diebold-Mariano Test. (Benchmark: EGARCH-N, 10-step-ahead)

Model MSE, MSE2 QLIKE R2LOG MAD2 MAD1 HMSE
GARCH-N -4.47  -3.00"*  -7.35** -6.69** -4.96** -6.51**  -8.05**
p-values 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GARCH-t -4.08**  -2.83**  -6.95** -6.30** -4.61** -6.07**  -7.64**
p-values 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GARCH-GED -4.18**  -2.87**  -7.17* -6.45** -4.69** -6.20**  -7.82**
p-values 0.00 0.00 0.00 0.00 0.00 0.00 0.00
EGARCH-t -2.83**  -2.56* -2.95%* -3.05** -3.27** -3.47%  -2.59%*
p-values 0.00 0.01 0.00 0.00 0.00 0.00 0.01
EGARCH-GED -2.74*  -2.09* -2.98** -3.83** -2.99** -3.32%* -0.82
p-values 0.01 0.04 0.00 0.00 0.00 0.00 0.41
GJR-N -4.78%*  -2.99**  597* -6.35** -5.03** -6.46**  -3.50**
p-values 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GJR-t -4.55%*  -2.91**  -6.03** -6.49** -4.80** -6.16**  -3.45%*
p-values 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GJR-GED -4.58**  -2.91**  -6.01** -6.46** -4.82%* -6.22*%*  -3.44**
p-values 0.00 0.00 0.00 0.00 0.00 0.00 0.00
MRS-GARCH-N -1.63 -1.59 -1.95 -1.20 -1.17 -1.28 -2.61**
p-values 0.10 0.11 0.05 0.23 0.24 0.20 0.01
MRS-GARCH-t2 -90.78**  -6.68**  -8.74** -8.29**  -11.32** -11.29** -8.83**
p-values 0.00 0.00 0.00 0.00 0.00 0.00 0.00
MRS-GARCH-t -9.95%*  -8.38**  -8.91* -8.42*  -11.87** -11.58* -8.88**
p-values 0.00 0.00 0.00 0.00 0.00 0.00 0.00

MRS-GARCH-GED -8.60** -4.72*  -0.69** -9.27** -9.55*  -11.83** -8.88**
p-values 0.00 0.00 0.00 0.00 0.00 0.00 0.00

Note: * and ** represent the DM statistics for which one can reject the null hypothesis of equal predictive
accuracy at 5% and 1% respectiveljand {frepresent the DM statistics for which one can reject the null

at 5% and 1% respectively, but the sign of the statistics is positive, indicating that the benchmark implies a
bigger loss.
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Table 9: Reality Check and Superior Predictive Ability Tests (all models, one-day

horizon).
Loss Functions
Benchmark MSE, MSE2 QLIKE R2LOG MAD1 MAD2 HMSE
SPAg 0 0.003 0 0 0 0 0
GARCH-N SPAD 0 0.003 0 0 0 0.001 0
RC 0.001 0.003 0.021 0.004 0 0.001 0.008
SPAg 0 0.002 0.001 0 0 0 0
GARCH-t SPAD 0 0.002 0.001 0 0 0 0
RC 0.001 0.002 0.024 0.01 0 0 0.006
SPAg 0 0.004 0 0 0 0 0
GARCH-GED SPAD 0 0.004 0.001 0 0 0 0
RC 0.001 0.004 0.022 0.013 0 0 0.007
SPAg 0 0 0 0 0 0 0.036
EGARCH-N SPAD 0 0 0 0 0 0 0.051
RC 0 0 0 0 0 0 0.572
SPAg 0 0.003 0 0 0 0 0
EGARCH-t SPAY 0 0.004 0 0 0 0 0
RC 0 0.004 0 0 0 0 0
SPAg 0 0 0 0 0 0 0.502
EGARCH-GED SPAD 0 0 0 0 0 0 0.725
RC 0 0 0 0 0 0 0.939
SPAg 0 0 0 0 0 0 0
GJR-N SPAY 0 0.004 0.001 0 0 0 0
RC 0.006 0.018 0.071 0.016 0 0.001 0.131
SPAg 0 0.001 0 0 0 0 0
GJIR-t SPAY 0 0.001 0 0 0 0 0
RC 0.002 0.002 0.03 0.002 0 0 0.174
SPAg 0 0 0 0 0 0 0
GJR-GED SPAY 0 0 0 0 0 0 0
RC 0.001 0.003 0.044 0.003 0 0 0.148
SPAE 0.514 0.524 0.531 0.627 0.578 0.562 0
MRS-GARCH-N SPAY 1 1 1 1 1 1 0
RC 1 1 1 1 1 1 0
SPAg 0 0.001 0 0 0 0 0
MRS-GARCH-t2 SPAY 0 0.001 0 0 0 0 0
RC 0 0.001 0 0 0 0 0.309
SPAg 0 0 0 0 0 0 0.492
MRS-GARCH-t SPAY 0 0 0 0 0 0 0.781
RC 0 0 0 0 0 0 0.953
SPAg 0 0 0 0 0 0 0.165
MRS-GARCH-GED SPAY 0 0 0 0 0 0 0.302
RC 0 0 0 0 0 0 0.837

Note: This table presents thg-values of White’s (2000) Reality Check test (RC), and thealues of

Consistent § P A%) and Lower bound§PA%) Hansen’s (2001) SPA test of one-step-ahead forecasts. Each
model in the row is the benchmark versus all the other competitors. The null hypothesis is that none of the
models are better than the benchmark. The number of bootstrap replications to calcylateltres is 3000

and the block length is 0.33.
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Table 10:Reality Check and Superior Predictive Ability Tests(MRS-GARCH models only,

two-week horizon).

Benchmark

SPA?
MRS-GARCH-N SPA?
RC

SPAY
MRS-GARCH-t2 SPA?
RC

SPAY
MRS-GARCH-t SPAS
RC

SPA?
MRS-GARCH-GED SPA?
RC

Loss Functions

MSE, MSE2 QLIKE R2LOG MAD1 MAD2 HMSE
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0.007 0.007 0 0 0 0
0 0.007 0.007 0 0 0 0
0.001 0.007 0.007 0 0 0 0
0.517 0.512 0.604 0.502 0.507 0.487 0
0.517 1 0.604 0.502 1 1 0
1 1 1 1 1 1 0
0.001 0.014 0.06 0 0 0 0
0.001 0.014 0.091 0 0 0 0
0.024 0.277 0.091 0.006 0.015 0.037 0

Note: This table presents thevalues of White’s (2000) Reality Check test (RC), and phealues of Consistent
(SPA?) and Lower bound§PA?) Hansen's (2001) SPA test of forecasts at two-week horizon. Each model in the
row is the benchmark versus all other MRS-GARCH models. The null hypothesis is that none of the models are
better than the benchmark. The number of bootstrap replications to calculatevéthges is 3000 and the block

length is 0.3.

38



"04G Te ouedlIUbIS saeaIpul 4 "peaye sdals oMl-AlUaM] pue Ud] ‘9l ‘auo Je Sassa201d ain|ie) ¥eA %66 PUe 9456 Ylog o} (0947) abreianod [euonipuod 1o} 1sa1 ¥ a3yl pue
youapuadapul 104 1581 Y1 8yl ‘(4d¥y1) abelanod jeuonipuosun 1o} 1581 ¥ 9yl ‘((%)dd) sainjrey jo uoniodoid abeiuaalad ayl ‘(44NL) ainjrey 1saly [un awil ayl syuasaid ajqgesl syl 910N

32 «708°L2 €920 G €80 /8T x9SS°6Tx€2S'8T €E0T =T /850 002 «2ZTV'TT «926'8 /8¥Z =S T6E0 902 920 €900 €920 =9 €8/0 98 AQID-HOUVO-SHWN
TIT «926'8 /8¥'C € 1680 68T +9SS'6Tx€2S8T €€0T =T /850 002 S66% +00'0 «I66F =2 96T°0 L0Z «T.Z20T 0000 «T220T =T O TIS 1FHOHVYO-SHN
0T 0000 «T220T T 0 TIS «9GG6T «£2S'8T €€0T =T /850 00Z G667 +000 xI66V =2 96T0 L0Z «T.Z°0T 0000 xT.Z20T =T O TIS  ZFHOUVO-SHW
T2 «ZE8'6TT 86226 €T 828L 69 +G8T'TE«820°9C «9ST'S €T €ST'Z 98T «SET'LT «/2L°GT 80V'T €T 99GT /8T «Z88L 8/S0 «£08°9 2T 8¥eZ 02 N-HOHVYD-SHIN
[E «E6V'TE  8YT0 L VITT 18T «SGE'ET«ESE'EZ 2000 =8 860 002 «ZTV'TT «926'8 /8y'Z =S T6E0 90Z 828°0 G6T0 €€90 6 LET 0F a3o-dro
¥ 000 «I66F 2 96T°0 68T x9SS°6T x€2G'8T €E0T =T /850 002 xT/20T 0000 +T220T T 0 TIS 690T 9600 €€0T = /850 98 ISS[S)
7y «C9ECy  8EV'Z =8 TO9LT GLT ZLE8T«6ELLT €690 TT LET /18T S2SV «22Sv 2000 TT 8.60 /8T 292°C €280 8eve TIT TI9LT OZ N-dCD
[9 x8099S «9ST'S TT EST'C 62T +GGEET«EGE'EZ 2000 =8 860 00Z «ZTV'TIT «926'8 /8VZ =S T6E0 902 690T 9€00 €€0T =v /850 98 a39-HOYVYD3
v «29ECY  8EP'Z =8 T9LT 18T +E60°TT «b¥6'0T 8YT'0 OT ¥.T'T [8T «9VE0Z+6T°0Z 8YT0 2T ¥.T'T 002 9280 €900 €920 =9 €8/0 98 1FHOHVYO3
GT «/81°26 +G99°LG 2T T.8'S 0L «SY0°9Z /€92 80F'T 2T 99G'T /8T 89L'S «G0S'S €920 OT €820 /8T €99T G520 80FT OT 995°T 02 N-HOYVO3
5Z «€GE°€Z 2000 9 8/6'0 /8T +9SS'6T x€2S'8T €£0T =T /850 002 «ZTV'TIT «926'8 /8/'Z =S T6E0 902 1620 €vIT0 8YT0 8 ¥.TT 98 d3o-HOHVYD
6T x€2G'8T €E0'T ¥ 1850 88T x955'6T «£2G'8T €E0T =T /8G'0 002 G667 7000 «I66Y =¢ 96T'0 L0Z €0SZ 9100 /8¢ € TI6E0 98 FHOUVYD
Py «29€ZV  8EP'Z =8 TILT ST «9VE'GT «E80'ST €920 /. €8L°0 /8T 818/ «/¥89 E€E0T 6 /850 902 x9956 S¥6'0 «1298 €T ¥¥S2 02 N-HOHVYD
2047 purdl  4dYT qued (%)dd 44Nl 9091 puidl ddd1ued (%)dd 44Nl 90T puldl ddd1qued (%)dd 44Nl 9047 purdT d4ddTued (%)d4d 44nL [8pPON

4 ot S T sdals

HeA %66

iCT «8T6'VTT E0S0T S STP'8 69 «0V9PE «VEL'EE 9060 L TTV LL «B6IELEXCS6'SE L9ST S VIGE 6V €€ST 6860 ¥rS0 9 GSOSHY 0Z AID-HOHVO-SHW
'G9 «29T'29 L6EE T [ZEE SLT £06'8C x920VT +9/8YT =€ TOLT [8T «ETVLE«BELLT«/96T ¢ LET [L8T +86L'8 SV6'0 «¥S8°L ¢ vvSe 0C 1FHOHVYO-SHN
IS xC9ETV «9/8FT T TILT GLT x208TS«ETSBT «6/ZE€E T 2850 00Z «B66'87«ESEET+9¥9GZ T 860 002 «TPO'LT v9TZ «9/8+%T T T9LT 98 2-HOUVYO-SHIN
0€ «G66'TIZ xV26'C0T €T LTVLT G9 «T22°6L %8519 xEV9TT €T TT98 0L «0ET'LE«/GECE €22V €T T¥ZL Ty 90TV 2600 «¥I0¥ €T S¥0L 02 N-HOHVYD-SHIN
ST «LV6'8TT +EV9'TT 9 TI9'8 69 «Gvv'9Z«EISVZ 2E6'T =S 8TL'E L. «LEL8T«09v'8T 1/20 L T0SY 6V G6V'E GSZ'E OVZ0 6 6.7'S 02 a3ao-dro
6V «PP'8Y 90670 € TTV 0L +6669€«E2TZ2+9/8PT =€ TILT [8T «ELTCT «6IEV «¥S8°L =€ ¥¥S¢ 6¢ €0v'e T.V'T 2€6T =€ 8ILE 02 409
ZT «88GVTIT «2€8CT =L 908'8 69 «SPv'9Z«£TSvZ 2€6'T =G 8TL'E L. «1.8°02+658°0Z €T00 =8 ¢68%v 6V 0.6'C 66V'E T.r0 OT S.9S OZ N-dCD
8T «Z9ZTYT «6€8°Ly TT 9T6CT S9 «Z6E'8E«08€8E €TI00 =8 268V L. «8I09Z«¥.¥'SC ¥PSO 9 GOEY 6¢ €0VE TiVT 2€6T =€ 8ILE OC a39-HOYVYO3
YT «E99°'TET «2€8CT =L 908'8 62T x102°09+88T°09 £€I00 =8 268'F 69T «B6.0°ZE990CE €T00 =8 ¢268+% 6¢V PrSZ €vr'e TOT0 L 169V 02 FHOYVYO3
TC x22L9GT +G29'85 ZT P68ET S9 «668YY «6S97r OVZ0 2T 6.V'S L. «9€2°9Z«¥22°9C €T00 =8 ¢68% 6¢ T65C 6.5C €I00 8 268+% O0C N-HOYVYO3
vT «V69°GET «0L07VT =6 2006 69 +E8T' LV «860°Ly G800 TT ¥82'S L. «/90°GE«E62VE GLL0 =TT T.8S 6¢y 2ITCZ O0I00 20T¢ =TT 8S¥'9 OZ d3o-HOHVYD
9/ £89T'9L L/Z0 ¥ TOSY 0L «V8LTY«LEQVZ+8YT LT € 99G°T 98T xG99°6Z »ZI8'TC «#S8°L =€ ¥¥S¢ 98 6¥0C 9IT0 2€6T =¢ 8TILE O0Z 1FHOUVYD
VT «V69°SET «0L07T =6 2006 69 «E¥. 2V «¥€L°ZV 8000 OT 880'S /. «/90°SE«E62VE G0 =TT T/8S 6¢y 2IT'Z O0I00 20TZ =TT 8S¥'9 02 N-HOYVO
2047 puldl  4dYyT qued (%)dd 44Nl 9091 puidl ddd1qued (%)dd 44Nl 90T puidl ddd1qued (%)dd 44Nl 9047 puirdT d4ddTued (%)4d 44nL [8PON

4 ot S T sdals

dBA %S6

HeA %66 Pue %G6 :uoneneas ajdwes-jo-INQO Juswabeuew %SIY:TT 9|gel

39



'HOYHVO pJepuels pue S|I8poN HOHVD
Buiyoums-awibay AoxIRN aYl Wolj S1sedalo) Alljie|oA peaye-dais-Auam] pue ual ‘aAl) ‘auo Jo uosuedwo) T ainbi4

£00z1dv £00zuer Z00Z1P0o zoozinc zoozidv zoozuer T00ZPO £00z1dv €oozuer 2002310 zoozinc zoozidv zoozuer TO0ZPO

s s
= =

L Jdos 1,

L N=HoHVS SN = og h N-FSEVE-STN ==

AID-HOHUVOT = = \ N-HOHVO3 = = sv
(WTAM wow) Axoid ANNGIOA (WTAYM wow) Axo1d AMNGIOA
N-HOMVO-SHIN PUE AIO—HOBVOT JO SISE08101 AUINSION PEaUY—doIS—omi—AiuomL N—HOMVO-SHIN PUE N—HOMVOT JO SISE09101 AUINEION PEauy—dais—uaL
£00zidy  goozuer 200210 z00zinc z00zidy  zoozuer 1002100 £00zidv  goozuec 20020 zo0zinc 200zidy  zoozuec 100210

= s
g g
E g

N-HOHVO3 = —
(NTAY wouy) Axoid Aunejon

L L L L L oe L L L L L
N-HONVO-S¥IN PUE N—HDNVOT JO SISED210 AUNEIOA PeayVy—da1S—ani= N-HONVO-SHIN PUE N[O JO 51589810 AUNCION PEaUV—da1S—auo

40



"S3119S Q0TS 10} SA1RWINSE HeA %SG6 -2 2inbi4

g00z1dv goozuer 2002190 zoozinc zoozidy zoozuer 100210
= ~oz—
L det—
L I Jor—
L dg-
—o
= s
= —ot
= —sT
TEA %56 Z-HOUVO-SHW
MBA 9656 1-HCD
Sumey —
L L L L L T T T oz
(peaue d Ausmi) Zi—H PUR 1-0D JO MBA 2%S6 10} SOSSOT DAISS2OXT
£00z1dv £oozuer 2002300 zoozinc zoozidv zoozuer TO0ZIO
L Jdot—
L dg-
-0
L s
= —-ot
TEA %56 Z-HOUVO-SHW
MBA 9656 1-HCD
sumey —

(peaye do1s—aAld) ZI-HOHVO-SHIN PUB 1-HCD JO HEA %56 10} SOSSOT] OAISSEIXT

sungy

swnigy

£00z1dv goozuer 2002100 zoozinc 2ooz1dv zoozuer 00210

TEA 9656 2-HOUVO-SHW
MBA 256 1-HCD
suimoy ——

(pesye dais—ual) ZI-HOHVO-SHN PUE 1-H[D JO HEA %56 10} SOSSOT dAISS9OXT

£00zidv €oozuer 2002100 zoozinc zoozidv zoozuer TO00ZIO

TBA %56 2I-HOUVO-SHN
L HRA %56 I-HCD
swmey ——

j

(peaye dois—au0) ZI-HOHVO-SHN PUB 1-HCD JO HBA %S6 10} SISSOT] DAISS9OXT

ST

ot—

ot

sunay

sumay

41



zoozidy zoozuer 100210

TEA %66 Z-HOUVO-SHW
MBA %66 1-HCD

SuImey —

PUR 1-0D JO MBA %66 10} SOSSOT SAISS2OXT

zoozidv zoozuer TO0ZIO

UEA %66 Z-HOUVO-SHN
HBA %66 1-HCD

suImey ——

(Peaye dois—onid) Z1—HO:

HVO-SHIN PUB 1-HCD JO HEA %66 10} SOSSOT] OAISSEIXT

oe—

oz—

ot—

ot

oz

sT-

ot—

'S9LI8S 0TS 10} SATRWIISS HeA %66 '€ 2Inbi

sunjgy

sungy

zoozidv zoozuer 00210

TEA %66 2I-HOUVO-SHN

|

suimoy ——

(PPOUE do15—UB 1) ZI-HOHVO-SHIN PUE 1-HCO JO MEA %66 10} SISSOT SAISSOXT

sz-

oz-

sT—

ot

zoozidv zoozuer TO00ZIO

TBA %66 2I-HOUVO-SHN
HRA %66 I-HCD
swmey ——

(PrayER doIS—2UO) ZI-HOUVO-SHIN PUR 1-H[D JO HEA %66 10} SOSSOT] SAISS20XT

sunjsy

sunisy

42



